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IntrodutionA spae X is sattered (�hereditarily unrowded�) i� every non-emptysubspae ∅ 6= Y ⊂ X has an isolated point, i.e.I (Y )= {p ∈ Y : p is isolated in Y }6= ∅ .
P: a lass of topologial spaesCharaterize the elements of PCantor-Bendixson TheoremEvery topologial spae is the disjoint union of a rowded losedsubspae P, and a sattered open subspae X .Charaterize the sattered elements of PAssign invariants to the sattered elements of P.L. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 2 / 17



Cantor-Bendixson HierarhyI (Y ) = {p ∈ Y : p is isolated in Y -ben}X is sattered i� I (Y ) 6= ∅ for eah nonempty Y ⊂ X .I0(X ) is the isolated points of XI1(X ) is the isolated points of X \ I0(X )The βth Cantor-Bendixson level of X isIβ(X ) = I (X \ ∪{Iα(X ) : α < β})T.F.A.E:X is satteredX = ∪{Iα(X ) : α ∈ On}.X is right-separated (there is a well-ordering � of X suh that
{y ∈ X : y � x} is open in X for eah x ∈ X .)L. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 3 / 17



Invariants of sattered spaesThe height of X : ht(X ) = min{β : Iβ(X ) = ∅}.The width of X : wd(X ) = sup{|Iα(X )| : α < ht(X )}The redued height:ht−(X ) = min{α : Iα(X ) is �nite}.Clearly, one has ht−(X ) ≤ ht(X ) ≤ ht−(X ) + 1.The ardinal sequene of X :SEQ(X ) = 〈|Iα(X )| : α < ht−(X )〉.L. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 4 / 17



Main questionWhat are the ardinal sequenes of (loally) ompat satteredspaes (or: superatomi boolean algebras)?
C(α)= {SEQ(X ) : X loally ompat sattered, ht−(X ) = α}.Charaterize C(α)!Deide whether s = SEQ(X ) for some LCS spae Xspae ≡ loally ompat sattered spaeL. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 5 / 17



Absoluteness
The statement X is sattered is absolute.The Cantor-Bendixson Hierarhy of a spae is absolute.The statement s = SEQ(X ) is absolute.The statement X is loally ompat and sattered is absolute.
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Classial results
〈κ〉δ: onstant κ sequene of length δTelgarsky, 1968: 〈ω〉ω1 ∈ C(ω1)?Rajagopalan, 76: Yes, in ZFC.Juhász-Weiss, 78: 〈ω〉α ∈ C(α) for eah α < ω2 in ZFC.CH =⇒ 〈ω〉ω1 ⌢ 〈ω2〉 /∈ C(ω1 + 1) and 〈ω〉ω2 /∈ C(ω2)Just: 〈ω〉ω1 ⌢ 〈ω2〉 /∈ C(ω1 + 1) and 〈ω〉ω2 /∈ C(ω2) in the CohenmodelRoitman: Con(ZFC + 〈ω〉ω1 ⌢ 〈ω2〉 ∈ C(ω1 + 1))Baumgartner-Shelah: Con(ZFC + 〈ω〉ω2 ∈ C(ω2))Martinez: Con(ZFC + ∀δ < ω3 〈ω〉δ ∈ C(δ).)L. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 7 / 17



Classial results
〈κ〉δ: onstant κ sequene of length δTelgarsky, 1968: 〈ω〉ω1 ∈ C(ω1)?Rajagopalan, 76: Yes, in ZFC.Juhász-Weiss, 78: 〈ω〉α ∈ C(α) for eah α < ω2 in ZFC.CH =⇒ 〈ω〉ω1 ⌢ 〈ω2〉 /∈ C(ω1 + 1) and 〈ω〉ω2 /∈ C(ω2)Just: 〈ω〉ω1 ⌢ 〈ω2〉 /∈ C(ω1 + 1) and 〈ω〉ω2 /∈ C(ω2) in the CohenmodelRoitman: Con(ZFC + 〈ω〉ω1 ⌢ 〈ω2〉 ∈ C(ω1 + 1))Baumgartner-Shelah: Con(ZFC + 〈ω〉ω2 ∈ C(ω2))Martinez: Con(ZFC + ∀δ < ω3 〈ω〉δ ∈ C(δ).)What about 〈ω〉ω3 ∈ C(ω3) and 〈ω〉ω1 ⌢ 〈ω3〉 ∈ C(ω1 + 1) ?L. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 8 / 17



Cones and the meet funtionX is an LCS spae
{Iα(X ) : α < ht(X )}for eah x ∈ Iα(X ) �x ompat open U(x) ∋ x suh thatU(x) \ {x} ⊂ I<α(X )Investigate the properties of the one systems {U(x) : x ∈ X}!Simpli�ation:we assume that the one system {U(x) : x ∈ X} is oherent, i.e.x ∈ U(y) implies U(x) ⊂ U(y)oherent one system ≡ poset:x � y i� x ∈ U(y)U(x) = {x ′ : x ′ � x}.Notation: for A ⊂ X write U[A] = ∪{U(x) : x ∈ A}L. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 9 / 17



Cones and the meet funtion(0) If a ∈ Iα(X ), b ∈ Iβ(X ), a ≺ bthen α < β.(1): If x ∈ Iα(X ), y ∈ Iβ(X ), then
∃ �nite i{x , y}U(x) ∩ U(y) = U[i{x , y}].
∀t ∈ Xt � x ∧ t � y i� (∃s ∈ i{x , y}) t � s(2): if F ⊂ I<α(X ) �nite and ξ < αthen
(U(x) \ U[F ]) ∩ Iξ(X ) is in�nite.
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{U(x) \ U[F ] : F ∈

[U(x) \ {x}]<ω
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Cones and the meet funtionAssume 〈X ,�〉 is a partial ordered set, X = ∪∗{Xα : α < κ}, andi :
[X ]2

→
[X ]<ω s.t(0) if x ∈ Xα, y ∈ Xβ, x ≺ y then α < β.(1) if x and y are �-inomparable elements of X thent � x ∧ t � y i� ∃s ∈ i{x , y} t � s.(2) if x ∈ Xα, F ∈

[X<α

]<ω and ξ < α then there is y ∈ Xξ s.t. y � xbut y 6� F .Let U(x)= {x ′ ∈ X : x ′ � x}. Then
{U(x),X \ U(x) : x ∈ X} is a subbase of an LCS spae of 〈X , τ〉,U(x) is ompat open,Iα(X , τ) = Xα.L. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 11 / 17



Constrution strategy(0) if x ∈ Xα, y ∈ Xβ , x ≺ y then α < β.(1) if x and y are �-inomparable elements of X thent � x ∧ t � y i� ∃s ∈ i{x , y} t � s.(2) if x ∈ Xα, F ∈
[X<α

]<ω and ξ < α then there is y ∈ Xξ s.t. y � x buty 6� F .Construt an LCS spae with ardinal sequene 〈κα : α < µ〉.Xα = {α} × κα,Roitman: add generiallya partial ordering � on X ,a funtion i :
[X ]2

→
[X ]<ωsatisfying (0)�(1) using �nite approximations.a typial foring ondition is a triple 〈a,≤, i〉, where a is a �nite subsetof X , ≤ is a partial order on a, and i is a funtion on [a]2 suh that

〈a,≤, i〉 satis�es (0) and (1).The poset may not satisfy ...L. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 12 / 17



∆-funtionsConstrut an LCS spae with ardinal sequene 〈κα : α < µ〉.Xα = {α} × κα,Roitman: add generiallya partial ordering � on X ,a funtion i :
[X ]2

→
[X ]<ωsatisfying (0)�(1) using �nite approximations.a typial foring ondition is a triple 〈a,≤, i〉, where a is a �nite subset of X ,

≤ is a partial order on a, and i is a funtion on [a]2 suh that 〈a,≤, i〉satis�es (0) and (1).restrit the possible values of i{x , y}.Fix F :
[X ]2

→
[X ]ω in V . Demand i{x , y} ∈

[F (x , y)
]<ω.Roitman used a onstrution of GalvinBaumgartner-Shelah: ∆-funtionbetter funtion F = better spaeL. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 13 / 17



∆-funtions
better ∆-funtion = better spaeRoitman used a onstrution of Galvingood to get 〈ω〉ω1 ⌢ 〈ω2〉 ∈ C(ω1 + 1)there is no suh funtion to get 〈ω〉ω1 ⌢ 〈ω3〉 ∈ C(ω1 + 1)Baumgartner-Shelah:good to get 〈ω〉ω2 ∈ C(ω2)there is no suh funtion to get 〈ω〉ω3 ∈ C(ω3)What about 〈ω〉ω1 ⌢ 〈ω3〉 ∈ C(ω1 + 1)?Koszmider onstruted �better� ∆-funtions.

L. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 14 / 17



New resultsF : [λ]2 −→ ω1 is a strongly unbounded on λ i�for eah unountable family A ⊂
[

λ
]<ω of pairwise disjoint setssup{minF ′′[a, b] : a 6= b ∈ A} = ω1Theorem (Galvin, Roitman)It is onsistent that there is a strongly unbounded funtion on ω2.Theorem (Koszmider)If 2ω = ω1 ≤ λ, then there is a strongly unbounded funtion on λ in someardinal-preserving generi extension of the ground model.Theorem (Martinez,S)It is onsistent that 〈ω〉ω1 ⌢ 〈ω3〉 ∈ C(ω1 + 1). If δ < ω2 with f (δ) = ω1then it is onsistent that 〈ω〉δ ⌢ 〈ω3〉 ∈ C(δ + 1).Stepping up in Roitman's theoremL. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 15 / 17



New resultsBaumgartner-Shelah: 〈ω〉ω2 ∈ C(ω2)Bagaria: 2ω > ω2, MAω2 and C(ω2) ⊃ ω2{ω, ω1, }S: 2ω = ω2 and C(ω2) ⊃ ω2{ω, ω1, ω2}Theorem (Martinez, S)2ω = ω3 and C(ω2) ⊃ ω2{ω, ω1, ω2, ω3}If there is a strong �∆-funtion� F :
[

ω2 × ω3]2 → [

ω2]<ω thenthere is a .. poset R s.t 1R  C(ω2) ⊃ ω2{ω, ω1, ω2, ω3}If there is a �strong (ω1, ω3)-semimorass� F ⊂
[

ω3]ω thenthere is a proper poset Q suh that1Q  ∃ strong �∆-funtion� F :
[

ω2 × ω3]2 → [

ω2]<ωIf 2ω = ω1 then there is a σ-omplete, ω2-.. poset P s.t.V P |= �there is a �strong (ω1, ω3)-semimorass� F ⊂
[

ω3]ω�V P∗Q∗R |= C(ω2) ⊃ ω2{ω, ω1, ω2, ω3}L. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 16 / 17



ProblemsTheorem (Just)In the Cohen model 〈ω〉ω2 /∈ C(ω2).Theorem (Juhász, Shelah, S, Szentmiklóssy)
{α : |Iα(X )| = ω} ≤ ω1 in the Cohen model.Conjeture
{α : |Iα(X )| = ω} ≤ ω2.Shelah: 2ℵ0 < ℵω =⇒ (ℵω)ℵ0 < ℵω4If the Conjeture holds then 2ℵ0 < ℵω =⇒ (ℵω)ℵ0 < ℵω3L. Soukup (Rényi Institute) Cardinal sequenes Brno, 2009 17 / 17


