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Regular and 0-dimensional spaes
If X is sattered T3 then |X | ≤ 2|I (X )|.Theorem (Juhász-Shelah-S-Szentmiklóssy)If s = 〈s(α) : α < β〉 is a sequene of in�nite ardinals then T. F. A. E.:(1) s = SEQ(X ) for some regular sattered spae X ,(2) |β \ α| ≤ 2s(α) and s(α′) ≤ 2s(α) for α < α′ < β,(3) s = SEQ(X ) for some 0-dimensional sattered spae X .
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Main question
What are the ardinal sequenes of (loally) ompat satteredspaes (or: superatomi boolean algebras)?
C(α) = {SEQ(X ) : X ompat sattered, ht−(X ) = α}.Charaterize C(α)!
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The bound of ZFC haraterizationsTheorem (I. Juhász, B. Weiss, 1996-2005, For ountable sequenes:R. La Grange, 1977.)s ∈ C(ω1) i� s(α) ≤ s(β)ω for eah β < α < ω1.
〈κ〉α ≡ onstant κ sequene of length αGCH ⇒ 〈ω1〉ω1 ⌢〈ω2〉 ∈ C(ω1 + 1)Theorem (Baumgartner - Shelah, 1987)
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Redution theorem
Cλ(δ) = {s ∈ C(δ) : s(0) = λ = min[s(β) : β < δ)]}Redution Theorem (I. Juhász, S, B. Weiss, 2005)For any δ, for any sequene s of in�nite ardinals T.F.A.E(1) s ∈ C(δ)(2) s = s0 ⌢ s1 ⌢ · · · ⌢ sn−1, where si ∈ Cλi (δi ) suh that

λ0 > λ1 > · · · > λn−1 are in�nite ardinals and δ = δ0 + · · · + δn−1.Enough to haraterize the lasses Cλ(δ)
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Charaterization Theorem for δ < ω2
Theorem (I. Juhász, S, B. Weiss, 2005)Under GCH, full haraterization of Cλ(δ) for δ < ω2.
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Some restritionAssume that GCH holds and λ = f (λ) > ω.Let s ∈ Cλ(δ). Clearly s ∈ δ{λ, λ+}if s(β) = λ then s(β + 1) = λAssume κ < λ and sup 〈βζ : ζ < κ〉 = β < δ,if s(βζ) = λ for ζ < κ then s(β) = λ.

Dλ(δ) = {s ∈ δ{λ, λ+} : s(0) = λ,s−1{λ} is < λ-losed and suessor-losed in δ}.
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Charaterization Theorem for δ < ω2
Dλ(δ) = {f ∈ δ{λ, λ+} : s(0) = λ,s−1{λ} is < λ-losed and suessor-losed in δ}.Theorem (Juhász, S, Weiss)Under GCH, for δ < ω2,(i) . . .(ii) Cω1(δ) = Dω1(δ)(ii)' if λ = f(λ) > ω1 then Cλ(δ) = {〈λ〉δ}.(ii∗) if λ = f (λ) > ω then Cλ(δ) = Dλ(δ),
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Sequenes of length ω2Fat (GCH)
Cω(ω2) = ∅ and Cλ(ω2) = {〈λ〉ω2} for λ = f(λ) > ω1.
Cω1(ω2)=??Theorem (Juhász-Shelah-S-Szentmiklóssy)1) Cω1(ω2) 6= ∅2) If CH holds then 〈ω1〉ω1 ⌢ 〈ω2〉ω2 ∈ Cω1(ω2)Theorem (I. Juhász,S, B. Weiss, 2005)If CH holds and ω1 = f(α) < ω2 then 〈ω1〉α ⌢ 〈ω2〉ω2 ∈ Cω1(ω2).Problem
〈ω1〉ω2 ∈ Cω1(ω2) in ZFC or under GCHLajos Soukup (Rényi Institute) Universal LCS spaes Bedlewo 2007 10 / 18
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Sequenes of length ≥ ω2
Theorem (GCH)
Cω1(α) = Dω1(α) for α < ω2Fat (GCH)
Cω1(α) ⊂ Dω1(α) for α < ω3Conjeture
Cω1(α) = Dω1(α) for α < ω3 under GCH.
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A onsisteny resultTheorem (J.C. Martinez, S)For eah α < ω3 it is onsistent with GCH that Cω1(α) = Dω1(α).De�nitionAn LCS spae X is alled Cλ(α)-universal i� SEQ(X ) ∈ Cλ(α) and foreah sequene s ∈ Cλ(α) there is an open subspae Y of X withSEQ(Y ) = s.Theorem (J.C. Martinez, S)If GCH holds, κ > ω is a regular ardinal and δ < κ++ then there is a
κ-omplete κ+-. poset P of ardinality κ+ suh that in V P there is a
Cκ(δ)-universal LCS spae witnessing
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Universal spaesTry to prove Con(Cω1(δ) = Dω1(δ)) for ω2 ≤ δ < ω3!arry out an iterated foringFor eah s ∈ Dω1(δ) �nd a poset Ps suh that1Ps  There is an LCS spae Xs with ardinal sequene s.
|Xs | = ω2, want to preserve CGH =⇒ P is σ-omplete, ω2-.. posetPs of ardinality ω2.foring with Ps introdues ω2 new subsets of ω1
|Dω1(δ)| = ω3!the length of the iteration is ω3,in the �nal model the ardinal 2ω1 ≥ ω3.a single step may be enough to introdue a Cω1(δ)-universal spaeLajos Soukup (Rényi Institute) Universal LCS spaes Bedlewo 2007 13 / 18
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Cκ(α) for singular κTheorem (Juhász-Shelah-S-Szentmiklóssy)If κ<κ = κ then 〈κ〉κ
⌢〈κ+〉κ+ ∈ Cκ(κ+).TheoremCon(GCH + 〈ℵω〉ℵω

⌢〈ℵω+1〉ℵω+1 ∈ Cℵω
(ℵω+1).Proof.

κ measurable in V
〈κ〉κ
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¬GCHTheorem (Baumgartner, Shelah)Con(ZFC + 〈ω〉ω2 ∈ C(ω2)).Theorem (Bagaria)Con(ZFC + ω2{ω, ω1} ⊂ C(ω2)).MAω2 + there is a ∆-funtion 2ω > ω2.If 2ω = ωn then Cω(ω2) ⊂ {f ∈ ω2{ω, . . . , ωn} : f (0) = ω}TheoremCon( 2ω = ω2 + there is a Cω(ω2)-universal spae witnessing
Cω(ω2) = {f ∈ ω2{ω, ω1, ω2} : f (0) = ω})Lajos Soukup (Rényi Institute) Universal LCS spaes Bedlewo 2007 15 / 18
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QuestionsProblemIs it true that for eah ardinal λ and ordinal δ if Cλ(δ) 6= ∅ then there is a
Cλ(δ)-universal spae?ProblemIs it true under GCH that for eah regular ardinal λ and ordinal δ < λ++we have Cλ(δ) = Dλ(δ)?Problem
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QuestionsTheorem (Martinez)Con (ZFC + 〈ω〉α ∈ C(α) for eah α < ω3 .)TheoremIf there is a �natural� ... foring P suh that 〈ω〉ω2 ∈ C(ω2) in V P thenfor eah α < ω3 there is an other �natural� ... foring Q suh that
〈ω〉α ∈ C(α) in VQ .Question
〈ω〉ω2 ∈ C(ω2) ?
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