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Basi de�nitionA set A is a set-system if all elements of it have size at least 2.f is a proper oloring of a set-system A i� |f ′′A| ≥ 2 for eah A ∈ A.f is a on�it free oloring of a set-system A with ρ olors i�f : ∪A → ρ and ∀A ∈ A (∃ζ < ρ) |A ∩ f −1{ζ}| = 1.f is a weak on�it free oloring i� we weaken the assumptiondom(f ) = ∪A to dom(f ) ⊂ ∪A.The hromati number, the on�it-free hromati number and theweak on�it-free hromati number of a set-system A, denoted by
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Basi fatsf : ∪A → ρ is a CF-oloring i� ∀A ∈ A (∃ζ < ρ) |A ∩ f −1{ζ}| = 1.f is wCF-oloring if dom(f ) ⊂ ∪Af is a proper oloring i� |f ′′A| ≥ 2 for eah A ∈ A

χ(A) ≤ χCF(A) ≤ wχCF(A) + 1
χ(A) = χCF(A) provided |A| ≤ 3 for all A ∈ AFor all κ ≥ ω there exists a quadruple system A with χ(A) = 2 and
χCF(A) = κ:
A = {H ∈

[

κ
]4

: H ontains even and odd ordinals as well}.
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Historyf : ∪A → ρ is a CF-oloring i� ∀A ∈ A (∃ζ < ρ) |A ∩ f −1{ζ}| = 1.f is wCF-oloring if dom(f ) ⊂ ∪Af is a proper oloring i� |f ′′A| ≥ 2 for eah A ∈ A

A is (µ, ν)-almost disjoint i� ∩B < µ for eah B ∈
[

A
]ν

A is µ-almost disjoint i� |A ∩ B | < µ for A 6= B ∈ A

µ-almost disjoint =(µ, 2)-almost disjointErd®s-Hajnal-Rothhild-Galvin studied hromati numbers of
(µ, ν)-almost disjoint set-systemsIf A is (n, ω1)-almost disjoint then χ(A) ≤ ωL. Soukup (Rényi Institute) Con�it free hromati numbers Kobe 2009 5 / 24
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Notationf : ∪A → ρ is a CF-oloring i� ∀A ∈ A (∃ζ < ρ) |A ∩ f −1{ζ}| = 1.f is wCF-oloring if dom(f ) ⊂ ∪A

A is µ-almost disjoint i� |A ∩ B | < µ for A 6= B ∈ A

κ, λ, µ, and ρ are ardinals.
[λ, κ, µ] → ρ i� every µ-almost disjoint family A ⊂

[

λ
]κ of size λhas a on�it free oloring with ρ olors.

[λ, κ, µ] →w ρ i� every µ-almost disjoint family A ⊂
[

λ
]κ of size λhas a on�it free oloring with ρ olors.If S = 〈Sα : α < ω1〉 witnesses ♣ω1 then S ⊂

[

ω1]ω is ω-almostdisjoint and χCF(S) = χ(S) = ω1, so [ω1, ω, ω] 6→ ω.L. Soukup (Rényi Institute) Con�it free hromati numbers Kobe 2009 7 / 24
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]κ has a wCF-ol w. ρ-olorsTheoremFor eah in�nite ardinals κ ≤ λ and d ∈ ω we have [λ, κ, d ] → ω.
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Proof: [λ, κ, d ] → ωI(A) = {ξ : |−1{ξ} ∩ A| = 1}  is CF i� I(A) 6= ∅(⋆κ,λ) ∀ d -AD family A = {Aν : ν < λ} ⊂
[

λ
]κ there is f : λ → ω s.t.

(∀ν < λ)  ′′Aν = ω and ω \ I(Aν) is �nite.Case 3: λ > κ.Let 〈Nα : α < λ〉 be a λ-hain of models with (κ + 1) ∪ {A} ⊂ N0.If A ∈ A \ Nα then |A ∩ Nα| < d
A′

α = {A \ Nα : A ∈ Nα+1 \ Nα} ⊂
[

(Nα+1 \ Nα) ∩ λ
]κ is d -AD.

∃α : (Nα+1 \ Nα) ∩ λ → ω s.t. ′′αA′ = ω and ω \ Iα
(A′) is �nite for all A′ ∈ A′

α. = ∪{α : α < κ} witnesses (⋆κ,λ).Indeed, let A ∈ A ∩ (Nα+1 \ Nα). Then A′ = A ∩ (Nα+1 \ Nα) ∈ A′
α. ′′A ⊃  ′′αA′ = ω. Moreover | dom( \ α) ∩ A| < d .Thus ω \ I(A) ⊂ (ω \ Iα

(A′)) ∪ (Iα
(A′) \ I(A)),so ω \ I(A) is �nite.L. Soukup (Rényi Institute) Con�it free hromati numbers Kobe 2009 9 / 24
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Sharper theorems
Do we really need ω olors?Speial ase: onsider the 2-dimensional vetor spae V above Q,and let E be the family of the lines of V .
χCF(E) = 3,if A ⊂

[

ω
]ω is 2-almost-disjoint then χCF(A) ≤ 3.if A ⊂

[

ω1]ω is 2-almost-disjoint then χCF(A) ≤ 3.
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Sharper theorems
TheoremIf κ is an in�nite ardinal, m, d are natural numbers, then

[κ+m, κ, d ] →w ⌊

(m + 1)(d − 1) + 12 ⌋

+ 1.
[ω1, ω, 2] →w 2.
[ω3, ω, 2] →w 3 and [ω4, ω, 2] →w 3
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Sharper theoremsTheoremIf κ is an in�nite ardinal, m, d are natural numbers, then
[κ+m, κ, d ] →w ⌊

(m + 1)(d − 1) + 12 ⌋

+ 1.TheoremIf GCH holds, and if d = 2 or d is odd then the result above is sharp foreah κ and m.Do we really need ω olors?TheoremYes, we need: [iω, ω, 2] 6→w m for m < ω.L. Soukup (Rényi Institute) Con�it free hromati numbers Kobe 2009 12 / 24
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Determine χCF
χCF([λ, ω, 2])= min{ρ : [λ, ω, 2] → ρ}wχCF([λ, ω, 2])= min{ρ : [λ, ω, 2] →w ρ}wχCF([ωm, ω, 2]) = ⌊m/2⌋ + 2;
⌊m/2⌋ + 2 ≤ χCF([ωm, ω, 2]) ≤ ⌊m/2⌋ + 3.Easy χCF([ω, ω, 2]) = χCF([ω1, ω, 2]) = 3Open: GCH ⊢ χCF([ω2, ω, 2]) = 4GCH implies χCF([ω3, ω, 2]) = 4Question: Assume that f is a funtion, dom(f ) ⊂ Q2, ran(f ) ⊂ 3,dom(f ) does not ontain 3 ollinear points. Is there a funtiong : Q2 → 3 suh that g ⊃ f and g is a CF-oloring for the lines?L. Soukup (Rényi Institute) Con�it free hromati numbers Kobe 2009 13 / 24
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A is ω-almost disjoint
ω2 olors
TheoremLet ω2 ≤ λ be an in�nite ardinal. Assume that µω = µ+ for eah µ < λwith f(µ) = ω. Then [λ, κ, ω] → ω2 for eah ω2 ≤ κ ≤ λ.
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[λ, κ, ω] → ω2
[λ, κ, d ] → ω If A ⊂

[

λ
]κ is d -almost disjoint, A ∈ N ≺ H(ϑ),A ∈ A \ N, then |A ∩ N| < d .

[λ, κ, ω] → ω2 (GCH) If A ⊂
[

λ
]κ is ω-almost disjoint,

A ∈ N ≺ H(ϑ), A ∈ A \ N, then |A ∩ N| < ω2.N = ∪{Nζ : ζ < µ} ontinuous hain of elementary submodelsIf |A ∩ N | ≥ ω2 then ∃ζ < µ |A ∩ Nζ| ≥ ω1.If f(|Nξ|) > ω then |Nξ]
ω = |Nξ|.So |{A′ ∈ A : |A′ ∩Nξ| ≥ ω}| ≤ |Nξ|.So A ∈ {A′ ∈ A : |A′ ∩ Nξ| ≥ ω} ⊂ Nξ+1 ⊂ N.If f(|Nξ|) = ω then Nξ = ∪{Mn : n < ω}, |Mn| < |Nξ|.

∃n |A ∩Mn| ≥ ω1. |{A′ ∈ A : |A′ ∩Mn| ≥ ω}| ≤ |Mn|ω < |Mξ|A ∈ {A′ ∈ A : |A′ ∩Mn| ≥ ω} ⊂ Mξ+1L. Soukup (Rényi Institute) Con�it free hromati numbers Kobe 2009 15 / 24
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A is ω-almost disjoint
ω1 olors may not be enough

⋆(λ): there is a stationary set S ⊂ Eλ
ω1 and an ω-almost disjoint family

{Aα : α ∈ S} suh that Aα ⊂ α is o�nal for α ∈ S.TheoremAssume that GCH holds and we have ⋆(λ) for some regular ardinal
λ > ω1. Then there is a stationary set S∗ ⊂ Eλ

ω1 and there is an ω-almostdisjoint family {Eα : α ∈ S∗} suh that(1) Eα ⊂ α is o�nal in α for eah α ∈ S∗,(2) for eah B ∈
[

λ
]λ there is α ∈ S∗ with Eα ⊂ B.CorollaryAssume that GCH. If ⋆(λ) holds for some regular ardinal λ > ω1, thenthere is an ω-almost disjoint family A ⊂

[

λ
]ω1 with χ(A) = λ. Espeially

χCF([λ, ω1, ω]) = λ.L. Soukup (Rényi Institute) Con�it free hromati numbers Kobe 2009 17 / 24
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A is ω-almost disjoint
ω olors are not be enough
Theorem (Komjáth)There is an ω-almost disjoint family A ⊂

[2ω
]ω with χ(A) = 2ω. Hene

χCF([2ω , ω, ω]) = 2ω.Komjáth proved that there is an ω-almost disjoint family A ⊂
[2ω

]ω suhthat for eah X ∈
[2ω

]ω1 there is A ∈ A with A ⊂ X .
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A is ω-almost disjoint
ω olors are not be enough
Komjáth: χCF([2ω, ω, ω]) = 2ωTheoremIf CH holds then [ω1, ω1, ω] 6→ ω and [ω1, ω, ω] 6→ ω.TheoremAssume MAℵ1 . Then [ω1, ω1, ω] → ω and [ω1, ω, ω] → ω.
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More ZFC resultClosure operation: Find 〈Nα : α < κ〉 s.t losed enough
ρ[ν] = ρ i� there is a family B ⊂

[

ρ
]≤ν of size ρ suh that for allu ∈

[

ρ
]ν there is P ∈

[

B
]<ν suh that u ⊂ ∪P.Shelah's Revised GCH theorem: If ρ ≥ iω, then ρ[ν] = ρ foreah large enough regular ν < iω.Let µ ≤ κ ≤ λ be ardinals. ED(λ, κ, µ) holds i� for eah µ-almostdisjoint family A ⊂

[

λ
]κ there is a funtion F : A →

[

λ
]<κ suhthat the family {A \ F (A) : A ∈ A} is disjoint.TheoremIf µ < iω ≤ λ then ED(λ, iω, µ), and so [λ, iω, µ] → iω.L. Soukup (Rényi Institute) Con�it free hromati numbers Kobe 2009 23 / 24
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On set-systems of �nite sets.TheoremLet k and n be natural numbers, k ≥ 2. Write t = (n + 1)(k − 1).(1) Every k-almost disjoint family A ⊂
[

ωn]t+1 has a on�it free oloringwith ω olors.(2) If GCH holds and 2 ≤ t ′ ≤ t then there is a k-almost disjoint family
A ⊂

[

ωn]t′ whih does not have a on�it free oloring with ω olors.(3) If MAκ holds then every (k , ω)-almost disjoint family A ⊂
[

κ
]2k−1 hasa CF-oloring with ω olors.

[ω2, 4, 2] → ω, and 2ω = ω1 implies [ω2, 3, 2] 6→ ω,
◦ [ω3, 5, 2] → ω, and 2ω1 = ω2 implies [ω3, 4, 2] 6→ ω,
◦ if MAωn holds then [ωn, 3, 2] → ω.L. Soukup (Rényi Institute) Con�it free hromati numbers Kobe 2009 24 / 24
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