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Abstract

In this dissertation, we prove three results in the analytic theory of automorphic forms over arbitrary
number fields. First we establish the spectral decomposition of shifted convolution sums of two irreducible
cuspidal representations 7,7y over GLs. Secondly, as an application of the previous one, we prove
a Burgess type subconvex bound for twisted GLs L-functions. Thirdly, we work out a semi-adelic
Kuznetsov formula.
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Chapter 1

Introduction

1.1 Overview of the dissertation

Automorphic theory plays an important role in mathematics. The early origins of automorphic forms
date back to the first half of the nineteenth century. These special funcions are present in many branches
of number theory, for example, in the investigation of representation numbers of quadratic forms. Also,
automorphic L-functions are the natural generalizations of Dirichlet L-functions. Automorphic forms
also appear in several other areas of mathematics, among others, in algebraic geometry, representation
theory, partial differential equations and combinatorics. This dissertation is a contribution to the analytic
theory of automorphic forms.

The first results on the asymptotic of the additive divisor sum ), . 7(n)7(n+ a) (with a # 0 fixed
and 7(n) standing for the number of divisors of n) were obtained by Ingham [35] and Estermann [23].
The main motivation was the investigation of the fourth moment of the Riemann zeta function, see
the works of Ingham [34] and Heath-Brown [31]. Later Motohashi [50], [51] decomposed spectrally the
additive divisor sum in order to obtain a better error term. Up to normalization, 7(n) is the Fourier
coefficient of the derivative (0/0s)E(z,5)|s=1/2 of the weight 0 Eisenstein series F(z,s) for the full
modular group SLy(Z) (see [38, Chapter 3]). The automorphic spectrum over GLg consists of such
FEisenstein series and the arithmetically more interesting cusp forms. The Fourier coefficients of cusp
forms are proportional to Hecke eigenvalues A(n), so it is natural to ask for a spectral decomposition
of the sum )" _ W(m,n)A(m)A(n), where W is a reasonable weight function. This was established
by Blomer and Harcos in [4] and [5] for totally real fields. In Chapter [6] we prove a similar spectral
decomposition over arbitrary number fields.

L-functions are among the most interesting and most mysterious objects in mathematics. Their
importance is further confirmed by the fact that two of the seven Millenium Prize Problems stated by
the Clay Institute concerns L-functions, namely, the Birch and Swinnerton-Dyer conjecture and the
Riemann hypothesis. Although most mathematicians strongly believe that the Riemann hypothesis
is true, according to leading experts of analytic number theory, there is very little hope that it will
be proved in our lifetime. For automorphic L-functions, the Riemann hypothesis implies the Lindelof
hypothesis. For GL;(Q) L-functions (that is, Dirichlet L-funtions) in the conductor aspect, this means
that L(1/2,x) <. ¢° holds for every Dirichlet character x of conductor ¢, the implied constant depends
only on . This is also largely open. By the Phragmén-Lindelof principle, we have the convexity bound
L(1/2,x) <. ¢'/** and any bound of the form L(1/2,x) <. ¢°*¢ with § < 1/4 is a subconvex
bound. The famous Burgess bound is the above with 6 = 3/16 and was proved in 1963 [I7]. Over
GL2(Q), let 7 be an automorphic cuspidal representation with conductor C(7). The Lindel6f hypothesis
L(1/2,7) <. C(m)¢ is again implied by the Riemann hypothesis. On the other hand, there are several
unconditional results, see for example [21]. It makes sense to investigate this question over general number
fields. The general subconvex bound L(1/2,7) <. C(7)°T¢ was proved (with an unspecified § < 1/4)
by Michel and Venkatesh [47]. Fixing 7, we may twist it by GL; characters x of conductor ¢. Then
the conductor is multiplied by essentially ¢?, so Phragmén-Lindeldf gives L(1/2,7 ® X) <rc o ¢Y/ 2.
Of course, this is again interesting in the number field case. A Burgess type subconvex bound in this
g-aspect is proved in [5] over totally real fields. In Chapter |7} we extend that result to arbitrary number
fields. We note that this has been proved recently by Wu [61], using a different method.

In the theory of automorphic forms, Kuznetsov’s formula is among the most important and most



frequently used tools. Briefly speaking, it matches a certain weighted sum of products of Fourier coef-
ficients (or equivalently, Hecke eigenvalues) of an orthogonal basis in the cuspidal space with a sum of
Kloosterman sums, weighted by a Bessel transform. Kuznetsov [44] originally proved his formula for the
modular group over the rational field Q, which was an extension of the Petersson trace formula (which
refers to holomorphic forms) to weight 0 Maass forms (we note that similar results were independently
proved by Bruggeman [§]). Since then, many generalizations and reformulations were born. For totally
real number fields, see the work of Bruggeman and Miatello [I0], which includes the principal series
representations and the discrete series representations in a single formula. For general number fields, the
thesis of Venkatesh [56] gives a treatment to spherical vectors with references to [9]. In Chapter |8 we
work out a formula to the more general case: non-spherical vectors are also included. In the derivation,
we follow [56], borrowing the archimedean investigations from [10], [13] and [45]. We note that the
content of this last chapter is more or less the same as of [46].

Now we introduce the notations we shall use later. We advise the reader to consult [59] for the arising
notions.

1.2 The number field

Let F' be a number field, a finite algebraic extension of Q. Assume F' has r real and s complex places,
we will throughout denote the corresponding archimedean completions by F, ..., F,.4, where FY, ... F,
are all isomorphic to R and Fj.41,..., F;.45 are all isomorphic to C as topological fields. Let F, stand
for the direct sum of these fields (as rings), F for its multiplicative group, F. OXO . for the totally positive

elements (which are positive at each real place), and chi:“‘f for {(a1,...,ar4s) € FOXQ+ P01 = .. = Gpgs)e

Denote by o the ring of integers of F'. The ideals and fractional ideals will be denoted by gothic
characters a, b, ¢, ..., the prime ideals by p and we keep ? for the different and Dp for the discriminant
of F. Each prime ideal p determines a non-archimedean place and a corresponding completion F,. At
such a place, we denote by o0, the maximal compact subring.

Write A for the adele ring of F. Given an adele a, a; denotes its projection to F; for 1 < j <r + s,
and a, the same to F}, for a prime ideal p. We will also use the subscripts j,p for the projections of
other adelic objects to the place corresponding to j, p, respectively. The subscripts co and fin stand for
the projections to Fi, and Hp Fy.

The absolute norm (module) of adeles will be denoted by ||, while |-|; and |-|, will stand for the norm
(module) at single places. Sometimes we will need |- |, which is the product of the archimedean norms.
(At this point, we call the reader’s attention to the notational ambiguity that for a real or complex
number y, we keep the conventional |y| for its ordinary absolute value. We hope this will not lead to
confusion. Note that at real places, |y|; = |y|, while at complex places, |y|; = |y|>.) For a fractional
ideal a, M/(a) will denote its absolute norm, defined as N(a) = |a|~!, where a is any finite representing
idele for a. When a is a finite idele, we may also write N '(a) for |a|~1.

We define an additive character ¢ on A.: it is required to be trivial on F' (embedded diagonally); on
Foot Yoo(x) = exp(2miTr(x)) = exp(2mi(z1 + ... + @y + Tpp1 + Trg1 + - - - + Trys + Trgs)); While on Fy:
it is trivial on 9, " but not on 2, 'p~L.

1.3 Matrix groups

Given a ring R, we define the following subgroups of GLa(R):

Z(R)—{<g 2):a€RX}, B(R)—{(S Z):a,deRX,beR}, N(R)—{((l) l{):beR}.

Assume 0 # ny, ¢, C 0,. Then let

Ky(ng,cp) = {(i Z) ta,d € 0p,b € (nydy) "t ¢ € npdycp,ad — be € o;f} ,

moreover in the special case n, = 0, we simply write K,(c,) instead of K, (o, ¢,). For ideals 0 # n, ¢ C
0p, let

Ko =[] Kp(np ), K() =[] Knlep),
p p

2



and taking the archimedean places into account, let

K = K, x K(0) C GLa(A),

where N
Koo =[[802R) x ] SU2(C).
j=1 j=r+1

Finally, for 0 #£ n,¢ C o, let
T(n,¢) = {gOO € GLy(Fs) : Jgan € HKP(np, ¢p) such that googan € GLz(F)} .
P

We note that the choice of the subgroups K is not canonical (they can be conjugated arbitrarily), our
normalization follows [5].

1.3.1 Archimedean matrix coefficients

On K, we define the matrix coefficients (see [16], p.8]). Again, it is more convenient to give them on
the factors. At a real place, on SO3(R), for a given even integer g, set

cosf sinf .
g <<— sin@ cos 9)) = exp(igf).

At a complex place, on SU3(C), we introduce the parametrization

SU2(C) = {k[a,ﬂ] = (_aﬁ g) o, B E€C, a2+ |82 = 1}_

Assume now that the integers p, ¢, 1 satisfy |p|, |¢| <. Then the matrix coefficient @, , is defined via

S #L (ko B = (o — B) (B + @),

lp|<i

where this equation is understood in the polynomial ring C[z]. See [13], (3.18)] and [45] (2.28)]. Note

that "
1 2l \"?/ 21 \ V2
P! = / ol (k)|*dk = ( > ( )
|| p,q”SUz(C) ( SUS(C) | p,q( )| m I —p 1— q

by [45], (2.35)], where the Haar measure on SU3(C) is the probability measure.

1.4 Measures

On F,, we use the Haar measure |Dp|~Y2dz; - --dx,|dz, 1 A dZrg1| - - - |derys A dTrgs|. On F,, we
normalize the Haar measure such that o, has measure 1. On A, we use the Haar measure dz, the product
of these measures, this induces a Haar probability measure on F\ A (see [59, Chapter V, Proposition 7]).

On R*, we use the Haar measure dgy = dy/|y|, this gives rise to a Haar measure on C* as d&y =
dg|yldo /27, where exp(if) = y/|y|. On FZ, we use the product dXy of these measures. On F,*, we
normalize the Haar measure such that o, has measure 1. The product d*y of these measures is a Haar
measure on A*, inducing some Haar measure on F*\A*.

On K and its factors, we use the Haar probability measures. On Z(Fy)\GL2(Fw), we use the Haar
measure which satisfies

d><
Lo 0 o ()0}t
Z(Fue)\GLa (Fuo) R x(RX)* JFoe JK o I15 1yl

Jj=1

Observing further |y|e = [Tj_; |y H::—s-l ly;]2, it follows that on FX, dXy = const.dy/|yoo-

3



On GL2(F}) we normalize the Haar measure such that K (o0,) has measure 1. On Z(F,)\GL2(A) we
use the product of these measures, which, on the factor Z(A)\GL2(A), restricts as

/Z(A)\GLQ(A) flo)dg = /A>< /A /K / ((g 313) k> dkdwd:/iy.

Compare this with [B p.6] and [28, (3.10)]. The seeming difference of the last two displays (i.e. the

factor H;iiﬂ ly;]) is explained by the nontrivial intersection {(689 0):0eR}of {(4)):yeC*}and

Z(C)SU,(C).



Chapter 2

Background on automorphic theory

We review some basic facts about the automorphic theory of GLy that we shall use later. In the setup,
we follow the work of Blomer and Harcos [0, Sections 2.2-7], even when it is not emphasized. Since our
aim is to extend the main results of [5] from totally real number fields to all number fields, we will always
pay special attention to the complex places.

2.1 Spectral decomposition and Eisenstein series

In this section, following [5], Section 2.2] closely, we give a short exposition of the spectral decomposition
of the Hilbert space L?*(Z(A)GLy(F)\GLa(A)). For a detailed discussion, consult [28, Sections 2-5].
First of all, ¢ € L?(Z(A)GL2(F)\GLa(A)) is called cuspidal if for almost every g € GLa(A),

fa? (6 D)e)ae=o

The closed subspace generated by cuspidal functions is an invariant subspace Lusp, decomposing into
a countable sum of irreducible representations V;, each 7 occuring with finite multiplicity (see [28|
Section 2]). This multiplicity is in fact one, as it follows from Shalika’s multiplicity-one theorem, see [39}
Proposition 11.1.1] for the case GLs. Therefore, denoting the set of cuspidal representations by C, we

may write
Lcusp = @ V7r7
mel

where the irredicble representations on the right-hand side are distinct.

Remark 1. More generally, for a Hecke character w (referred as the central character), the Hilbert space
L?(GLa(F)\GL2(A),w) consists of those functions ¢ : GLy(A) — C that are square-integrable on the
coset space Z(A)GL2(F)\GL2(A) and satisfy

5((5 9)a) =t

for all z € A*,v € GLy(F). Cuspidal functions and cuspidal representations are defined as above. The
results presented below hold for arbitrary unitary central character and can be proved essentially the
same way. However, in order to keep the exposition as simple as possible, we will work throughout with
trivial central character.

To any Hecke character y with x? = 1, we can associate a one-dimensional representation V. generated
by g — x(det g), these sum up to
Ly = P Vi
x2=1

For details, see [28] Sections 3-4].
Now
LQ(Z(A)GLQ (F)\GLz (A)) = Lcusp S Lsp S Lconta

5



where L.ont can be described in terms of Eisenstein series.
Take a Hecke quasicharacter x : F*\A* — C*. Denote by H(x) the space of functions ¢ :
GL2(A) — C satistying

/ [o(k)[2dk < o0
K

" ¢ ((g i) 9) = x(a)x ' (b) ‘%‘1/2 olg),  wE€AabEAT 21

In particular, H(x) can be identified with the set of functions ¢ € L?(K) satisfying

¥ ((8 i) g) = x(a)x~ (0)p(9), (8 i) € K.

There is a unique s € C such that x(a) = |a|$, for a € ngdf and introduce

Hs)= @ H.

@
X*=|[3 on FL°¥

Now regard the space H = fs ccH (s)ds as a holomorphic fibre bundle over base C. Given a section
w € H, o(s) € H(s) and ¢(s,g) € C. The bundle H is trivial, since any ¢(0) € H(0) extends to a
section ¢ € H satisfying ¢(s,g) = ¢(0,9)H (g)®, where H(g) is the height function defined at [28, p.219].
(One may think of this as a deformation of the function ¢ such that it is invariant on K under the
deformation.)

Define

L/cont = A H(Zy)dya

and equip it with the inner product

(01,02 = 2 [ {oatin), alimhay

2 [~ ; a 0 . a 0
:E/O /FXW/K‘“ (Z% (0 1) k) b2 <zy, <O 1) k)dkdady,

where A! stands for the group of ideles of norm 1 (see [28, (3.15)]). Then there is an intertwining
operator S : Leont — Ll given by [28] (4.23)] on a dense subspace. Now combining this with the
theory of Eisenstein series [28] Section 5], we obtain the spectral decomposition of Leong.

For ¢ € H, and for Rs > 1/2, define the Eisenstein series

E(p(s)g)= > (5,79 (2:2)

YEB(F)\GL2(F)

on GLy(A). This is a holomorphic function which continues meromorphically to s € C, with no poles
on the line s = 0. Now for y € R*, consider the complex vector space

V(iy) = {E(p(iy)) : p(iy) € H(iy)}

with the inner product
(E(e1(iy)), E(p2(iy))) = (p1(iy), p2(iy))-

As above,

V(iy) = T Vi1

X2=l%Y on FL™

with

Vix—1 ={E(e(iy)) - ¢(iy) € H(x)}-

6



Here, V (iy) = V(—iy) by [28] (4.3), (4.24), (5.15)]. Therefore, we have a GLy(A)-invariant decomposition

Lcont :/ V(Zy)dy :/ @ VX»Xfldy'
0 0

x?=|-2¥ on FL%%

In fact, [28] (4.24), (5.15-18)] implies that for ¢ € Leons, taking S¢ = ¢ € L, .,
1 [ .
=— | Eleliy), 9)dy,
T Jo

60a) = = [ Bt g) o2y =2 [ teatin)atinyity =2 [ (o1, Blpatin))a

0 ™ Jo

and also Plancherel holds, that is,

To summarize,

L*(Z(A)GLy(F)\GL2(A) = P Vr & @ Vi @ / P Vi1 dy, (2.3)

mec A2 on P

a function on the left-hand side decomposes into a convergent sum and integral of functions from the
spaces appearing on the right-hand side, and also Plancherel holds.

For the Eisenstein spectrum, we introduce the notation |, ¢ Vwdw, where & is a set of Hecke characters

which are nontrivial on Fsolaf, such that for each Hecke character y, exactly one of x and !

in £.
We also note that while representations in Lg, are one-dimensional, those occuring in Leysp and Leont
are infinite-dimensional.

appears

2.2 Derivations and weights

We review the action of the Lie algebra of GLa(Fx) on the space L?(GL2(F)Z(A)\GLa(A)), following
[5, Sections 2.3 and 2.10] at real places, [I3], Section 3] and [45, Chapter 2] at complex places.

Since the central character we are dealing with is trivial, we can restrict ourselves to the Lie algebra
sly(Fo). First we give a real basis such that each basis element is 0 for all but one place F;. At this
exceptional place, we use the following elements. For a real place (j < r), let

1 0 0 1 0 0
Hj - <0 _1> ’ Rj - (0 0> ) Lj - (1 0> ) (24)
while for a complex place (5 > r), let
1/1 0 1/0 1 1/0 1
mo=glo 5) vems (o) we-s(h)

1/i 0 170 1/0 i
H27j2<0 —i>’ V2,j2(_i O>’ W27j2<2, 0>,

An element X € sly(Fy) acts as a right-differentiation on a function ¢ : GLa(A) — C via

(X6)(9) = S-o(gexp(iX))

t=0

Let g = sly(Fx) ®r C be the complexified Lie algebra and set U(g) for its universal enveloping algebra,
consisting of higher-order right-differentiations with complex coefficients.
The above-defined first-order differentiations give rise to local Casimir elements
1
Q) = -7 (Hf —2H; +4R;L;),  Qu = o ((Hiy $Hoy)® + (Vi F Way)” = (Wi 7 Va)%)
(2.6)

Oo\»—~



at real and complex places, respectively.

On an irreducible unitary representation (, V;), these local Casimir elements act as scalars, that is,
for ¢ € VTFDO, QJ¢ = Ajd), Q+7j¢) = )‘+,j¢a Q_,j¢ = A_J'd) with

1
== —v7

1 Yo ((vj Fp)*—1), (2.7)

1
A=<

+,5 8
where v; € iR, p; € Z for principal series representations, |v;| < 8 deg[F; : R],p; = 0 for complementary
series representations and v; € 1/2 + Z for discrete series representations (which may occur only if Fj is
real). Here, 6 is a constant towards the Ramanujan-Petersson conjecture, according to the current state
of art (see [3]), 6 = 7/64 is admissible.

For some D € U(g) and a smooth vector ¢ € L?(GL2(F)Z(A)\GL2(A)), recalling the spectral

decomposition (2.3)),
6= Y 0nt 3 00+ [ ondm

wel X2:1
we have
DI = |1 Déall* + > ||D¢X|\2+/g||D¢w||2dw, (2.8)
el x2=1

see |19 Sections 1.2-4] with references to [20]. Compare (2.8]) also with [4, (33)] and [5], (84)].
The local maximal connected compact subgroups are SOs(R) (for j < r) and SUs(C) (for j > r).
The corresponding Lie algebras are so3(R) and suy(C), and define

Qe ; =R; — Ly, Qej =— (ng + W%,j + W%,j), (2.9)

1
2
at real and complex places, respectively. At a complex place, Q¢ ; is the Casimir element (see [55)
Definition 9 on p.72]).

We now define the weight set W (w). For j < r, let g; be any even integer with the only restriction

qi| > 2|v;]4+1 in the discrete series. For 7 > r, let (15, ¢;) be any pair of integers satisfying |¢;| < I; > |p;]-
i > 2|vj]+1 in the di t ies. For j let (I5,q;) b ir of int tisfyi il < > |pj
Now set

W = (QI7 ceesQr, (lr+la qT+1)a ) (lT+37 q7‘+8)) (210)
and denote by W (w) the set of w’s satisfying the above condition.
For a given w € W (), we say that ¢ : GLy(A) — C is of weight w, if for j < r,
Qe = iq;¢ (2.11)
and for j > r,

. 1
H ;¢ = —iq;9, Qe jo = i(ljz- +15)9, (2.12)

for the action of €2 ; at complex places, see [55, Chapter II, Proposition 5.15].
Note that W (), through (g1, ..., ¢y lrt1,- .., lrts), lists all irreducible representations of K, occur-
ing in 7, while (¢y41,...,¢r+s) is to single out a one-dimensional space from each such representation.
Similarly, introduce the notation

r= (Vl <oy Ur, (Vr+17pr+1)a s (Vr-l—svpr-ﬁ—s)) , (2'13)
and also its norm
r r+s
Ny =TJa+mh J] a+lvl+ipD? (2.14)
j=1 j=r+1

compare this with [47, Section 3.1.8].



2.3 Cuspidal spectrum

2.3.1 Analytic conductor, newforms and oldforms

Let V; be a cuspidal representation occuring in L?(Z(A)GLy(F)\GL2(A)). By the tensor product
theorem (see [15], Section 3.4] or [24]),

Ve =Q)Va, (2.15)

as a restricted tensor product with respect to the family {K,(0,)} (by [I5, Theorem 3.3.4], irreducible
cuspidal representations are admissible).
For an ideal ¢ C o, let

vo={scvio(s(l 1)) =e. taecna) (b)) ex@f.

Obviously, ¢’ C ¢ implies Vi (¢') 2 Vi (c).
By [8, Corollary 2(a) of Theorem 2], there is a nonzero ideal ¢, such that V;(c) is nontrivial if and
only if ¢ C ¢,. Now the analytic conductor of the representation is defined as

C(m) = N(ex )N (x). (2.16)

Introducing also
Vaw(€) = {¢ € Vi(c) : ¢ is of weight w}

for w € W(m), 48, Corollary 2(b) of Theorem 2] states that for any w € W(nm), V; w(cr) is one-
dimensional, that is, restricting V;(c¢;) to K, each irreducible representation of K, listed in W ()
appears with multiplicity one. A nontrivial element of V; w(¢,) is called a newform of weight w.

Now consider an ideal ¢ C ¢,, and take any ideal t such that tc; O ¢. Fixing some finite idele t € A
representing t, we obtain an isometric embedding

RV v, o =o(a(y 1)) (217)

Then combining [48] Corollary 2(c) of Theorem 2] with [I8, Corollary on p.306] and (2.15)), we see the
decompositions

V()= @ RVrler),  Vawle) = €D RiViwlen),

t\cc;l t|cc;1

which are not orthogonal in general. However, in Section we will prove that for ideals ti,ts,
(R, 1, Riyb2) = (¢P1,02)C(t1,t2, ), with the constant factor C(ty,t2,7) depending only on ty,ts, 7,
but not on w. This allows us to use the Gram-Schmidt method, obtaining complex numbers oy, (with
Qo = 1) for any pair of ideals s|t/cc;! such that the isometries

R'= Zat,sRs Vi (er) = Vi(c), tlec !, (2.18)

5[t

give rise to the orthogonal decompositions

Vae) = P RValen),  Viwlo)= P R'Vrwl(cn). (2.19)

tleeyt teey?

2.3.2 Whittaker functions and the Fourier-Whittaker expansion

For a given r, w (recall and ), we define the Whittaker function as the product of Whittaker
functions at archimedean places. The important property of these functions is that they are the expo-
nentially decaying eigenfunctions of the Casimir operators €2, Q). therefore, they emerge in the Fourier
expansion of automorphic forms (see [I5], Section 3.5]).

At real places,
iSign(y)%Wsign(y)%,u(47r|y|)

(T(3 — v +sign(y) §)T'(5 + v + sign(y)§))'/*’

W (y) = (2.20)

9



W denoting the classical Whittaker function (see [60, Chapter XVI]). This is taken from [5, (23)].
At complex places, let

CVBRIFD A NF A\ [ra+1+0)
W(l’Q)’(VxP) (y) - (271_)9?1/ (l — q) <Z — p) ’F(l +1-— 1/)

(2.21)
(vl (L)
where
1—5(g+pl+la—pl) 11—k
l . _ k¢l (2mlyl)
we (v, ps ly|) = Z (1) fp(%If)msz—\qwl—k(‘lﬂyDa (2.22)

k=0
K denoting the K-Bessel function, and

k(21 — k)! 3(lg+pl+lg—pl) 3(lg+pl—lg—pl)
Coe( e () e

This definition is borrowed from [13], Section 5] and [45], Section 4.1], apart from the first line, which is
a normalization to gain the right L?-norm.
In both cases, the occuring numbers v, p, g, are those given by the representation and weight data,

encoded in the action of the elements Q, Q4 , Qp, Hy (recall (2.5), (2.6), (2.7), (2.9), (2.10), (2.13)).

Finally, define the archimedean Whittaker function as

W) = [T Way v, @) TT W50, 0 W)

j<r Jj>r

(g, k) =

With the given normalization, for a fixed r,

/ Wawr (Y)W 2 () A5y = v (2.24)
FX

This can be seen as the product of the analogous results at single places. For real places, see [B, (25)]
and [14] Section 4]. As for complex places, this will be proved in Lemma and Lemma The
normalization, i.e. [ Wa.g),wp) (¥)?d&y = 1 is already proved in [46, Lemma 2], now we need also

that [ox W), 00 0 Wir )0 W)dey = 0, (1a) # (I',4).
Now we extend [5l Section 2.5] to our more general situation.

Proposition 2.1. Let 7 € C and ¢ C ¢r. Then any function ¢ € V; w(c) can be expanded into Fourier
series as follows. There exists a character e, : {£1}" — {£1} depending only on 7 such that

5 ((5 1)) = X roltummn(sisn(tro) Wantc)o(20), (2.25)

teF'x

Proof. From the discussion above, the existence, the uniqueness and the factorization of the Whittaker
model (see [I5], Section 3.5]), we have

¢ ((g T)) = Z P (tysn) H Cj(Sign(tyj))ijij (ty;) Hw(lj,qj);(l’j,pj)(tyj) Y(tr)

tEFX J<r j>r

= Z Po tyﬁn H C] Slgn y] Ww,r(tyoo)w(t-r)-

teFx J<r

Now we have to prove that we can take ¢;j(—1) = £¢;(1). Fix some j° < r. If we are in the discrete
series, Wy, v, (ty;) is constant 0 either on Ry or R_ (recall ), so in this case, there is nothing to
prove. If we are in the principal or the complementary series, then ¢;/(£1) # 0, and so their quotient is
well-defined. Assume that y;; > 0 and ¢;» > 0. Let X be the matrlx which is (*1 O) at the place j’, and

10



the identity at other places. Define moreover the Maass operators Ay at place j and the normalizing
constant (v, k) for each even integer k (again, at other places, let them act trivially)

r(d+v-=%
Akmy(iaa), k) = L)

These are taken from [22] (4.4) and (4.62)]. Now introducing
P =6y, qj/)A_q]_,+2 oA g, 4a0...0Ag, 20A,,, Q=XoP,

by [22, Proposition 4.5], @ is an involution on Vzw. By our normalization of Wq v PWq WS
W_g, v, (see [22, (4.27) and (4.59)]). Now let ¢ € Vi w, and consider ¢’ = Pgb "Then with' the

abbreviation W’(t,y,2) = pg(tysn) (Hj’7éj§r ¢; (sign(ty;))Waj.v; (0y3) Tjsr Witsa0), 0, ,pn(tyj)) v(te),

s ((5 7)) = X crenttn) W, ()W .12,

P(b ((y f)) LEZ/X(<(% f)) - ZF cj’(Sign(tyj/)>wqu/,l/j/(tyj')W/<t7yam>7
teFx
Qo ((g f)) = X¢/ ((g f)) = ZF cjr(=sign(ty; )YW-q;,, (~ty; )W'(t,y, 2).
teFx

Since @ is an involution, Q¢ = £¢, showing ¢;/ (—1) = %c¢;/(1).

We remark that this is the same analysis as in [22) Section 4] or in [41l Sections 1-3]. Note that e,
is not uniquely determined, if we are in the discrete series and that the coefficient o(tys,) depends only
on the fractional ideal generated by tya, and it is zero, if this fractional ideal is nonintegral. O

Now assume that ¢ = ¢, i.e. ¢ is a newform of weight w. In this case, the coefficients g, (m) are
proportional to the Hecke eigenvalues A, (m):

0o(m) = Af(“ni) 04(0)
We record
Ar(m) <. N (m)fFe (2.26)

with 8 = 7/64 [3], while according to the Ramanujan-Petersson conjecture, § = 0 is admissible. Also
note the multiplicativity relation

Ar(M)A;(n) = Z Ar(mna=?). (2.27)
al ged(m,n)
Setting
Ws(y) = 04(0)ex(sign(y)) Wwr(y),  y € FZ, (2.28)
we obtain
tyﬁn
W, 5o ). 2.29
o((5 )= ;JT Sty (1) (2.29)

2.3.3 The archimedean Kirillov model

Now fixing ysn = (1,1,...), we can single out the term corresponding to ¢ = 1:

Wit = | X ((g f)) - (2:30)

In the case of arbitrary (i.e. non-necessarily pure weight) smooth functions in V(¢ ), this latter formula
can be considered as the definition of the mapping ¢ — Wy, the image is a subspace in L2(FX,d%y).

11



Proposition 2.2. The image in fact is a dense subspace in L*(FX,dXy). Moreover, there is a positive
constant C. depending only on m such that

<¢17¢2> = CW<W¢1’W¢2>’ (2'31>

where the scalar product on the left-hand side is the scalar product in L?(Z(A)GLa(F)\GL2(A)), while
on the right-hand side, it is the scalar product in L>(FX,d%y). The map ¢ — Wy is therefore surjective
from Vi (cq) to L*(FX,dXy).

Proof. On the space L?(F,d%y), the Borel subgroup B(F,) acts through the Kirillov model action
y ’ ’
1) W) () = o)W/, (2:32)

This action is irreducible on a single L?(R*, dy) or L?(C*,dgy). Indeed, by [43, Propositions 2.6 and
2.7], the Borel subgroup B(R) or B(C) has a unitary, infinite-dimensional irreducible representation,
then by [42] p.197], it must be equivalent to the representation induced from the unipotent subgroup
N(R) or N(C), which can be computed to be (2.32)). Therefore the action is irreducible on the
tensor product

r4+s
LQ(Fc:é?déoy) = ®L2(ij7dl>;jyj)'
j=1

Then taking some ¢ € V>°(¢) such that Wy is not identically zero, a closed, invariant subspace containing
W must equal L2(FX, d%y), because of irreducibility (the existence of such a ¢ follows from the Fourier-
Whittaker expansion, which includes harmonics with nonzero coefficients).

As for the existence of Cj, we refer to Section We will prove there that if ¢1, ¢2 € Vi w(cr), then

<¢17 ¢2> = Cﬂ'<W¢17 W¢>2>' (233)

If moreover ¢1, ¢o are of different weights w; # wo, then both sides are 0, since for pure weight forms,
the associated Kirillov vectors are proportional to Wi w, , (recall (2.28)), which are orthogonal by (2.24]).
Then the orthogonal decomposition

= P Vewlen)

weW ()
completes the proof. O
Now turn to the general case ¢ C ¢;. Using the isometries RY, (2.29)) gives rise to, for every ¢ €
RV (cr),
tyﬁn
o((3 1) = X Zarmlw o) (234
teFx N (tysn)
with
Wo=Wry-1g,  Aem)= > aN(s) A (ms™). (2.35)

slged(t,m)

2.4 Eisenstein spectrum

In this section, we develop the theory of Eisenstein series. From now on, let x € £ be a Hecke character
which is nontrivial on F dlag

2.4.1 Analytic conductor, newforms and oldforms

Similarly to the cuspidal case, for any ideal ¢ C o, define

V@ ={oevicio(o(l 1)) o itgccnm). (2 1) cxo}.

12



Using that V, -1 and H(x) are isomorphic as GLa (A )-representations, we have

VXvX’l(c) = {E(W(Zy)v ) € Vx,x*1 P e H(X,C)}

i ={eeriie (ot h)) =et. itgecram). (0 )) exo}.
Analogously to , we have | ®H "
X) = v X

a restricted tensor product with respect to the family {K,(0,)} again, the admissibility of H(x) is
straight-forward.
Assume x has conductor ¢,. The following is taken from [5, Section 2.6].

with

Proposition 2.3. For any non-archimedean place p, set d = v,(d) and m = vy(cy), and fix some w
such that vy(w) = 1. Then for any integer n > 0, the complex vector space Hy(x,p™) has dimension
max(0,n —2m + 1). For n > 2m, an orthogonal basis is {pp; : 0 < j < n —2m} with functions @, ;
defined as follows.

x %
Ifm=0and k= (bwd *) € Ky(op), let

Yy _ [ N2 i u(b) =0,
opo(k) =1, op.1 (k) = { ~N(p)V/2, if vz(b) > 1

while for j > 2,

07 Up(b) S ] - 27
oos(h) = § Ny i 0p(5) = j— 1,
N (p)i/? (1 - W) ifv, (b) > j.
Ifm>0andk=(,247) € Ky(op), let
(k) = N(p)(erj)/QXp(abil)a if Up (b) =m + 7,
Pp.j 0, if vy(b) #m + 4.
Moreover,
1
1-——Z il < 1.
7 <llensll <
Proof. See [5l Lemma 1 and Remark 7]. O

This shows that ¢, ,—1 = (¢y)? is the maximal ideal ¢ such that V, ,-1(c) and H(x, ¢) are nontrivial.

Now we turn our attention to the archimedean quasifactors H;(x). They are always principal series
representations and their parameter r is the following. At real places, v; € iR of (| is the one
satisfying x;(a) = a" for a € Ry (see [14] p.83]). At complex places, v; € iR and p] E Z of { .
are those satisfying y;(ae??) = a¥7e~®i? for a € R4,0 € R (see [13, Section 3] or [45, Section 2.3]).
Now these give rise to the set W(x,x™ ') of weights (those occuring in H;(x)): the only condition is
lg;| <1; > |pj| at complex places.

The analytic conductor is again defined as

Clt, x™ 1) = N(ey ,-1)N(r). (2.36)

We can now give an orthogonal basis of H(x,c) for any ¢ C ci. Given t|cc; 2 and any weight
w € W(x,x 1), let "% be the tensor product of the following local functions. At the archimedean
places, let ¢} = 0, (1), 4™ (k) = 5,0, (6)/ 195, lsuacc for b € K with j < . j > r, espectively.
At non-archimedean places, let cpp = ¥p.v,(1)- The global functions form an orthogonal basis of H (x,¢)

and this gives rise to an orthogonal basis in V, , -1 via the corresponding Eisenstein series OtV = E(o"W).
Finally, defining R' : V, \-1(c2) <= Vi y-1(c) as ¢*%/[|¢° ]| = ¢"%/||¢%7|| for all w, we obtain the

orthogonal decomposition
)= P R'Vy 1(c3). (2.37)

tleey?
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2.4.2 The Fourier-Whittaker expansion and the archimedean Kirillov model

Similarly to cusp forms, Fisenstein series can also be expanded into Fourier-Whittaker series. We may
assume ¢ is one of the pure tensors defined above and ¢ = E(p), where we dropped t and w from the
notation. We will insert the original definition of Eisenstein series, that is, the formal computation below
is made precise by performing it on the domain $s > 1/2 and using the meromorphic continuation to
s > 0.

Now the Fourier expansion with respect to the left action of N(A) admits

(o3 )-S5 (o s )

It is easy to check that B(F)\GLy(F) has a complete set of representatives
10 0 -1
o pAG ) et
By (2.1), ¢ is left N(A)-invariant, therefore

>/ N (35 %)) wi-oaevtn=o((4 1))

tel

Inserting these, we obtain

o5 D)o (6 ) DL (o
¢ ((

0 0 -1
+ —t&)dey(tx).
N+X [e(() 7))o
On the right-hand side, the first term together with the term corresponding to ¢ = 0 give the constant

teF
term of E(yp),
o =o(( DL )

Turn to the rest of the sum, and compute a typical term corresponding to t € F*. Fix § € A* as
0o = (1,...,1) and 0, = w:j‘“(a). By the change of variable & — yé6~1¢, we obtain

(0 ) wimtea = ot [ o (3 707)) wi—to1g)ae,
(G ) fo (G 7E)

using (2.1) and the fact that x(¢) = [t/ =1 (as t € F'*). Since ¢ is a pure tensor, we may compute the
integral on the right-hand side as the product of the local factors.
For v & R, the local contribution is (see [5, (55)])

o

o

X5 (sign(t;) Itz /27 /Rsoj (((1) —51)> exp(—2mit;y;€)dg = 1;X; (sign(t;y;))Wa, v, (t;),

where 7; € C is a constant (depending on ¢; and x;) of absolute value ml/2,
For v = C, the local contribution is

arg(tjy;)P [ty |' ™ /C%' ((? §1>> exp(—2mi(t;y;§ + t;y;€))dE.

The computation of [45l Section 4.1] in our normalization means that this equals

1
ﬁw(lj 145):(V5,p5) (tj Yj )-

Altogether, the archimedean contribution is
Tloo X oo (Sign(tyoo))ww,r(tyoo)a
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where oo = oo (W, Xoo) € C is a constant of absolute value 77/2275/2| Dp|~1/2.

For a non-archimedean place p, we collect the results of [5, pp.18-20]. Introduce the notations
m =vp(cy) >0, n=1v,(ty) > 0 and let w as above.

If m = 0 and v, (t) = 0, then the local factor is

|ty|1/2 2(5)< p >ZXP 2j— n

7=0

If m = 0 and v,(t) = 1, then in the case xj(w) # —1, the local factor has absolute value equal to
1+ x2(@)|N(p)~1/2 for n = 0 and not exceeding (n + 1)N(p)1=™/2 in general. For x2(w) = —1, the
p p
local factor is

2(m) ) 22 ,
[yl X5 (0, (@) N (p) /2 (1— fg((p))> D X&),

=0

If m = 0 and v,(t) > 2, then the local factor vanishes for n < v, (t) — 3, has absolute value equal to
N(p)~! for n = vp(t) — 2 and not exceeding (n — vy(t) + 3)N (p)» (V=72 for n > v, (t) — 1.

If m > 0, then the local factor vanishes for v, (ty) # v, (t) and has absolute value 1 for v, (ty) = v, (t).

Altogether, in the Fourier expansion

E( (g 1)) E(p), 0 Z OFE(p) tyﬁn)Xoo(tyoo)ww,r@yoo)z/}(tx)a
teFx
we see that op(,)(m) is supported on ideals divisible by

t, = H p H pvp(t)*Q H pvp(")7

pltptey,vp (D=1x3 (wp)=—1 plt;ptey,vp ()23 pltplex

t! = 11 b IT #

pltptey,vp (D=1,x3 (wp)Z# =1  plt.pfey,vp (H)22

noting that

With the notation
Fyo= 11 11+ x5 ()|,
pltva(chvP(t):lng (wp)¢71

we may write

7r'r‘/227s/2‘DF|71/2
| L (L)W () /2 Py

|28(¢) (b =

where L' 1(~, x?) stands for a partial Hecke L-function, which is holomorphic and nonzero at s = 1
(since x? is a nontrivial Hecke character).
Normalize the coeflicients as

Ax,t(m)

0B (p) (Mty) = /,\/(m 08 (p) (ty)-

~—

Then (see [5, (65) and the display above it]) A, ¢ is a multiplicative function on nonzero ideals
satisfying
Axt(m) = > aomm X(ab7 1), ged(m, t ley) = o,
N 0, ged(m, ¢y ) # o,
and

A (m)] < 7(8) By N (1) 2N (ged (bt m))7(m),

where 7(n) stands for the number of ideals dividing n.
Defining

Exx—1(518n(Y)) = Xoo(sign(y)),
L (m) = { T(t)71F>;%N(t)71/2N("x))‘x,t(mt;1)» ty|m,

0, otherwise,
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and finally
W) (y) = T(t)FxﬁN(tt;l)l/QQE(«p)(tx)gx,x*l (sign(y))Ww,r(y)

for y € F, we obtain the Fourier-Whittaker expansion of Eisenstein series

o((5 7)) =ermat+ ¥ Jti;y (ot (). (2.39)

teFx
We also obtain
M-t (M) e N (ged(t,m))A (), (2.39)
for all m C o and
W)l <re NOCOo Xl (2.40)

where the norms are understood in the spaces L?(FX,d%y) and L?*(K) (recall also ) Compare
these with [B (48-50)].

We albo see that E(p) — Wg, has similar properties as in the cuspidal spectrum. In the special
case ¢ = c , t=1t, =0, E(p) spans the space Vx,x*l,w(ci) of newforms of weight w. In this case, we
have the alternatlve deﬁnltlon

W) (y) = F\AE(@((g f))ib(—w)dfc, (2.41)

where ygn, = (1,1,...). Also, A, -1 specialize to Hecke eigenvalues. Finally, for ¢1, ¢ € V, \-1(c}), we
have

<¢17¢2> = Cx,x_1<W¢1’W¢2> (2'42)
with some positive constant C, -1 >F. C(x, x 1) ~¢ depending only on .
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Chapter 3

L-functions

3.1 The constant term of an Eisenstein series
In this section, we follow [B, Section 2.8]. Again, we pay special attention to the complex places, which
is not covered there.

For some s € C, consider the Hecke quasicharacter x(y) = |y|® for y € A*. Taking also some nonzero
ideal ¢ C o, define the function ¢(s) € H(x) as

7 (s’ (3 i) k) - { SR be KX (o X KO,

The constant term [28] p.220] of the corresponding Eisenstein series E(¢(s),g) is

Bulo(s)0) = el + [ o (s (] o) ae (31)

[0 ) ey

Proposition 3.1.

where
= |Dp|*/? H ( —s/2( 3/2) [T 2em ) [[-NE) )"
v>C p
for Rs > 1, and H(s,g) is a meromorphic function of s, its zeros lie on Rs = 0, its poles on Rs = —1/2

and it is constant at s = 1/2:
H(1/2,9) = [8IN () T+ N (p = |Dp| MK (o) : K (o))
ple

Proof. We may write
g= (g ”é) h, xeA,abeA* heGLy(A),

where hoo € Koo, hy € K(0p) for p{ ¢ and for ple, by, € GLy(F) is of the form (§9) or ( 0 =3, ).

Sp My
a|l/2—s s 0 _5—1
2] 1o /As0<8 (5 ] )h)df,

which can be computed as the product of the corresponding local integrals. These are given at [5l
pp.22-24] for real and non-archimedean places.
First assume p is a non-archimedean place. If p { ¢, then the local integral is

0 -5 1 N(p)
/Fp i ( (c& 4 )h">d5‘ N>
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If p|c, then we have two cases:

0 -5 (-2 LN BT
Jooe (s 7)) demvor o=

0 5;?1) (0 5p_1>) () ()
/1:_‘;) SDP (Sa (5)3 g 5'3 np df - N(p) N

Now assume v is a real place, then the local integral is

Jorr (o)) = ey

Finally, assume v = C. Using the Iwasawa decomposition

: ; =
((1) 51) = <\/|£12+1 \/|§|§+1 > \/\61\2+1 \/|5£|2+1
0 VEPHY \ Vi Ve

and

we see that the local integral is

1 1 N 27 o] r
D R A e T A e
m_, T()T(2s)

s ﬂF(l—l—Qs)'

As for
N TIO+NE) ™)™ =K (o) : K(o)] (3.2)
ple
consult [37, Proposition 2.5]. Collecting these, the proof is complete. O

3.2 A Rankin-Selberg convolution

Earlier, we referred to this section twice: in the construction of the isometries R* (2.18) and in the proof
of Proposition Now we borrow the Rankin-Selberg method from [B, pp.25-26] in order to prove the
essential equivalence of the Kirillov model promised earlier (i.e. to complete the proof of Proposition,
and also to relate the proportionality constant to the residue of a certain GLs X GLy L-function. We will
also obtain that for ¢1,¢2 € Vi w(cr), (Re ¢1, Re,P2) = (¢1, 92)C (41, t2, m) with a constant C(ty, t2, )
independent of w, this was the fact used in the construction of R!.

Let ¢1, ¢2 € Vi w be newforms of some weight w € W (w) and let t1,t2 C 0 be nonzero ideals. If ¢ is
a nonzero ideal divisible by ti¢,, taocr, then 1 = Ry, ¢1, 12 = Ry, ¢2 are elements in V; w(c).

Define

F(s) = / (@) @) E(e(s). 9)dg,
GLQ(F)Z(A)\GLQ(A)

where (s, g) is defined in the previous section. It follows from the theory of Eisenstein series that
this integral is absolutely convergent for all s which is not a pole of E(p(s),g) (see [28, Section 5]),
and also that the possible residue comes from the residue of the constant term . Now we compute
ress—1/2F(s) in two ways.

On the one hand, using the results of the previous section,

<Rf1 ¢1» th ¢2>

ress—1 /20 F(25)
[K (o) : K(c)]

C =
r |Dr|Ar(2)

ress—1/2F(s) = Cp
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On the other hand, assume first s > 1/2 for the absolute convergence of (2.2) (see [I5, p.372]) and
unfold the integral

F(s) = / 1(9)Pa@)o (s, 9)dg
B(F)Z(A)\GL2(A)

/FX\AX /F\A/wl(( > )W@( <g ‘f) k> dkdxd|;
/FX\AX /F\A/K XK(E)%((‘U x) )1#2(( ) >y|s V2dkdad*y.

Here, the integral over K., x K(c) is [K(0) : K(c)]~!. To see this, observe that 1,1y is invariant at real
and non-archimedean places, while at complex places, we apply the more general [43 Corollary 1.10(b)].

Therefore,
= ! Y 5”)) s—1/2 7. 1%
F(s) = ey It dxd™y.
(5) [K(0) : K(c)] /Fx\Ax F\A%%((O 1)) 1l ey

Take now finite representing ideles t1,t2 of the ideals t;,ts, respectively. The Fourier-Whittaker
expansion (2.29), the definition of R (2.17) and vol(F\A) = 1 give rise to

F(s) = Wop, (tYoo) We, (tyoo) [y "~/ 2d "y

[K (o) : K(¢)] N (tygn)
_ N(tt)'? / A (Ysints ) Ax (Ysints )
[K(0) : K(¢)] Jax N (Ytin)

= N(t1t2)1/2 7. (2 ) s—1/2 3% Aw(yﬁntfl)m
R o Wor Wiyl oy [ 22l

fin

N(trts)/? / Aw(tysnts D) Ax (tysnty 1)
FX\AX

teF'X

W¢'1 (yOO)W¢2( |y|s 1/2d><

dxyﬁn'

Let now s — 1/2 from above, then the first integral is (W, , Wy, ), where the inner product is understood
in L2(FX,d%y). In the second integral, define t] = t; ged(t1, ta) 71, t = ta ged(ty, t2) ™1, we obtain

<W¢1, W¢2> Ar (mté))‘ﬂ' (mtll)
res,—1,0F(s) = resg— —_— "
=12 = SR ) R 2 s
by a linear change of variable m = yg,t1t2 ged(ty, to) ~*
For arbitrary ideals t;, t2, this gives

(Ry, ¢1, Ry 02) = (01, 92)C (1, 2, ),

where C(t1,t2,7) is a constant not depending on the weight w. This independence of the weight is
essential in the construction of R' (2.18)) as we indicated it earlier.
Using the equations (3.3) and (3.4]) about res,— 2 F(s), and taking t; = to = 0, we obtain (2.33) with

(o m DAARR) s Al

resszl/QAF(Qs) 0£mCo ( )5

Here, the first factor [Dp|Ap(2)/res,—1/2AF(2s) is a positive constant depending only on F', while
L (s,m X 7)Cr(28) Z -
0#mCo (m)

with L(s,m x m) defined in [27, Sections 1-2] and L~ (s,m x 7) is a finite Euler product over places
dividing ¢, the number of such places is Op (N (cr)¢). Checking the cases from [27, Section 1] and [39]
Chapter I, §§2-3]), we obtain

N(er) fressm1L(s,m X m) Kpe Cr Kpe N(cr)resg=1L(s,m X ). (3.5)
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Proposition 3.2. We have
C(m)™° Kperessm1 L(s,m x ) <p . C(m)7,

recall .

Proof. We repeat the proof of [5, Lemma 3], however, our references differ a little.
First we prove the lower bound. By [33, Lemma b], we have a constant B depending only on F' such
that
C(m P <Crxm)<cm? (3.6)

holds for the analytic conductors. We also see by [33] Lemma a] that L(s,7 x 7) has nonnegative
coefficients. Record the factorization

L(s,m x ) = (r(s)L(s,sym?T), (3.7

where L(s,sym?r) is the Gelbart-Jacquet lift of 7, which is known to exist for all automorphic cuspidal
7 (see |27, Section 3, (3.6), (3.7) and Theorem (9.3)]).

Case 1: sym?r is cuspidal. Now [32] Proposition 1.1] gives the statement, as soon as we can prove
that there is no Siegel zero of L(s,m x 7) in the sense of [33, p.284] and [I} p.345]. The factors in
do not admit any Siegel zero: this is obvious for {r(s), while it follows from [II, Corollary 4 and Theorem
5] for L(s,sym?r).

Case 2: sym?r is not cuspidal. Then 7 = 7 ® x, where y is some nontrivial Hecke character on
F*\A* with x? = 1 (see [27, Theorem (9.3)]). The conductor of this x is bounded by <z C(x). In
this case, L(s,sym?7) can be factored as the product of two GL; L-functions, see [27, (3.7) and Remark
(9.9)]:

L(57 SmeW) = L(Sv X)LF/(S? Q)v

where F’ is the quadratic extension of F' corresponding to x and €2 is a Hecke character over F’, each
conductor is <y C(). In the first factor, by [25], there is no zero of L(s, x) on [1—const.(F,e)C (7)€, 1].
As for the second factor, 2 might be quadratic or not. In both cases we apply [25] again, noting also
that the discriminant of F’ is < C(7) (see also [7, Theorem 2]). We remark, however, that if Q is not
quadratic, we can again guarantee a bigger zero-free interval [I — const.(F,e)(log C(m))~1, 1] (see [49)
Theorem 11.3], for example). Altogether, we may apply again [32] Proposition 1.1] by noting that in
this case, the known zero-free interval is smaller than before, and we have to replace log C(7) by C(m)e.

We see that our bound is weaker in the case when 7 is a lift of a GL; form. This is analogous to [32]
Main Theorem of Appendix].

As for the upper bound, the method of [36, pp.72-73] goes through (see also [32]). For later references,
we also record

Z MK/(%W LFe C’(ﬂ')BlacE (3.8)

N(m)<z ( )

with some B’ depending only on F', which follows from the upper bound of (3.6]) by a contour integration
similar to the one in [32] Proof of Lemma 2.1]. O

3.3 An upper bound on the central value L(1/2,7 ® x)

Proposition 3.3. There is a constant ¢ = ¢(7, Xoo,€) > 0 and a smooth function V : (0,00) — C
supported on [1/2,2], satisfying V) (y) Lrxeorj 1 for each nonnegative integer j, such that

Ax(m)x(m) |, (N(m)) _ (3.9)

L(1/2, x N(q)®
( / 7T®X) < 1Xo00,E (q) YSCH‘/\l/'a();{)I-%—E Z N(m) Y

0#mCo

Proof. This is [5, (75)] (see also [0, Section 5.1]), for completeness, we decided to give the proof.
Our starting point is the approximate functional equation [30, Theorem 2.1]

= Ar N (m)
L(1/2,7 =%+, ®X — ],
( / ®X) o 0#mCo V < 7T®X)>
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where nn € C and V; : (0,00) — C depend only on the archimedean parameters of 7 ® y and satisfy the
following properties. The smooth function Vj and all its derivatives tend to zero faster then any negative
power of the identity; |n| = 1. Since the possible values of A'(m) can be bounded away from 0, we may
assume moreover that V{ vanishes in a neighborhood of 0.

Now

mx N(m (o), ( N (em) )
0#£mCo V (\/ C(r®x) ) c|(czq:)oo o;a;:Co N (m) ’ C(r®x) ’

where a(c)’s are the coefficients of the Dirichlet series defined via

_s 1-— )\ s + 2 N —2s
S alon(o = [ Lo AeeX <r2 <( S)ﬁ - >§<p W (p)
c|[(erq)e plexq X
on Rs > 1.
Using that Ar(m), Argy(m) <. N(m)?+¢, this implies that

Arey (m N(m) o A (m)x(m) N(em)
0#mCo \h (\/W> - cgq:)wj\/( e og;ca N (m) 0( C(W®X)> .

Since Vy decays rapidly, the contribution of A'(em) > C(7 ® x)'*¢ to the inner summation is O.(1).
For the rest, we apply a smooth dyadic partition of unity: let U : (0,00) — (0,00) be a smooth
function (fixed once for all, independently of F,7,x) supported in the interior of [1/2,2] satisfying
Y onezU(2"x) = 1 for all x € (0,00). Writing now V(z) = Vo(z)U(x), the inner summation over m
is splitting up according to the magnitude of A'(¢m) on the logarithmic scale. The number of terms
is O(log C(m @ x)) = Ory..(logN(q)) <xe N(q)°. Also the outer summation over ¢ gives a factor
<re N(q). Altogether, we obtain the statement. O
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Chapter 4

Sobolev norms

Assume that we are given a smooth automorphic vector ¢ appearing in an automorphic representation.
The aim of this chapter is to give a pointwise estimate for the associated Kirillov vector Wy, and, when
¢ is a cuspidal newform, the supremum norm of ¢, both in terms of some Sobolev norm of ¢.

Let d > 0 be an integer. Assume that ¢ € L?*(GLy(F)Z(A)\GL2(A)) is a function such that
X ... X ¢ exists for every sequence X ... Xy, where each X}, is one of those differential operators given

in (2.4) and (2.5). Then the Sobolev norm ||¢||s, of ¢ is defined via

d

oI35, = 3 X1 ... Xl

k=0 {Xl,4..,Xk}E{Hj7Rj7Lj7H1,j,szj,V17j,V2‘j,W11j,W27j}k

4.1 Bounds on Bessel functions
The first lemma is an estimate on the classical J-Bessel function.
Lemma 4.1. Denote by J the J-Bessel function. Let p € Z. Then
|Jop(x)| < 1 for all z € (0, 00), | Jap(2)| < 2712 for all x € (max(1/2, (2p)?), o0). (4.1)

Proof. The first inequality is obvious from [58, 2.2(1)]. The second one follows from [29, 8.451(1)] by
writing 'n = p’ there, the error term is estimated in [29, 8.451(7-8)]. O

In the next lemma, we define and estimate a function j that later will turn out to be the Bessel
function of a certain representation (after a simple transformation of the argument).

Lemma 4.2. Assume v € C and p € Z are given such that either Rv = 0 (principal series) or Rv # 0,
Sv =0, |v| <20 ="7/32, p=0 (complementary series). Define

0o t—&—y‘lf 2p B
i(t) = (—1Panlt? [y (L1} g (2nlyt+ v E)dLy. 4.2
30 = C1pante [Ty (D) nlye + e (1.2

Then j(t) is an even function of t € C* satisfying the bound
() < [P+ 672+ [p). (4.3)

Proof. Tt is clear that j(t) = j(—t), so we are left to prove (4.3)). Assume first that p # 0, which implies
that we are in the principal series. Then trivially

o0
i) < |t / oy (2t + 5 "E)) | dE.
0
The integral is invariant under y <> 1/y, so we have
o —_
§(6) < |2 / oy (2relyt + v~ T 5.
1
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Here

[ et + Tl <1

and ( ) )
4p
max W’Q 4 2
/ | Jop (27 |yt + vy~ ¥|)|diyy < max (log ( Tﬂ) 0)
2
by |Jop(z)] < 1 of (4 . On the remaining domain, y > 2, hence |yt + y~ | > yl|t[/2. Moreover since
y > 4p?/(n|t|), we have 27|yt +y~ 7| > (2p)? > 1/2, so we may apply |Jop ()| < 271/2 of (4 , obtaining

oo

@2rlyt +y~ ') 2dRy

IS

max | 7,2

/ (1. eI DDy < [
max W’

< / » (ylt) 2%y

max m )

< / (it V2dgy + / (ylt) 2%y
4p 2

w|t|

< 1+t7V2
Altogether,
2 1/2 4p?
Gy < |t (14 [t|7*/? + max ( log = 0 ),
which obviously implies
Gt < [P+ 7)1+ ) (4.4)

If p = 0, in particular, in the complementary series, we have
o0 -
S < [ oenlyt +y g < [ o+ e,
0 1

since under y «» 1/y, Jo(2w|yt + y~7|) and djy are invariant, while y>® > (1/y)?®" if and only if
logy/Rv > 0. Then
[ ey gy <1
1
and

max(fiy.2) 2\9%14 1 40
/ o (@rlyt +y T Ay < [t
2

again by |Jop(z)| < 1 of (1)) and 2|Rv| < 46 = 7/16. On the remaining domain, y > 2 implies
lyt +y~ | > y|t|/2, so we may apply |Jo,(z)| < x71/2, since y > 1/[t|. Then

o0
/ v To (2w lyt + v gy <</ v 2rlyt + y ) 2Ry
max ‘t‘ max %
/ i) gy
ma.

<</ 2'“”‘(y|t|)*1/2d§y+/ YR (ylt) " 2Ry
£ 2
[t]

S (s

where we used again that 2|Rv| < 7/16. Therefore in this case, we obtain

Gy < P+ [ 72). (4.5)
Collecting the bounds (4.4)), (4.5), we arrive at (4.3)). O
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4.2 Bounds on Whittaker functions

We would like to give estimates on the Whittaker functions defined in (2.20]) and (2.21]). At real places,
we refer to [4].

Lemma 4.3. For all v,

717|§RV| ‘
W (y) < |y|*? <|y|> e (—'y) : 4.6
) < MR R ETES 0

Forv e (1/2+Z) UiR and for any 0 <e < 1/4,
Wa(y) <z ly"*=(la| + |v] + 1) (4.7)
Forv e (—1/2,1/2) and for any 0 < e < 1,
Wa(y) <e ly[V2 1= (lg] + [v] + D)L (4.8)

Proof. See [4l (24-26)] (and also [5l (26-28)]). O

) )

the unnormalized Whittaker function appearing in [I3] Section 5] and [45, Section 4.1]; our function
J(1.9),(v.p)(¥) is the same as J1y (v, p)(a(y)) in [45]. The advantage of this unnormalized function is its
regularity in v. Note that J(; ¢) () is nothing else but (2.21) without its first line.

At complex places, introduce

8@I+1)/ 20 \3/ 20\ ¢ [T +1+v)
J 0.0 Y) = Wita),(vp) (¥) ( (2m) %Y <l _ q> (l _ p> ‘I’(l +1-v)

Lemma 4.4. For 0 < |y| <1 and ¢ > 0,

Witg). v (¥) e [yl'= 1714 [p| + 1) P12, (4.10)
For |yl > (I* + 1)(Jv[> + 1), ”
y

Wt,q),(v.p) (y) < exp (_|1/|+l+1> . (4.11)

Proof. It is clear from the definition and the fact |Rv| < 7/32 that

1 1
20 \ 2 20 \ 2
Wi,a), ) W) < T (1,0, () () (1 +1) (l ) <l p) < J@a)wp @)+ |p| + DHPIZ,

(l ilq) (l 3lp)é = <E§:};)):gi§)):> v < ((l—i—“|p|)!>1/2 < (1+|p|+ l)\p\/%

Together with [45, (4.28)], this shows the bound (4.10). As for (4.11)), take |y| > (I* + 1)(|v|* + 1) > 1.
We first estimate J; 4) () from its expression in terms of K-Bessel functions (recall (2.22) and ({2.23)).
We estimate the contribution of the binomial factor trivially:

2\*( 1
Lig k) < < 390 « U/ GBrl++1)

since

=

since
lyl < lyl
3(vl+1+1) — 3(v[+ 1)1 +1)

Also trivially Cly|*/* > 141 and |y|/(3(|v| +1+ 1)) > y'/2/C with some absolute constant C, therefore

> B4

@2nly) 1 F < @rly)) T < @y « e HC < elvl/BviED)
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At this point, we record that the summation over k and transition factor from J; ¢) (v.p) 10 Wi q),(v,p) 18
also estimated similarly, since

(1401 + |p| + DV « (20 + 1)1/242 <« (2ny|)!FT < elvl/BrI++D),

Now we would like to estimate
Ku+l7|q+p|7k(47r|y‘)

ri+1+v—=%k) ’
where 0 < k <1 —max(|pl,|q|). Instead of this, we may write

Ku+a(47T|y|)
rb+1+v)’

where 0 < a < b < I: in the principal series Rv = 0, this is justified by Ks(z) = K_s(z) (see [58|
3.7(6)]) and |I'(x)| = |I'(Z)|, hence take b = | — k, then a = |l — k — |¢ + p|| (and we conjugate v, if
I—k<|g+p|),0<a<b<]follows from the constraint on k; while in the complementary series, p = 0
implies | — |q + p| — k > 0, from which 0 < a < b <[ is satisfied by settingb=1—k, a=1—k —|q¢+p|.

By Basset’s integral [58], §6.16],

dt.
Fb+1+v) T+b+1) 2ym@2aly))te J o (1+12)vretl/2

Koio(drly]) T(v+a+1/2) 1 /°° e~ Hmlylt

From Stirling’s formula, we see that the quotient of the I'-factors is O(1). As for the rest, integrating by
parts, then shifting the contour to St = —(|v| +a +2)~! (similarly as in [14] (4.2-5)]),

5 /=(o—1. Nvta dt <
2ﬁ(2ﬂ|y|)”+a o (1 —+ t2)V+a+1/2 |y|u+a71 e (1 ¥ tg)y+a+3/2

|V|+a+1/i(lvl+a+2)‘l+oo te—idmlylt
- i(lula+2)-1—oo (14 2)rHats/2

1 - 1
cblratl,, (Gr19m)
PRE o+

1 /oo e—i47r|y\t ‘V| ta+1 /oo te—z’47r|y\t ”

dt
ly|v+a—t

Here, |v| +a+ 1 < |y|'/2, so as above,

V| +a+ 1< elvl/(vltatt) ly| Yot « elvl/ BlvitatD))
giving
Ku+l—\q+p|—j(477.|y‘) < ex <_ 2[y| > .
rl+1+v-—yj) v|+1+1
Altogether
||
Wit,g),(v,p) (¥) < exp (_1/|+l+1

as claimed. O

Now borrowing an idea from [4, p.330], we give a further bound on W ) (v.p)-

Lemma 4.5. For ally € C*,
Wita), ) (¥) < (91> + 1y + D (1> + 1) (Ipl + 1) (4.12)

Proof. Our starting point is a special Jacquet-Langlands functional equation
Wita) vy () = (=1)" 77 /C IVOWa g ) (t/9)dSE, (4.13)

where j is defined in (4.2). This is proved in [I2] Theorem 2 and (3)] in a different formulation, one is
straight-forward from the other using [45] (2.30), (2.43) and (4.2)]. Note that in [I2], it is stated only
for the principal series, but it extends to the complementary series by analytic continuation, using the
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regularity of J(; ¢) (s,p) in v and then the homogenity of lj Also note that j(v/t) does not lead to
confusion, since j(t) is an even function of ¢ (by Lemma [4.2)).

In (4.13), split up the integral as

I

Wi,).w.p)Y) <</ FVOWU—g). (o) (E/y)dE
o< [tI<]yl(*+1) (]2 +1)

11

+/ FVOWG gy, (t/y)dE
11> |yl (14 41)(|v|2+1)

First estimate I. Using Cauchy-Schwarz,

1/2 1/2
I« (/ |](\/£>|2dét> (/ ‘W(l,fq),(l/,p) (t/y)|2dét> :
0<[t|<|y|(I*+1)(Jv|2+1) o<|t|< |yl (I*+1)(|v[2+1)

The second factor is at most 1, since the Whittaker functions have L?norm 1 (recall (2.24) and the
remark after that). In the first factor, we may apply (4.3):

1/2
[ < / NGRS
o<t <yl (14 +1)(|v]2+1)

[yl 1) (w12 +1) 1/2
<@ +p2)/ r2(1 4 Y2 dgr
0
< max([y, [y[**) (1* + D (v[* + 1) (|p| + 1).
In the second term II, we apply Lemma together with (4.3). As above,
- |t]
<1+ \p|)/ t](1+ |t]7/*) exp (— dgt
[¢]> ]y (14+1) (Jv|241) (vl +1+1)) €
o0 T
< (1+ \p|)/ r(1+r"Y*) exp (—> dir
lyl(14+1) (|v[2+1) lyl(lvl+1+1)) &
<) | (ol 0]+ L+ Dsespl—s)dgs
1/2
< max(|yl, [y *)(|v| + 1+ 1)(|p| + 1)
with the change of variable r = s|y|(|v| + !+ 1). Summing up, we arrive at (4.12). O

From ([2.24)), we know that the square-integral of a Whittaker function is 1. The next lemma encap-
sulates the fact that a Whittaker function cannot concentrate to a neighborhood of 0 or co. To formulate
it properly, we introduce the notation, for any a € R"**,

o _ r4+s . |y]| > |aj|’ for a'u-] S &)
S(a)—{y—(yl,-..,yr+s>€R -{yj>|aj|, forall j>r [°

Lemma 4.6. There exist some positive constants Cy, C1 depending only on F' and r with the following
property. For any t € FX and w € W(rm) (where 7 is an automorphic representation with spectral
parameter r), we have

~1
dy
W (ty)? = > O1t|os 1+¢% 1+ , 4.14)
/s@/t)' P e~ Ol | Lo+ 1Ia+5) (

j<r j>r

if € is chosen such that its archimedan images satisfy €; < Co(1 + q?)*1 at real, and €; < Co(1 + 1;6)71
at complex places.
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Proof. Observe that the integral on the left-hand side of (4.14) can be written as

dy
oo / Wan () ,
0 Lo 9P Lo 10T

so we are left to estimate this. By (2.24]), we have a positive constant A depending only on F' such that

dy
W x ()]

Now observe that by (4.7, (4.8) and (4.12)), for all 0 < e < 1,

(‘/_ / ) ‘W, |2| | <<FV 1/2(1+q4)7 / ‘qu) (VP )‘ | |2 <<FV,LD 51/2(1+l8)

at real and complex places, respectively (in the real case, use also that |[Rv| < 7/64). Also by (4.6) and

().

/—B(1+q2)+/00 |W ( )‘2 _ 1 /OO |W (y)|2ﬂ _ 1
- B(14g) q.v vl 2 +3) B4 (1,9),(v.p) ME 2(r + s)

for some positive constant B depending on F and r. Altogether,

dy

2

ves(e) W r(y)]

/yj<A(1+q§-) (G<n) Hjsr lyil I us]

Y <AQ+L}) (>7)

=A.

5> CLAT,

with some positive number C; (depending only on F' and r), if € is small enough (as in the statement,
with an appropriate Cp). From this, the statement is obvious. O

4.3 Transition between adelic and classical functions

In this section, we match the adelic automorphic functions with classical ones. By a classical automorphic
function with respect to I'(n,¢), we mean a funtion f : GLg(Fx) — C, which is left T'(n, ¢)Z(Fw)-
invariant, where 0 # n, ¢ C 0. We borrow the transition from [5, Section 2.12] and also slightly generalize
it.

For m € GLa(Agy), introduce the notation K,,(c) = m~*K(c)m. Given the ideals n, ¢ as above, let
n € A be a finite idele representing n. It is easy to check that

-1

0
T(n,¢)Z(Fs)g — GLa(F)Z(Fa)g (’70 1) mKn(c), g€ Cla(Fx)
gives an embedding

L(n,¢)Z(Foo)\GL2(Foo) = GL2(F) Z(Foo)\GL2(A) /K (c).

Using now strong approximation [I5] Theorem 3.3.1], and taking ideal class representatives ny, ..., ny,
we obtain a decomposition

h
GLy(F)Z(Fs)\GLo (A ) = H (nj,0)Z(Fs)\GLa(Fy) (4.15)
j=1
for each pair m € GLy(Afgn), ¢ C o.

Lemma 4.7. Using the measures induced by those we defined earlier, for any Borel set U in the decom-

position B

measurergs(U) = [K(0) : K(¢)] ' measurerpys(U).

Proof. See [5l, p.34]. O
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4.4 A bound on the supremum norm of a cusp form

The aim of this section is to give a bound of the form ||¢||sup <pr ||¢||s,, where ¢ is a sufficiently
smooth newform in the cuspidal representation 7, and the order d depends only on F. We need some
preparatory lemmas.

Lemma 4.8. Assume (m,Vy) is an irreducible cuspidal representation in L*(GLo(F)Z(A)\GL2(A)),
and ¢ € Vi is of pure weight w. Then for any ko € Ko and g € GLa(A)

r+s

|b(gkee)l <r l9(9)l TT (G +1)"

j=r+1

Proof. We may assume ||¢|| = 1. First observe that ¢/(g) = ¢(gkoo) is in the same irreducible represen-
tation of K, as ¢, therefore, we may write

r r+s 1.

oY (k;
¢'(9) = dlgks) = B(9) S a(gi a1 osare) [[ @0 (k) [ —potfsl
|QT+1|SZ7‘+q7~--1|QT+s‘SlrJrs Jj=1 j=r+1 H@pj’quSU?(C)

where for each g,
. 2 _
Z |a(gaq17"'aQT+s)| *17
‘Q7‘+1|SlT+q7"‘7|QT+S|SlT+S

in particular, each |a(g;q1,...,G+s)| < 1. Since the sum has <p H;Ziﬂ
prove
|4 (k)]

[|®L ,llsu.(c)

(I; + 1) terms, it suffices to

< (14 1)°.

This follows from [2 Lemma on p.348 and Corollary on p.349] with n = 4 by the standard quaternion
representation of SUy(C). Each derivation gives a factor < (I 4 1)%/2, see [45, (2.19), (2.31)]. O

Lemma 4.9. Let N = 2"h, where h is the class number of F. There are finitely many elements
ai,...,an € GLo(F) regarded as elements of GLa(Fy) and some & > 0 such that for any g € GLy(Fu),
there exist elements z € Z(Fx), v € SLa(0) (regarded as an element of GLa(Fy)) and k € Ko such

that
T
9= 24y (g 1) k,

for some 1 < j < N, where (g f) € B(F) satisfies y1,...,Yrts > 0 (in particular, all of them are real).

Proof. Tt is proved in [26, Theorem 3.6] that there are finitely many elements by, ...,b; € SLa(F) and
some ¢’ > 0 such that for any g € SLa(F), there exist elements z € Z(Fu), v € SLa(0) and k € Ko

such that in GLa(Fx),
x
g = 27b; <g 1) k,

for some 1 < j < h, where ({7) € B(F) satisfies y1,...,yr1s > &'. Note that [26] works with totally
real fields, the general case is straight-forward using the same technique.

Therefore, we are left to work out the transition from SLs to GLy. Take diagonal matrices s1, ..., sor €
GL3(F) (regarded as matrices in GLa(Fs)) with lower-right entry 1, upper-left entry u; (1 < j < 27),
such that for any given sign e = (£1)", there is a j such that sign(u;) = e. Then let g € GLy(Fs) be
given. We can assume that its determinant is 1 at all complex places and it is =1 at all real places.
Denote by s the matrix which is (é ‘f) at those places where det g is 1, and (_01 (1)) where det g is —1.

Now by the result for SLo, in GL2(F),
x
gs = zyb; (g 1) k

for some 1 < j < h, where z € Z(Fy), v € SLa(0), y1 -+, Yrys > 60, 2 € Fy, k € K. Then
_ 4 Yy T _ (Y sign(det s)x\ ,,
g = zyb;ss (0 1) ssks = zyb;s (0 1 ) k',
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with k' = sks € K. This is almost appropriate, the only problem is that s is not necessarily in GLg(F).
To remedy this, we take the s; that admits the same sign as s, write b;s = bjsisjls, and observe that

1 (y sign(det s)x) B (|ui|_1y sign(det s)ui|‘1x)

% %\ 0 1 0 1
This shows that the collection (b;s;); ; does the job with § = § min;(|u;|~*) > 0. O

Proposition 4.10. Let (m,Vy) be an irreducible cuspidal representation in L*(GL2(F)Z(A)\GL2(A)).
Assume ¢ € Vi (cx) such that ||9]]s,;, 5., erists. Then

||¢HOO = sup |¢(g)| LFyr ||¢||Sz(7r+185)'
geGL2(A)

Proof. We follow the proof of [5, Lemma 5]. Note that there is a correction made later in its erratum,
which we also incorporate. First assume ¢ € Vi(cr) is of pure weight w. Let n1,...,n, € A, be
finite ideles representing the ideal classes. By strong approximation [I5, Theorem 3.3.1], there exist
v € GLo(F), ¢ € GLy(Fx), k € K(0) such that for some 1 < j < h,

€GL2(Atin)
€GL2(F)

——~~
g 0,
Now decompose ¢’ in the sense of Lemma [4.9] as

/ !/
g ==ay (% gi> .

where aj € GLo(F') (regarded as an element of GLy(F)) is from the fixed set {a1,...,a9rp}, ¥ > 0 at
all archimedean places, where 6 > 0 is fixed (depending only on F), z € Z(Fw), 7' € SLa(0), k¥’ € Kw.
From now on, we regard z as an element in Z(A), therefore we have

€GL2(Fx) €GL2(Afin)

/ / -1
g=2z7Yaj (% ﬁ) k' x aj_,l’y’fl <77J0 (1)> k

Here, aj_,lfyl -1 ( "J; ' ?)k lies in a fixed compact subset of GLa(Agy), which can be covered with finitely

many left cosets of the open subgroup K(c,). Therefore

€GL2(Foo)

/_//h/ EGLQ(Aﬂn) EGLz(FOO) GLZ(Aﬂn)
T T = - —
g =z 0 1 X m koo X kﬁn )

where v* € GLo(F), k* = kX x kff, € Ko X K(¢z), and m € GLa(Agn) runs through a finite set
depending only on F and ¢, 3/ > J at all archimedean places.

Now let ¢, (g) = ¢(gm). Obviously, ¢ and ¢, have the same supremum and Sobolev norms, and
when g decomposes as above,

€GL2(Fs) €GL2(Atin) €GL2(Fx)  €GL2(Afin)
y 10 y 10 s
ot ={on | (5 3 )ix (5 9) [ lon [ (5 %)< (6 9) || IT w0 o
j=r+1

where we applied Lemma [4.§ in the last estimate.
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Tt is easy to check that ¢, is right K, -1 (¢, )-invariant, so we may apply the adelic-classical transition.
It implies that there is a fractional ideal f (regarded as a lattice in F,) depending only on F and 7, such
that if = € § (the dual of §),

w0 3) G 7)) = (07)

where we did not indicate the finite part.
Therefore, analogously to (2.25)), we see that ¢,, can be expanded into Fourier series

on (5 5)) = 2 a0t (1.17)

0£tef
We need some bound on the Fourier-Whittaker coefficients, which we work out in the following lemma.

Lemma 4.11.

a(t) < 16l T +1a51”) TT+5°).

j<r j>r

y ? /
Om 0 1) dx’.

Take only a single term on the left-hand side. Choose Cy as in Lemma and then take € to be the
largest which is allowed there. Integrate both sides on the domain S(e/t) with respect to the measure

dy'/(I1;<, AR | J P [yj1?) (note that da'dy’ /(I 1<, |y}|2Hj>r lyj|?) is the invariant measure on the
symmetric space GLa(Fix)/Kso). By Lemma[d.6] we obtain

(4 O i
TN L I<r 9512 T w512

Here, the Siegel domain F.,/f' x S(e/t) covers each point of Z(A)GLa(F)\GL2(A)/K,,-1(c;) at most
Or x(|t/e]oo) times (see [38, Lemma 2.10]), which, together with the choice of ¢, gives

o) <px 817 [T+ 4% [T+ 5%,

j<r j>r

Proof. By Plancherel’s formula,

Z la(t) Wy (ty') |2 —const.(F,w)/

0#tEf Foo /T

-1

a®)Pltee [ TTA+ ) TTA+1 | <ra /
11 D1l ! Foo /7' X S(e/1)

Jj<r j>r

2

and the claim follows. O

Now and ( give
16(9)| <ror Ol TT +1a51”) TTA+57) D W)l (4.18)

i<r j>r 0#tef

We turn our attention to Y o c; [Ww,x(ty)]-
The pointwise bounds for local Whittaker functions

W (y) <pr laf® +1, if [yl < (¢ +D(|v]* + 1),
Waul) <w exp (i) 1wl = (@ + D +1),
Wit,a), ) (¥) < 1°+1, if [yl < '+ D(v]* +1),
Wat.g).(vp) (¥) px exp (—W@H)) , iyl > (P + (v + 1)

follow easily from (4.6]), (4.7)), (4.8), (4.11) and (4.12). From these, we see that

W v << iy 3+1 ex ( |y| )5
ly| '
Wi, ) e (°+ 1) exp (_2(14 TOPETLD
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holds for all y # 0, at real and complex places, respectively.
With the notation A; = |g;[>+1, B; = 2(¢7 +1)(|v;|*+1) at real, A; = I5+1, B; = 2] +1)(Jv;]*+1)
at complex places, 1) implies that Wiy +(y) <r.x H;:i Ajexp(—|y;|/Bj). Then
7+ 7+

Z |Ww,r(ty/)‘ <<F,7r HA] Z Hexp(—|t]y§|/B])

04tef j=1  0#£tefj=1

r+s [e's)

210> S exp(— max(|t;}1/ B;))

j=1 N=1 0#tef ’
(N—I)Sman(|tjy;\/Bj)<N

r+s o0

<rx [J4 D
j=1 N

=1

r r+s
e NTI~B; [] N°B;
Jj=1 j=r+1
r+s 4 )
< H A]BJ eg[Fj.R]'

j=1

Here we used that |y;| > ¢ at all places, and also the fact that a lattice L in Fi contains Or(N"+%%)
points of supremum norm < N.

Therefore,
r r+s
> W) <rr [[UglP +1) T @5°+ 1),
0£tEf j=1 j=r+1
which, together with (4.18]), give rise to
6(9)| < [l [T(U+ ;%) [T+ 1), (4.20)
j<r j>r

Assume now a sufficiently smooth ¢ € V; is not necessarily of pure weight. We may decompose it as
b= > bwbw (4.21)
weW ()

where ¢y, is a weight w function of norm 1 in V. Let us follow the common practice and using the
smoothness of ¢, estimate by, in terms of supw = max(|q1|,.-.,|¢r|, lrt1,- .-, lrts). Using Parseval, then

(2.11) and (2.12)), we find, for any nonnegative integer k,

— 1 k
bw = <¢a ¢w> <k (1 + (supw))% <Qé,j¢v ¢w> <Lk (1 + (sup W))Qk ||¢||S2k7 (422)

where j is the index of an archimedean place, where the maximum (in the definition of sup w) is attained.

Together with (4.20) and (4.21)), this implies

1
Dl <rrr D 7oz 9lls [TO+ ) JT0+E7)
1+ (supw) J |
weW () j<r j>r
Cran D (Lsupw) 02 g]|g,
weW ()

Here, choosing k = 7r + 18s, we obtain the statement by noting that sup w attains the positive integer
N on a set of cardinality Op(N"T2571), -

4.5 A bound on Kirillov vectors

Proposition 4.12. Let (7, Vy) be an automorphic representation occuring in L?(GLo(F)Z(A)\GL2(A)).
Let t C o be an ideal, a,b,c be nonnegative integers, 0 < ¢ < 1/4. Let P € Clxy,...,Zr125] be a
polynomial of degree at most a in each variable. Set then

0 0 0]
or(o), (), (%), )
( "0y5 ) 5 N7 0Ys ) o N O3 )
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Assume ¢ € R'Wr(cr) such that ||6]]s,e, 4 4erosorey@soion €Eists. Then DWy exists and

DW¢(y) <<aabwcsPaF7€||¢||SQ(37‘+45+2)+(7‘+s)(a+b+2€)N(t)EN(c7‘—)€N(r)_c

T r+s
LTy 272 + 1y 1270 =) (min(1, Jy; ) T (1P + Jys ) (min(1, [y ).
7j=1 j=r+1

Proof. We follow the proof of [5, Lemma 4]. First assume ¢ € R*V,(c,) is of pure weight w. Then we
may write

(We @) = [[Wsll - We ().
Using Proposition (2.31), (2.40), (2.42), the remark after that, , Proposition and the
estimates (£.7), (4.8), ([4.12), we have, for 0 < e < 1/4,

s

Wo(y) <re ISIN O N (ex) N (@) TTA + w51+ lag )0 lys 275 + [y 2 70)

j=1
r+s

IT @I+ P+ 1) g P+ Lyl
j=r+1

This gives

Wo(y) <re IRV QN (ex) N (@) [T+ 1) (s 727% + sl /27079)

Jj=1
r4+s

IT a+2)0y P + lys)).
j=r+1

Now take an arbitrary ¢ € R'Vy(c,), which is sufficiently smooth. Then recalling (4.21]) and (4.22)),
in
o= > bwbw llowll=1,
weW ()
we have

bw <Lk 2k||¢||5’2k'

1
(1+ (supw))
Now choosing k = 3r + 4s, we obtain

r r+s
Wi(y) <re [18ll5s0 a0 N ON(e) N @) T2+ w2707 TT (sl + lysl). (423)
J=1 j=r+1

The differential operators given in and act on the sufficiently smooth Kirillov vectors. We
record the action of some of them (neglecting some absolute scalars for simplicity). Of course, Q;( +)
act by A(4). From and , it is easy to derive that R;, Vi ; + Wy ;, Vo ; + Wy ; act via
a multiplication by y;, Ry;, Sy;, respectively; finally H; by y,(0/dy;), and Hy ;, Ha ; by y;(9/0y;) +
7;(0/0%;), 1y;(0/0y;) — i5;(0/07;), respectively.

Now assume given a, b, ¢ and the polynomial P as in the statement. Then
D= Const-FP((Hj)jgm ((Hyj —iHz;)/2)j5r, (Hy; + in,j)/Q)jw),

and define the differential operator

' = ([T [T II ® [T vig+wy) IT (Vo + W)

J<r Jj>r 1<j<r r+1<j<r+s r+1<j<r+s
ly;1>1 ly;1>1 ly;1>1
[Ry; =Sy, [Ry; [<ISy;]
Applying (4.23) to D'D¢, we obtain the statement. O
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Chapter 5

The density of the spectrum

In this chapter, we estimate the density of the Eisenstein and the cuspidal spectrum in terms of the
spectral parameters. These are the extensions of [5, Lemma 2 and Lemma 6]. After the suitable
modifications, the proofs given there apply in the more general situation.

First of all, we introduce some notations. Given an ideal ¢, let

Cle)y={meClcCec}, E(e)={xef|cCc 1}

5.1 Density of the Eisenstein spectrum

Lemma 5.1. Let ¢3¢y = ¢ C 0, where ¢y is squarefree. Then for 1< X € R, 1 < P € Z,

/weé’(c) ldw < XT+SPS./\/'(C1).
Ve 5| <X
|pw,j‘SP

Proof. Any Hecke character y can be factorized as x = XooXfin- Here, Xﬁn\l—[ o is a character of Hp 0y
P

By Proposition ¢y|c1, so there are at most ¢(c;) possibilities for this restriction. Assume given

a character ¢ of ], 0, , we estimate the measure of the set S of those Hecke characters x for which

Xﬁn|1—[ ox = & If S =0, the measure is 0. If S # 0, fix some xo € S. Then to any x in S, associate
p %

X' = xXo ! From the non-archimedan part, we see x’ is trivial on Hp o, . From the archimedan part,
we see that for a € FX ., X'(a;) = |as|%, if j < r, and X'(a;) = |a;|" (a;/]a;])P7, if j > r, where

t; €i[-2X,2X], and p; € [-2P,2P] N Z. Fix the vector (p;);>, € [~2P,2P])* N Z°.
Now X%, is trivial on the group U™ of totally positive units embedded in F . Fix a generating set

{u1,...,upys—1} for the torsion-free part of UT. Then by the notation of [5], take

deg[F; : R] .. deg[F, 15 : R]
deg[F1 : R]log |uq 1] . deg[Fr+s : R]log |uy 4]
M = : : c R(r+s)><(r+s)'
deg[Fi : R]log |tupys—11] ... deg[Frts: R]log|trys—1,r+s]

Then the column vector ¢ = (;); € i[-2X,2X]""* with iT = > deg[F}; : R]t; satisfies Mt € i{T} x
(2miZ)" 1. Using that M is invertible and depends only on F, we see

2(r+2s)X
/ BT} x (2miZ) 1) 0 Mi[—2X, 2X]™)dT < p X7+,
—2(r+2s)X

since the integrand is Op(X""571). Taking into account the finiteness of the torsion subgroup of U+
and of F*FJ | I1, o, \A*, finally summing over (p;);>» € [-2P,2P]*, we obtain the statement. O
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Lemma 5.2. Let ¢3¢ = ¢ C o, where co is squarefree. Then for 1 < X € R,

/ weE(c) ldw <p X" TN (cy).
J<r|ve <X
j>ri|v2

w

2 2
P 1SX

Proof. Set P = X in the previous lemma. O

5.2 Density of the cuspidal spectrum

In the estimate of the density of the cuspidal spectrum, we use the Kuznetsov formula (see [46, Theorem
1] or Theorem [3|in Chapter . In our notation, for a weight function h of the form described below,

[K(0): (&))" Y. C7t > h(r)A(aa )AL (d/a'~T) + CSC =

meC(c) t\cc}l

const.FA(aa_l,o/a'_l)/h(r)d,u—i—

KS(ea,a 107 oy, a0 e, a im0 ) (e Yme) 2
COIlSt.FZ Z Z N{caTm-T) /Bh(r) 47ri du,

meC c€amc €0’ /o2

(5.1)

where K'S' is a Kloosterman sum, B is a certain Bessel function, and du is a certain measure of the space
of the spectral parameters r. We explain the notation and the conditions: a~' and a’~! are nonzero
fractional ideals; a € a, € @’ such that ac’ is totally positive; C' is a fixed set of narrow ideal class
representatives m, for which m2?aa’~! is a principal ideal generated by a totally positive element ~y;
Alaa™t o/’ 1) is 1if aa™! = o/a’~ !, otherwise it is 0; C'SC' is an analogous integral over the Eisenstein
spectrum. For the sake of completeness, we will discuss the details in Chapter [§]

The weight function h we will use is of the form h = [] j h;, where h;’s are defined as follows. Let
aj,b; > 1, a;- € R be given. Then at real places

eWi—1)/a if Rv;| < 2,
hj(l/j) = 1, if Vi € % + Z,% < |Vj‘ < bj, (52)
0 otherwise,

while at complex places

i+azpi—1/a; 4 12 . .
m@¢ﬂ:{e._ . if [Ryy| < 2,p; € Z,|p;| < by, 53

0 otherwise.

In the estimate of the density of the cuspidal spectrum, we choose our parameters as follows. At each
place, a; > 1 is arbitrary, then set b; = ,/a;. Furthermore, at complex places, we use a;- = —1. In this
setup, we have the following lemma about the integrals on the geometric side.

Lemma 5.3. At real places,
[ s < a8k, Odu; < agmin(t, 117,
At complex places,
/hj(’/japj)d#j < a3, /(thj)(uj,pj)(t)dﬂj < ajmin(1, [t]).

Proof. The bounds at real places are taken from [11l pp.124-126]. As for complex places, the first bound
follows from trivial estimates: by ,

2 2 )
/hj(l/j,pj)d/.Lj < Z /(0) i P/ (p2 — 12)dy;

lp;|<b;
> 20 9 > 20 9
< Z / e /%2 du + Z / e v /“Jpjdu
pjl<b; *° pil<b; *°
3/2 3 1/2 45 2
< bjaj +bjaj = 2aj.
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The second bound follows the same way as [13, (10.16)]. The only difference is that in our case, the sum
over p; (which is the same as p in [I3} (10.18-19)]) is restricted to |p;| < b;. It is easy to check that the
difference coming from the terms |p;| > b; is majorized by the right-hand side of [I3] (10.20)]. O

Now we can estimate the density of the cuspidal spectrum.

Lemma 5.4. Let ¢ C o be an ideal. Then for 1 < X; € R™*,

> >IN m)]? <pe

weCl(c) tleer!
J<r:|ve,; |<X

2
>l J_Pw G1SX5

[Tz | (T x ) Ao + [ T X2+ | W(sed(m, o)) /2A (m) 2+,

Jj<r Jj>r J

Proof. This is the generalization of [B, Lemma 6], we can repeat its proof. Choose a narrow class
representative n of m~! from a fixed set of narrow class representatives. Then for some o € F*,
m = an"! and 1 <p N((a))/N(m) <r 1. We apply the Kuznetsov formula with a = o/,
a = a = n, and the weight function is the one described above, setting a; = XJZ, b; = X, at each
archimedean place. On the spectral side of the Kuznetsov formula, we obtain an upper bound on the
left- hand side of the statement since the contrlbutlon of the Eisenstein spectrum is nonnegative. For

w € C(c), by (3.2 , and Prop051t10n [K(0) : K(0)]Ce <Fe ([1; X;)°N(c)'*5. Then by the
previous lemma, the delta term gives < g (HJ<,» X2+€) (Hpr X4+5)N(c)1+6' As for the Kloosterman
term, we use Weil’s bound [56], (13)] together with the previous lemma to see it is

N ((ged(m, en~ta=1)))1/2

LFe HX]HE N(¢)' max

—14—1)1/2—¢
7 acc 0#c€Enac N(Cn a ) (54)
T min(1, foy /es1*2) T min 1, o /e;1),
j<r i>r

where C is a fixed set of narrow class representatives (depending only on F) such that a? is a totally
positive principal ideal for each a € C'. Then the sum over the elements ¢ can be rewritten as a sum over
the principal ideals (¢), the sum over the units is estimated in [0, Lemma 8.1]. Then the above display is

N (ged(m, en=ta=1))1/2
N(en—Ta—1)1/2—<

(L4 [log(N (/)" ) min(1, N ((a/c))).

<LFe HXJ%E N (¢)*¢ max Z

J 0#(c)Cnac

This is obviously

o en—1a=1)))1/2
<pe HXj2+E N(C)1+6N(m)1/2+26 Igleag Z N((g (/1\(/'1?(76)1;1/2?5 ))) N((C);1/2+25 )

J 0#(c)Cnac

We estimate now the sum. First extend it to all nonzero ideals contained in nac (parametrized as bnac,
where 0 # b C 0), then factorize out N (ged(m, ¢))'/2. We obtain

1 N(ged(m, cb))'/? _ N (ged(m, ¢))'/? <~ N(ged(m, b))'/2
/\/'(nac)“re; N(b)te = N (nac)lte Z N(b)1+5

bCo
1/2

1/2
< N ng m, C Z Z
— nac 1+5 m/b/ 1+a

m'|m b’ Co

SJ\/’(gcdmc N2 ZC

N (nac)l+e
m’|m

N (ged(m,c))'/2

<
e 7 N(nac) i+

(m)".
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Altogether, the contribution of the Kloosterman term is

LFe H XJ2+E N(gcd(m, C))l/zN(m)l/Q"'e,

J

Recalling that the contribution of the Eisenstein spectrum is nonnegative, the proof is complete.

Lemma 5.5. Let ¢ C o be an ideal. Then for 1 < X; € R™*,

Z Z 1 <pe HXJ2+E HX;lJrs N(C)1+E.

weC(c) tleert j<r j>r
J<ri|ve 5| <X

j>rivl —pl JISX3

Proof. Take m = o in the previous lemma.
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Chapter 6

The spectral decomposition of shifted
convolution sums

The aim of this chapter is to prove a variant of [5, Theorem 2] for arbitrary number fields.

We focus on the subspace L?(Z(A)GLy(F)\GL2(A)/K(c)), its spectral decomposition is similar to
, the only modification is the restriction of C, € to C(c), E(c), respectively. If f is a function of those
infinite-dimensional representations, which are not orthogonal to L?(Z(A)GL2(F)\GL2(A)/K(c)), we

write
/ fwdw = Z f7r + fwdw
() )

mel(c (o)

Theorem 1. We have a spectral decomposition of shifted convolution sums in the sense of Part[A] with
functions satisfying the bound in Part[B.

Part A. Assume w1, are irreducible cuspidal representations in L?*(Z(A)GLy(F)\GL2(A)). Let
l1,l2 € 0\ {0}, and set ¢ = lem(lycq,,l2cr,). Let moreover Wi, Wy : FX — C be arbitrary Schwarz
functions, that is, they are smooth and tend to 0 faster then any power of y~! or y, as y tends to co
or 0, respectively. Then for any w € C(c) U E(c) and tlcet, there exists a function We ¢ @ FX — C*
depending only on F,my,ma, W1, Wa, @, t such that the following holds. For anyY € (0,00)" %, any ideal
nCo and any 0 # q € n, there is a spectral decomposition of the shifted convolution sum

% e (52 (5

lit1—lato=q,0#t1,t2€n

Ao (gn™) ((q) )
= S W | | dw,
@ e VN (anT) Yil;
where AL, (m) is given in (2.35).

Proof. First apply Proposition to see that there exist functions ¢1 € Vi, (¢r,), ¢2 € Vi, (¢r,) such
that Wy, = Wy, Wy, = Wa. Set then

® = R, 1R, d2.

Then since ¢ = lem(ly¢y,,l2¢r,), we see that ® is right K(c)-invariant. Also, since Wi, Wy are from
the Schwarz space, ¢1, ¢ are smooth and have finite Sobolev norms of arbitrarily large order, so
does ® € L?(Z(A)GLy(F)\GL2(A)/K(c)) (use Proposition and Proposition together with [57],
Lemma 8.4]). Then by , , and the remark made in the beginning of this chapter, we
can decompose ¢ as

d = oy, +/ > b dw, (6.1)
(©)

t\cc;l

where @ ¢ € RY (V5 (cw)) and Py, is the orthogonal projection of ® to Lg,. Now set W ¢ = Wo_ . We
claim this fulfills the property stated in Part [Al Given Y € (0,00)" ™ n C 0, 0 # ¢ € n, let (ygn) = n,
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and Yo, =Y. We compute

/F\A ? (<y01 ff)) V(=gz)de (6.2)

in two ways. On the one hand, we use (6.1). Here, ¢ # 0 implies that ®g, has zero contribution to (6.2)),
and we obtain

Joar (67 ) o= & e (), )=

from (2.34]) and (2.38]). On the other hand, using (2.17)) and (2.29)) together with the choice of ¢1, @2,

we obtain
-1 gz Ay (B0 DA, (Eon 1t
/ (I)<(y0 1>)1/)(q:c)d:17— Z 1( 1N ) 2(_22 )
F\A l1t1—lata=q,0#t1,t2EN (t1t2n )
l1t1); lota);
W ((11)3) W, ((22)J> .
Yo, Y,
The equality of the last two displays is exactly the statement. O

Part B. Conditions as in Part[4l Assume D is a differential operator as in Proposition[{.13 Then for
any 0 < e < 1/4 and nonnegative integers b, c, we have, for ally € FY,

/() Y W) IPWa () Pdw <pemmaane.p N((1l2) WL, [[Well3,

tlec
r r+s
T+ Ly 20 (min(L, [y 72) TT (sl + Ly 1) (min(1, [y =)
j=1 j=r+1

with « = 2(3r +4s 4+ 2) + (r + s)(a + b+ 2¢) + 2(7r + 18s).

Proof. Let ® be the function appearing in the proof of Part [A] Then by Proposition and a conse-
quence of (2.8) (see [B (85)]), we have

“ Y W) IPWa () dw <remymaabe.p N (lal2)[[ 2113,
c

t|cc;,1
s r+s
T Ly 207 (min(L, [y 2) TT (sl + Ly 1) (min(1, [y =)
j=1 j=r+1

with 8 =2(3r4+4s+2)+ (r+ s)(a+ b+ 2¢). For any differential operator D’ € U(g) of order k, we have

||D/¢1||OO <Fm H¢1||Sk+2(7r+185)7 ||D/¢2HOO <LFm ||¢2||Sk+2(77‘+185)

by Proposition The operators R(;,), R,y do not affect Sobolev norms and Z(A)GLz(F)\GL2(A)
has finite volume, therefore ||®||s, <p .z, ., ||01 Now Proposition and
O

(3.5) completes the proof.

||SB+2(7T+185) b2 ‘ |Sﬁ+2(7r+185) :

Remark 2. In the more general setup described briefly in Remark [l we have to require that m; and mo
are of the same central character.

From the L?-bound presented in Theorem [I| Part [B] we can easily deduce L!-bounds, these are
generalizations of [5, Remark 12].
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Corollary 6.1. Conditions as in Theorem[]l Assume D is a differential operator as in Proposition[/.12
Then for any 0 < & < 1/4 and nonnegative integers b,c’, we have, for ally € FX,

Z (N(rm))C/ |DWw,t(y)|dw <<F,€,7r1,71'2,a,b,c’,P N([)1/4N((lll2))€‘|wl|

s |[Walls..,
E(c) tlccfl
T r+s
Tyl 272 4 sl 2707 (min(, 1yt ) TT (sl + lys D (min(L, Jy517%))
j=1 j=r+1

with o/ =238r4+4s+2) + (r+ s)(a+ b+ 2¢ + 4(r + 2s)) + 2(7r + 18s), where | stands for the largest
square divisor of lem((l1), (I2)).

Proof. Set ¢ = ¢ + 2(r + 2s). Apply first Cauchy-Schwarz,

J

2

S (W) [DWe )lde | < /g X W)W )

() =
£(0) tlee!

Now Theorem [I} Part [B] estimates the first integral, while by Lemma the second integral is <p
(N(1))Y/2. We are done by taking square-roots. O

Corollary 6.2. Conditions as in Theorem[ll Assume D is a differential operator as in Proposition[4.12.
Then for any 0 < & < 1/4 and nonnegative integers b,c’, we have, for ally € FX,

Z Z (N(rW))C,|DWW,t(y)| K F,e,m1,m3,a,b,¢', P N((lll2))l/2+s||W1HSa/ ||W2||SQ,

weC(c) t|cet

r r+s
T w272+ 1y 270 (oin (1, s 1) T (s P+ Ly ) (min 1, [y;1 %))
Jj=1 j=r+1

with o =2(3r +4s+2)+ (r+ s)(a + b+ 2¢ + 4(r + 2s)) + 2(7r + 18s).

Proof. Almost the same as before, the only difference is that we use Lemma [5.5 O
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Chapter 7

A Burgess type subconvex bound for
twisted GL, L-functions

In this chapter, as an application of Theorem |1} we prove a Burgess type subconvexity for twisted GLy
L-functions over arbitrary number fields. For totally real fields, this was proved by Blomer and Harcos
in [B]. We also note that for arbitrary number fields, Wu [61] recently proved this result, using a different
method. Our approach is the extension of the one in [B, Section 3.3].

Assume that 7 is an irreducible automorphic cuspidal representation in L?(Z(A)GLz2(F)\GL2(A)).
Let q C o be an ideal, x a Hecke character of conductor q. We may also think of x as a character on the
group of fractional ideals coprime to g, extended to be 0 on other ideals. There exists characters yg, of
(0/q)* and xoo of FZ satisfying x((¢)) = xan(t)Xoo(t) for all ¢ € o coprime to q. The transition from one
meaning to another of Hecke characters can be found at several places (see [I5, Sections 1.7 and 3.1],
for example). Our goal is to estimate L(1/2,7 ® x) in terms of N'(q). Fix any ¢ > 0. From now on, the
implicit constants in < are always meant to depend on F| e, 7, Xoo, €ven if it is not emphasized in the
subscript like < g e ry.. . Fix an ideal n coprime to q satisfying

Nn) <pe N(q)° (7.1)

and note that in every narrow ideal class, there is a representative n with these properties.
First we introduce the following notation. For given positive real numbers a < b,

[la, 0] ={z € FZ , :a <|x;] < b} (7.2)
Let Go be a smooth, compactly supported function on FY, | = {z € F , : |z|c = 1} satisfying

that >, ..« Go(uz) =1 for all z € F), . We extend this function to F | as G(x) = Go(2/|2|s), then

u€ol

Zqui G(ux) = 1 for all z € FZ ,. Assume that G is supported on [[cy, co]], then G is supported on

Fgoi?f[[cl, ¢2]], where ¢, cq are constants depending only on F (recall ) Fix moreover a compact

fundamental domain Gy for the action of o on Folo’+ and let G = F;‘;j{%go be its extension to FOXO7+.

7.1 The amplification method

Let & be a character of (0/q)*. Parametrized by v = (v1,...,vr15) € (iR)"™™.p = (prat1,...,Prrs) € Z5,
assume that W, , are functions on FOXO . satisfying the following properties:

(i) Wy,p is smooth and supported on [[c3, c4]] for some ¢ < ¢; and ¢4 > ¢ depending only on F;

(ii) for any differential operator D of the form

6 I2%] 6 Hj,1 8 Hj,2
= (o). (o), (55) )
dy; j<r Ay, J>r 9y; J>r

with nonnegative integers ; ., we have

r r+s
DW,p(y) <mp [J(1+ ) T (14 Jog] + [py ) traz,
7j=1 J=r+1
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Compare this with (2.13)) and (2.14)), and for convenience, introduce

r r+s
N(op) =TT+ 1ol TT @+ fuil + oD (7.3)
j=1 j=r+1

Then set

Ar(tn=h)E(t t
ﬁg(v,p) = Z \/(J\;(T)—gl()) Wop <Y1/(T+25)) . (7.4)

0<<ten
The only assumption on the positive real number Y is that

Y <. N(q)'*e. (7.5)

Introduce K =nn Fod;?f[[%, c4]]. We see that the numbers ¢ that give a positive contribution are all in
the set n N K and also satisfy ¢ € [[c3, c]]Y/("+29) this latter implies |t|o ~p Y.
Assume L (the amplification length) is a further parameter satisfying

log L ~ log N (q). (7.6)

Lemma 7.1. Denote by I1, (L,2L) the set of totally positive, principal prime ideals | C o satisfying
N(0) € [L,2L) and Ut q. Set mq,4(L,2L) = #1144+ (L,2L). Then

7'(";,7_‘_([/7 QL) >Fe LN(C{)_E

Proof. This follows immediately from the results [52, Corollary 6 of Proposition 7.8 and Proposition
7.9(ii)] about the natural density of prime ideals in narrow ideal classes. (See also [53, Chapter VII, §13]
for analogous statements about the Dirichlet density.) O

Therefore,

1
|Lyein (v,p)* = m Ly (v, ) Z 1

leong
(1)€ly, +(L,2L)

2

N(q)*

Sl DI =1CN O N S YN ()
£€(o/q)x (z)erllfT(QLﬂL)

Observe that the £-sum is the square integral of the Fourier transform of the function

(U/q)x ST Z Z Xﬁn(l))j\ﬁ?;)wv,p (‘)/’1/(6‘4,28)) )

1
tennkC leong )
()€l 4 (L.2L)
lt=z (mod q)

so Plancherel gives

2
()N (q)° Ar(tn?) t
L e SR I SIS U B w- e R (.
L z€(o/q)* leong tennk N(tn=) Y/ e
(l)ellq,+(L,2L) lt=z (mod q)
This can be further majorized using ¢(q) < N(q) and (0/q)* C 0/q, giving
N(q)'*e ——
L (0P < —75— > Xin (1) Xgin (I2)
11,l2€0NG
(11),(I2)€Mq,+ (L,2L) (.7)
Z /\ﬂ—(tln_l)/\ﬂ—(tgn_l)w ( t1 ) W ( to )
v,p r+2s vP\ y1/(r42s) |°
it N (t1ton=2) Y1/ (r+2s) Y1/(r+2s)
l1t1—lataEq
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In (|7.7), the contribution of I1t; — lots = 0 will be referred as the diagonal contribution DC, and that of
l1t1 — laty # 0 as the off-diagonal contribution ODC', that is,

DC = M Z Xin (1) Xfin (l2)

L2
l1,l2€0NG
(11),(I2)€llq,+ (L,2L)

Ar(tin™ D Ax (ton~T) ( t ) ( t2 )
Wor\ 7729 ) Wor \ 176729
tl,tggm)c N (titan=2) Y1/(r+2s) Yy 1/(r+2s)
l1ty—lote=0

and

ODC = M)+ Z Xtin (1) Xin (12)

L2
l1,l2€0NG
(11),(I2)€Mq,+(L,2L)

)\ﬂ—(tlﬂ_l)Aﬂ(th_l) ( tq > ( to )
Wor \ 7633 ) Wer \ /70329 )
tht;ﬂc N (t1ton=2) Y 1/(r+2s) Y1/(r+2s)
l1t1712t2€q\{0}

(7.9)

We will estimate them separately, optimize in the choice of the parameter L (taking care of )7 which
will give rise to an estimate of £, (v, p). Using Mellin inversion and the consequence of the approximate
functlonal equation presented in Sectlonn 3.3} this bound on L,,, (v, p) (with implicit parameters satisfying
and (7.5)) will give rise to a Burgess type subconvex bound on L(1/2, 7 ® X).

7.2 [Estimate of the diagonal contribution

First focus on ([7.8)). Then by Cauchy-Schwarz,

DC<<F75J\/(+);+E Z Z ‘ H{',t) e (onG) x (nNK) : I't =1t}].

nK
(l)qu +(L 2L) |t|oo~FY

Here, |{(I',t') € (6N G) x (nNK) : I't' = Ilt}| is at most the number of divisors of (It), which is

<pe N((It))* <Fe (LY)S. By (3.8), (7.1) and (7.5), we see

he(tn) :
2 W) e M@
tennkC

[tloor=FY
and estimate the number of prime ideals (1) trivially by <z L. Altogether,

No)'*=

DC LFe I

(7.10)

7.3 Off-diagonal contribution: spectral decomposition and Eisenstein part

7.3.1 Spectral decomposition

The estimate of the off-diagonal contribution requires much more work. Assume G, is supported
on [[cs, cg]] for some constants cs, cg depending only on F. Then only Iy, 1y € [[e5 LY (7+28) g L1/ (7+29)]]
and ty,ty € [[esY/("+25) ¢, Y1/ ("+29)]] have nonzero contribution to . If 11,15,t1,ty satisfy these
constraints, then

lltl — lgtg eB= {I € Foo : |I’j‘ S C7(LY)1/(T+28)}

with ¢7 = 2c4c6. Now a term on the right-hand side of (7.9) corresponding to some fixed 1,12 can be
written as

)\ﬂ—(tll’lil)Aﬂ—(thfl) l1ty ) lots )
22 = g @) Ve Gy ) 010

0#geqnnB ity —lata=q
0#ty,t2€nN
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where W1, Wy are smooth functions on F -+ defined as

Wi (y;0,p) = Wo o (yLY U2 /1), Wa(y;v,p) = Wy, (LY 729 /15).

Now by the assumptions made on W, , and 1, l2, we have that W;, W, are smooth of compact support
[[cs, co]] (where cg, cg depend on F') and for any differential operator D of the form

5 Hj a Hij,1 8 Hj,2
o= (). (o), (35),)
9y; j<r dy; J>r 9y; J>r

with nonnegative integers p;(,1,2), we have
DWi2(y;v,p) <rp N(v,p)*, (7.12)

where 1 = max;(1;(,1,2)) recall .
Now by Theorem || ' can be rewritten as

q
Y / S T _up)dw, (7.13)
/ — 1/(r+2s) )
0#qeqnnB t\cc Ngn=1) ( LY)
where ¢ = ¢ lem((l1), (I2))-

7.3.2 [Eisenstein spectrum

First we estimate the contribution of the Eisenstein spectrum to (7.13). We use Corollary with
D =1,a=c¢ =0,b=2. The largest square divisor of lem((l1), (l2)) is 0, hence

/g X W) S NGB Wil [Woll,
C

t\ccgl

with some positive integer «; depending only on F, uniformly in y, v, p. Moreover, by [57, Lemma 8.4]

and (|7.12)), for any positive «,
IWi2llse <pma N(v,p)** (7.14)

giving

Taking into account , , (7.5) and (7.6)), we see that the contribution of the Eisenstein
spectrum to ([7.13)) is

N(ged(s, ()
<pe N(v,p)*** N (q)* EMR- e MRS VEEN
fe AP O¢q§1m3 N((@)

In the sum, each ideal (¢) appears with multiplicity <p. N (q)°. Indeed, each ideal (¢) C o has a
generator ¢ satisfying |g;| > ¢5 at each archimedean place. Hence the possible units e for which ge € B
all satisfy |e;| < clO(LY)l/(T+2S) at each place for some constant c¢;g depending only on F'. The number

of such units is < g log(N(q)) "1 by (7.5) and . Then the above display is

N (ged(c, ()))
NN Y ECL D)
< N(v,p) (a9) N D)

N((@)<rLY

Here, the sum is <. N (q)~*(LY)'/2, since ged(c, (¢)) = ged(cx, (), which has norm Op . (1).
Altogether, using again (7.5)), in (7.13)), the Eisenstein spectrum has contribution

pen N(v,p)* N (q) /L2 (7.15)

which is analogous to [5l (116)].
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7.4 Off-diagonal contribution: cuspidal spectrum

Set
C(e,e) = {w € C(c) : N(r) < N(q)}

Later we will prove that the contribution of representations outside C(c, ¢) is small. So restrict to C(c, ¢),
and fix also the sign of ¢ as follows. For any sign £ € {£1}", set

B(§) = {y € B :sign(y) = £}
Then focus on the quantity
> > \/7 (Lylg(w) v, p ) (7.16)
gEqNNB(€) wEC(c.2) ees! (gn

We follow again [5]. Consider the Mellin transform (a function of v' = (v,...,v.,,) € (iR)""*,p' =

(p;ui»lv e 7p{r‘+s) € ZS)

r+s r+s p’.
—~ U,. y J
Wzgv,t(v/7p/;v7p) :/ Ww,{(é-y;v7p) I | |yj| 7 I | ( 1 ) déoy (717)
FX+ j=1 J=rt1 A

We would like to invert this. As for p’, observe that W, ((y;v,p) is continuous on the set where each |y;|
is fixed (this is the product of s circles), so the standard Fourier analysis of the circle group is applicable.
Also from Corollary we see that the set (iR)"* (this is the product of r + s lines) can be used for
Mellin inversion (see [29] 17.41]). Therefore, is

K Z / (LY )it 4vhg,)/(r2s)

prezs / (IR)™e
e _1 r+s r+s —p;.
DD D RUANCIN SN Z qu]\ 5T () dv};.
weC(c,€) tlcet geqnnB(E) V j=r+1 |qj|

By Cauchy-Schwarz, this is
1/2
— 2
< [ X X i)
p'€Z* (iR)™** wel(c,e) t|cc;1
172 (7.18)

/

> vy T T () 7 ) e

w€eC(c,€) tlcert |g€anNB(§) j=r+1

In what follows, we estimate the Mellin part

1/2
2
‘ (7.19)

>y )/Wé,f(v”p’;v’p)

weC(c,e) t|cc;1
and the arithmetic part

o\ 1/2

> 2| X \/%ﬁljl”;ﬁ (|q]|>_p; (7.20)

wEC(c,8) t|eem |g€EqnNB(E) r+1
separately.
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7.4.1 Estimate of the Mellin part

Recall the definition ((7.17)) of the Mellin transform. Our plan is to insert differentiations (using that W’s
are highly differentiable) to show that the Mellin part decays fast in terms of N (v',p’).
At real places (j <), for v; # 0,

4 & 11 1 [~ 0 ’
W(yj)y?dﬁyj:/o W (y;)y;” dyj:ff,/o =W (y;)y,’ dy;

R vj 0y;
1 0 v’
== W ()Y diy,
U‘; /f{j; y] ayj (yj)yj Ry]a

so at those real places, where |v}| > 1, we can gain a factor |U3»|_1 using the differential operator y;(9/0y;).
The complex places (j > r) can be handled similarly. For v} # 0,

/ W (y;)ly;" (yj)p sy ——i/ s =TV () 5 (yj)p dSy;
ox 17197 |y]| CJJ U; o J 8|y]\ 17197 ij| CcJ1

while for p’; # 0,

/ W (y;)ly; " <yj>p; dey; = *i/ O W ()l | (%)” déy;
ox |yj e i) Jox Oy /lysl) ly;] e

This means that at those complex places, where [v}| > 1 (or |p}| > 1, respectively), we can gain a factor

||~ (or |pf| =", respectively), by inserting the differential operator y(0/dy) (or /d(y/|yl), respectively).

A simple calculation shows that for any real-differentiable complex function f(z) with z = re®® (r > 0,
0 € [0,27]), both rdf/0r and 0f /06 are bounded by < |20f/0z| + [20f/0Z|.
Therefore, set the differential operators

o= (o) ) (o)) ((55))
(e,f.9) J ay] j<r ’ J ay] i ’ I 8% i>r ’

where 0 <e; <3 (j <7),0<f; <6,0<g; <6 (j>r). Then the above argument, together with
(7.17) and Cauchy-Schwarz, implies that ((7.19) is

1/2
STCCEDIRED SN I A N (D DEND D BV e
(e,f.9) Foot oot wEC(c,e) tleer!
1/2 1/2

Do D Waulsup)fP | diydiy

weC(c,e) tleer!

Now we apply Theorem [I| with @ = 6,b = 2,¢ = 0 in the first sum, and with a = 0,b = 2,¢ = 0 in the
second sum. Together with (7.14]), this implies that the integrand is

<pe N(@)N (v, p)*2 T min(ly [/, [y;|7%/%) min( [/, |45 ~*2)
j=1

r+s
TT minCy; 274, lys 1) min(lyf 274, 1y51 )
j=r+1

with some positive integer ay depending only on F. Altogether, the Mellin part (7.19)) is

<pe N(@) N (v, p)* N (W, p') /2. (7.21)
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7.4.2 Estimate of the arithmetic part
Our next goal is to give a bound on (7.20]), which is uniform in v’,p’. Fix v’,p’ and consider

2

’

> vy T T ()7 o

weC(c,e) tjecert |g€anNB(§) r+1

Following [5l p.45], introduce, for any ideal a C o,
r+s r+s —pj
o= 3 T i ()
q€B(E) j= j=r+1 N
(g)=an

The number of possible units € for which ge € B is <r. N(q)° (recall the argument in Section ,
hence

|f(a;0",p")] <pe N(a)° (7.23)
With this notation, we can rewrite the innermost sum in (7.22)) as

T, g, O R S Ty
j = mq;’l},p 9
q€qnnB(£) J=r+l1 1451 N(m)<KLY/N (qn)

where < in the sum means that we may choose a constant depending only on F' such that this holds.
Now on the right-hand side, for each occuring m, transfer each prime factor dividing both m and q from
m to q. This does not affect the summand (since it depends only on the product mq) and lets us write

Ap(ma) AL (mg')
Z \/; mq;vlapl) = Z Z Wf(mq’;v',p’). (724)
N(m)<KLY/N (qn) ala’ g% N (m)< LY /N (q'n) q

ged(m,q)=o0
The following lemma expresses AL (mq’).

Lemma 7.2. Assume m and q' are coprime ideals in 0. Then

A (mg') = > p(0)As(q' ged(q', )7 1b ™AL (mged(q’, )b 1).
b| gcd(q’ ged(q’,t)~1,ged(q’,1))

Proof. We follow [0, pp.73-74]. (At [5 p.45], [6] pp.73-74] is adapted incorrectly. The corrected version
can be found in the erratum of [5].)

By (218) and (2:35), we have
Ama) = > aN(s) Ao (mg'sT)

s| ged(my’,t)

1/2 /. —1_—1

= Z Qg 5,5, N (8152) / Aw(mg's] 65 7)
51| ged(m,t)
s2| ged(q’,t)

= Y e N(152) A (05 ) As (msy ),
51| ged(m,t)
s2] ged(q’,t)

where the last equation holds by ged(m,q’) = 0 and (2.27)).
Inverting the multiplicativity relation (2.27)), we see that

Aeo(a'55") = Ao (@' ged(q', )" - ged(q’, t)s; ")
= > 1(0) A (a’ ged(q', ) 767 ) A (ged(q’, )5y b1,

b ged(q’ ged(a’,H) =1 ged(q’,t)s5 ")
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Writing this into the above display, we obtain that
AL (mg') = > p(0) Ao (' god (g, 1) 107 )

bl gcd(q’ ged(q’,t)~1,ged(q’,1))
Z oy o N (5152) Y 2 A (mged(q', )67 1s 7 1oy 1)

51| ged(m,t)
s3] ged(q’, )b~
= > 11(6) Ao (q ged(a’,t) 167 1)
hl ng(q/ ng(qlvt)il’ng(q/’t))
Z N (5)2 N (mged(q, )b 1s7 1)
5| ged(t,m ged(q’,t)b—1)
= > 1(6) Ao (' god(q, ) 16 AL (mged(q’, b1,

b ged(q’ ged(a’,t) ~1,ged(q’,4))
which completes the proof. O
Now we use this lemma in . By (2.26)), we see
Aw(cl ged(q', 71071 < N(q)7Fe.

We claim ged(q', )¢, Indeed tlecz! with ¢ = ¢ lem((l1), (I2)), where 1,1y are primes not dividing q.
Altogether, the g-sum in can be estimated as

AL (mb
<re X N@EES Y 2B ). (7.25)
ala’|g= blex |NV(m)<LY/N(q'n) (m)
ged(m,q)=o0
Similarly as in Lemma take the function h defined in (5.2)), (5.3) with a; = N(q)*® at real,
aj = N(q)° at complex places, b; = ,/a; at all archimedean places, finally aj = —1 at complex places.

This has the property that it gives weight > 1 to representations in C(c,¢).

2

> x|y Ee e 1 ()

wEC(c,€) tlece’ |g€EAnNB(E) =r+1

1 r+s r+s -}
<pe Y. > hrz)| > \/71—“%| o1l (I%)

wEC(e,e) tlee? g€qnnB(§) j=r+1

2

In the summation over w, multiply by a factor C2!, which is >p. » N(q)~¢ by (3.5) and Proposition
We also add the analogous nonnegative contribution of the Eisenstein spectrum.

Therefore, using (|7.23]), (7.25]) estimates the ww-sum of (7.22) as

2

> x|y e e T ()"

weC(c,e) t|ceyt |a€qnNB(E) =r+1

Cpen N(@) 7172 max

b1,bafcr

1

7N(m1m2) (7.26)

N (my),N(m2)<KLY/N(q)
S 02t Y hlra)AL (miby)AL (mgba) + CSC|
weC(c) tleemt

We apply the Kuznetsov formula ([5.1)) to estimate the last line of (7.26)), witha = o’/ =1, a=! = m; by,

a’~! = myby. The delta term is, up to a constant multiple,

[K(U) : K(c)]A(mlbl,meg)/h(rw)d,u
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Here, by Lemma the integral of h gives <p. N(q)2" )¢, and we also have [K(0) : K(¢)] <pecnx
L2N(g) by (3.2) and (7.6). When A(myby, mabs) # 0, N'(my) ~p . A (ms), so the sum over my, my can
be replaced by a sum over m. Using (7.5, we see that LY/N(q) <. N(q)°L, and taking into account

also ([7.6)), we obtain that

1
—— <re N(9)°.
N(m)<KLY/N(q) N (m)

Altogether, the delta term of the geometric side of the Kuznetsov formula (5.1]) contributes
Kpen N(a)" 12042 L? (7.27)

to the right-hand side of ([7.26)).
As for the Kloosterman term, similarly to (5.4]), we have to estimate

Z Z N((gcd(mlbl,mgb%cmlbla’l)))l/g
N(leblafl)l/zfs

max
acC N
€€a’ /02X O#cemy by tac

[ min(1, lejva/¢51"?) T min(1, lejva,5/¢50),

J<r J>r

where v, is a totally positive generator of the ideal a?(m;b;) " tmabs, C is a fixed set of narrow class
representatives (depending only on F and the narrow class of (mib;)~'maby) with the property that
such a v, exists for each a € C. The sum over € € O_T_/o2X is negligible. Now take a totally positive 5§ € o
such that (8) 2 myby, N((5)) > N(m;by), and then the above is

N ((ged(m by, moby, ca™!)))!/2
N(Ca—l)l/Q—s

T min(L [va 85114 /1e;1V2) T] min(1, ya ;8512 /les1),

j<r j>r

Then the same method as in the proof of Lemma [5.4] shows that the previous display can be estimated
as

e N((vaB)Y 4N (ged(my, my, €)Y/ 2N (¢) 71,

The last factor N'(¢) =17 cancels [K (o) : K(c)]. Noting that N'((7af3)) <p.r N (mims), we see that the
Kloosterman term contributes

Lpen N(q) 7120 Z N (ged(my, my, ) /2N (mymy) ~1/4+e
N (m1) N (m2)<KLY/N(q)

to the right-hand side of ([7.26]). Obviously
N(ged(my, ma, )% < N (ged(my, €)'/ N (ged(ma, )4,

so the above display is (using also (7.5 and (7.6 again)

< N(q)—1+29+28 Z (N(ng(m7 C)) ) 1
" N(m)
N(m)KLY/N(q)

Here, if m is divisible by I; or Iz, then N (ged(m,¢)) < L (by (7.6), an ideal of norm < N(q)°L cannot
have two different prime divisors l1,l3), this happens at most for M (q)° many m’s. For other m’s,
N (ged(m, ¢)) <. 1. Therefore, the Kloosterman contribution to (7.26)) is

Lpen N(q) 120+ L3/2, (7.28)
Taking square-roots, we obtain from (7.27) and (7.28) that the arithmetic part ((7.20) is
Lpen N(q) H/#H0FL. (7.29)
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7.4.3 Summing up in the cuspidal spectrum

Inside C(c,¢), (7.18)), (7.21) and (7.29)) show that the contribution (7.16]) is

e 3 [ NN )N @) ] e @)L )
pezs /(IR

and this bound holds (with the implicit constant multiplied by 2") without rectricting the summation in

(7.18) to a specific sign &.

Now we concentrate on representations outside C(c, ). First of all, from Lemma we see that
Ao(gn™) g LN ((9) 1N (1),
therefore, with a large ¢’ (depending on ¢), we may write (using (7.6))), outside C(c, ),

t —1
W Lpen LPHEN() VN (r2) <per N(rz)”

Now by Cauchy-Schwarz, outside C(c, €), the cuspidal contribution is, with some ¢ much larger than ¢/,

1/2

Lpen Z Z Z N 2(c —c)

0F#geqnnB wC(c,e) ¢|ccyt

1/2
5\ Y

((Ly)l/(r+2s) ; ’p>

The first factor is N'(q) % for any k € N, if c—¢’ is large enough, as it follows from Lemma As for the
second factor, apply Theorem |1 Part [B] with a = 0, b = 0 and the above ¢. The number of ¢’s in qnN B
is Op(LY'). Then together with (7.14)), we see that the second factor is <penx N(q) 1N (v, p)tos with
some positive integer a. To match Y and L with N(q), we use and ( - throughout.

Altogether, the cuspidal spectrum has contribution

0#qgEqnnB wgC(c,e) t|ec?

<<F,6,7r N(U,p)4 max(a2’a3)N(q)71/2+0+5L. (730)

7.5 Choice of the amplification length

Set o« = max(aq, ag, a3). Summing trivially over Iy, 15, and using (7.11)), (7.13)), (7.15) and (7.30)), we see

ODC < per N(v,p)ioN(q)/?H0+= L.

This estimate, together with (7.10) and through (7.7)), (7.8)), (7.9), gives rise to
L (03D S rem N (o, )" (N (@) F L+ N (@) /205 ),
1Lys (0, D)) Kpem N (v, )2 (N (q)V/FELY2 4 N (q)/4F0/2+= L 1/2),

We see that the optimal choice is L = N(q)1/4_‘9/2, which meets the condition {i With this, we
obtain the bound
Ly (0, )| K m N (v, p) 2N (q)%/8H0/ 4%, (7.31)

7.6 A subconvex bound for L-functions

Let us return to the point of the introduction of this chapter. Our aim is to bound L(1/2,7 ® x) in
terms of A/(q), where q is the conductor of .

Theorem 2.
L(1/2,7 @ X) KFmo.e N(q)%/5F0/4F,
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Proof. We start out from (3.9)) as follows. First of all, we split up the sum over ideals according to their
narrow class (with representatives n satisfying (7.1))). Then

L(1/2,7® X) €rxe N(@)° _max s el i) ( Jtloo >

Y <eN(q)tte y N(tn—1) Y
0<<ten (mod 07)

for some ¢ = ¢(7, Xoo,€), hence (7.5) is satisfied. Here, by the partition of unity introduced in the
beginning of this chapter, the sum on the right-hand side can be rewritten as

> /\ﬁ(tnj\;()tﬁ(_ti‘)l)c:(too)v <“5|}>°> w <1/1/t<m+2>> ’

0<<ten

where W is a smooth nonnegative function which is 1 on [[¢1,¢2]] and supported on [[cs, c4]]. Now
introducing the Mellin transform

N r+s r+s Pj
Ven) = [ 6w oIl 11 () @
Foo,+ Jj=r+1 y]
we have, by Mellin inversion, that the above display is
tn Xﬁn(t) t
< X[ Ve Y AW, (G ) @
vz Jve(iR) T+ 0T \/T Y1/ (r+2s)

where

r+s r+s —pj
Wy p H\yjl | () d*y.

j=rt1 |yj‘

Since F(y), V(y), W(y) are all smooth and compactly supported, we see that
V(0,p) <poxo Nw,p)~7

for all 8 € N and also that the family of W, ,’s satisfies . ) and (| . Then

L(1/2,7® X) <brixoe D / Lo (v, p)N (v, p) P dv

pezs Y VER)

with £ of (|7.4]) satisfying all conditions we needed in its estimate. Now taking a # which is much larger
than 2« (7.31]) completes the proof. O

Remark 3. For a cuspidal representation 7 of arbitrary central character (recall Remark , the same
bound holds with the same proof, see also Remark
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Chapter 8

A semi-adelic Kuznetsov formula over
number fields

The content of this chapter is more or less the same as of [46]. Our approach follows [56], borrowing the

archimedean investigations from [9], [10], [13] and [45].

8.1 Some preliminaries about the group SLy(C)

The available literature about complex places is much smaller than that about real places, so we quote the
details up to some extent. We mainly follow the works of Bruggeman, Motohashi and Lokvenec-Guleska

[12], [13], [45]. For the notation, recall Chapter

First record the Iwasawa decomposition: any element g € SLo(C) can be uniquely written in the

form g = n(x)a(y)k|a, f], where

=) = (8 )

x € C, y > 0 real. This y will be referred as the height of g.
Assume some v, p, [, q are given (in r and w), then let

o(n(z)a(y)kle, B]) =y T L (kla, B)).

When it is needed, we indicate the dependence on the weight and spectral data and write ¢; 4(v, p).

8.1.1 Jacquet integral
Following [45], Section 4.1], for w € C, and f € C*°(SL2(C)) satisfying the growth condition

f(n(z)a(y)kla, B]) = O(y'*7)

with some o > 0, define the Jacquet integral

wa(g):/C6_27”(‘””@)f(wn(x)g)d%xd%x,

where w = k[0, 1] stands for the Weyl element. For 0 # w € C and f = ¢, we drop ¢ from the notation

and simply write J,, in place of J, . This can be computed (see [13, Section 5] and [45], Section 4.1
be

I, (n(x)a(y)klo, B]) = (=1)17P(27)Y w|V ~Le2milwe+am)

) to

T () whemlelnth,, (o, (®1)

Im|<l ‘

where
I— 3 (Jm+p|+|m—pl)

Tu)iH1—i
wy, (v, 93 y) = 3 (1Y€ m. ) (2my)"*

_— K, _.(4
(Z+1+V—]) v+l—|m-+p| _]( ’/Ty)a

=0
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K denoting the K-Bessel function, and

g2 =) (1= 3(jm+pl+|m—p)\ (1= 5(Im +p| —|m —p|)
O N R

l S\
&plm. ) = (l—p)'(l+p j j

Note that a priori we need v > 0, but we can remove this condition by analytic continuation. Compare
this with (2.21]), (2.22)), (2.23)), and also with (4.9).

8.1.2 Goodman-Wallach operator

Another operator we need, is the Goodman-Wallach operator, which we specialize again to ¢ and obtain
(see [13| Section 6] and [45, Section 4.2])

M., (n(z)a(y)ka, B]) = (2r|w]) ¥~ Lemi(wr+em)

() el o),

AN

where
1= 3 (Im~+pl+|m—p|) 41—
! I L\ (2my) i
Jy) = — I, _i(4my),
(V93 9) ;0 &M Fa 1 35— gy ettt = (479)
I denoting the I-Bessel function. Again, occasionally, we may write M, or even My 4(v,p), when
there is any danger of confusion.
We cite [13, Lemma 6.2], [45], Lemma 4.2.2] for the relations matching these operators. Here, we have
to indicate the dependence on v, p. Let ws # 0, R > 0. Then
sinm(v—p) Tl +1—-v)

JOMUJ2 = V2 _ pQ F(l + 1 I l/) 90(71/3 7p) (84)

and for wy # 0,

JWIMWZ = j]jp(é‘:ﬁ\/m)']wlu (85)
with
Top(2) =I5 (2)071,(2), (8.6)

where J} is the even entire function of z which is equal to J,(2)(2/2)~" for z > 0 (J stands for the
J-Bessel function).

8.1.3 Complex Whittaker functions form an orthonormal basis of LZ(CX,déy)

First we compute the L?-norm of Ji, confirming the normalization we used in (2.21). What follows is
analogous to [12] Theorem 1], the difference is that we work it out for the complementary series as well
(i.e. we do not require Rv = 0).

o dy  @m)2® 20\ "'/ 2 \|ITl+1-v

A e e A I P | e

0 Yy 2+1)\l—q l-p)|T(+1+v)

Proof. First observe that ®!, (k[1,0]) =0, if m # ¢, and @, ,(k[1,0]) = 1. Hence in [45, (4.8)], we may
write

Lemma 8.1.

Ji(a(y)) = vl (y, 1),

. ) L e—27riy(z+2) (I)l L
Uq(y’ )_y /(j(1+|z|2)1+u p,q

So what is left is to compute [ [v}(y,1)[*dy/y.

where
z —1
VIHP V142

) dRzdSz.
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First let ¢ = . Then by (8.1)), (8.2)), (8.3), this integral is

_ 1 (20)! )2 /°° dy
2Vt 2my) 22K, (dmy) |2 2. 8.7

(2m) Tl+1+)(+1+D) ((l—p)!(l+p)! @y () (87)
To compute the inner integral, we use [29], 6.576(4)]:

/ K, (r) 2dr =
0

221-1 v v v U v v v v
S, ol ( USSR 1 (A R o (A QU | o ( U A
2+ 1)! <++2 2> (+ 2+2) (++2+2) <+ 2 2)’
the conditions are all satisfied by noting [Rv| < 1/2.
First assume we are in the principal series (& = 0). Then (8.7) equals

! ! (20)* i Fl+1+)l4+1-v)l+p)!I—p)=
222 T(I+ 1+ )T +1—) \(—p)(l+p)!) @ +1) A PR =
1 21
8@+ 1)\l—p)
Now assume we are in the complementary series (Sv = 0, v # 0). Then p = 0 and for (8.7, we obtain
(2m) 1 201\ ? 221 ha
T T U110 \@2) @i et l=-ni)™=

(2m)? (21) r'l+1-v)
8L+ 1)\ I )T +1+v)

For a general |¢| <, the identity [12] p.89]

o dy 21 \ ! dy
o R I T
| w2 = (2 ) [ rors

completes the proof. O

On the other hand, we prove that two complex Whittaker functions are orthogonal, provided that
they are of the same spectral and different weight parameter.

Lemma 8.2. For a fized pair (v,p), if (I,q) # (I',q'), then

/cx Wita),(v0) DWWt a), () () dSy = 0.

Proof. This is again covered by [12] Theorem 1] for the principal series. If ¢ # ¢/, it is clear from
that rewriting [, ... dgy as (2m) =1 [ [Z7 .. dor—Ldr, the integral of W 4 v.p) (W)W gy (op) (¥) Van-
ishes, since the two Whittaker functions are transformed via two different characters of the circle group.
If ¢ = ¢’ and | # I, then we can repeat the proof of [12, Theorem 1], the differential operators D and

D, extend to the complementary series by analytic continuation. O

8.2 Notation and the statement of the formula

8.2.1 Kloosterman sums

We quote the definition of Kloosterman sums from [56, Definition 2] (see also [56, Definition 1]). Let
a1, as be fractional ideals of F, and ¢ be any ideal such that ¢ ~ ajas (i.e. they are in the same ideal
class). Let then ¢ € RN = al_lb_l, as € 4,0 '¢™2. We define the Kloosterman sum as

a1xr + agx_l
KS(a1;a1§a27a2;Cv C) = Z Yoo <c) ,
z€(ajec~/ajc)x

where the summation runs through the z’s which generate a;c~!/ajc as an o-module, and z~! is the
unique element in (a7 'c/a; cc?)* such that 2271 € 1+ c¢; 9o is the archimedean character defined as
Yoo(2) = exp(2miTr(z)) = exp(2mi(z1 + ...+ @ + Tpyp1 + Trg1 + - + Tpgs + Trgs))-
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8.2.2 Archimedean Bessel transforms and measures

In the Kuznetsov formula, on the so-called geometric side, the weight functions are Bessel transforms.
Assume f(r) is a function of the form

T r+s
F@ =T1Hw) T1 £,
j=1 j=r+1

where f;’s are functions on the possible spectral parameter values: v; in the real case, (vj,p;) in the

complex case, these are encoded in r (recall (2.6)), (2.7)), (2.13)). Then let

r r+s
Bfw(2) = [[Bifi)w,(2) T Bifi)w,w(2);
j=1 j=r+1

where B, f; is defined as follows. At real places,

(B; 1)1, (2) = 5(v) - (By), (2),
(By)o, (2) = —2— (T, (|2]) — o, (|2]),

SN TV

J standing for the J-Bessel function. At complex places,

(B3 7). (2) = F5(05:25) - (B (v, (2),
2721725 (52 /|2 2pjjjy_ _p(2) =z 212%5 (55 /|2 72}71}7;.2,, .
(Bj)(yj,pj)(z):‘ /2 (iz/12]) i J( ) — [2/2*1 (iz/|2]) ],J( )

sin (v — pj)

)

J* is defined in .
Introduce moreover the measure du on the space of spectral parameters as follows. Again, we give it
locally: dp =[], du;. At real places,

100 dV'
[ 1) = [ s -amyanmrsle S g (58)
0 2020, +1,1<2v;+1

At complex places,

JECEAEONIEDS /( S0} v, (8.9)

8.2.3 The Kuznetsov formula
Let h = Hj hj, where h;’s are defined as follows. Let a;,b; > 1, a;- € R be given. Then at real places
eWi—9)/ai if Ry < 2,

hi(vj) =< 1, if v; € 1+2Z,2 < |y <y,
0 otherwise.

While at complex places

21 alp2—1 . . 2

h'(l/' p.): eV +a;p; )/aﬂ, if |§Rl/j‘ < 3,Pj €7z, |pj| Sbj,
I 0 otherwise.

L a’~! and some nonzero elements o € a, &’ € a’ such that ae’ is totally

'=1is a principal

Fix some fractional ideals a™
positive. Let C be a fixed set of narrow ideal class representatives m, for which m?aa
ideal generated by a totally positive element vy, fixed once for all.
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Theorem 3. The sum formula holds for the weight function h, that is,
[K(o): K(©)]7' > O > h(ra)As(aa )AL (a/d~1) + CSC =

meC(c) tlecr !

const. A(aa™t, a/a’™1) / h(r)du+

KS(ea,a 107 o/, 07107 ca im0 ) (a0 Yme) 2
COHSt.Z Z Z N{ca—Tm=1) /Bh(r) 4#7 du,

meC ceamc €0’ /o2

where A(aa™t,o/a’™1) is 1 if aa™' = o’a’"!, and 0 otherwise; o’ stands for the group of totally positive

units; for the integrals with respect to du, recall and . The constants denoted by const. are
nonzero and depend only on the field F' and the normalization of measures.

1

The abbreviation C'SC' stands for an analogous integral over the Eisenstein spectrum, we will not
spell it out explicitly (see [56]). Note that taking the square-root in Bh(y) does not lead to confusion:
at real places, there are positive numbers under the square-root, while at complex places, Bh, ) is
even. Also record the terminology: the left-hand side is called the ’spectral side’; the right-hand side
is the ’geometric side’; the first term of the geometric side is the ’delta term’, the second one is the
"Kloosterman term’.

8.3 Poincaré series

First of all, recall the content of Section This time, we can fix m = ((1) (1)) € GLa(Agp).
Define

FS:{f:GLQ(A)—>C:/ IfI? < oo,
A

(A)GL2 (F)\GL2(A)

z

f (v (g 0) gk:) — flg), if v € GLa(F),2 € FX k€ K(c)} .

This is a larger space of automorphic functions than one usually deals with: this is the L? space of the
left-hand side of (4.15). Then to any ¢ € FS, (4.15) associates classical automorphic functions, which
we denote by

9" (9c) = ¢ ((n(_)l ?) goo> . goo € GLa(Fi).
See also [56, (9)].

8.3.1 Definition of Poincaré series

Fix some nonzero ideals a,b. We define the following characters on N(Fy). For z € F, let ¢ (z) =
Voo () and 1h3(x) = 1hoo(a'z), where a € a, o’ € ab® are nonzero elements with the property that oo/
it totally positive (that is, positive at all real places). They give rise naturally to characters of N(Fy)
which are trivial on I'(a, ¢) N N (Fa), I'(ab?, ¢) N N(FL), respectively.

The building blocks of the Poincaré series are functions f1, fa on Z(Fu)\GLa(Fy) with the prescribed
left action of N(Fx):

26 D)6 Do) =n@ne. (G 1) o) —n@ew. s

Then the Poincaré series are defined on the left-hand side of (4.15) as
2
Pi(g) = > fitve), P (9)= > f2(79), (8.11)

vyE€ZrTn (a,0)\I'(a,c) vy€ZrTn (ab?,c)\I'(ab?,c)

with Zr standing for the center, 'y for the upper triangular unipotent subgroup (the intersection with
N(Fy)) of the corresponding group T'; this defines both P; and P, only on a single component (in the
decomposition ([4.15)), on other components, let them be zero.
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Of course, there might be convergence problems. If we can define the building blocks such that the
resulting Poincaré series are absolutely convergent, then this definition is valid. Unfortunately, when all
the archimedean places are complex, we are not able to guarantee the absolute convergence, so in this
case, we have to clarify, what we mean by the sums in . We will return to this problem later. Until
then, we always assume r > 0 (i.e. F has at least one real embedding).

Our building blocks will be pure tensors, f;(xz) = H;:f 5.;(x) for ¢ = 1,2. In the next subsections,
we give the local definitions.

8.3.2 Building blocks at real places

In the construction of a real factor of our building blocks, we mainly follow [I0, Section 3.2], where the
authors work with the group SLy(R).

For a given o € (1/2,1) and an even integer u, we denote by 7, ., the linear space of functions 7
defined on the set

1
{reC: |Ry| SO’}U{Q,Z),...}
and satisfying the conditions
(i) n is holomorphic and even on a neighborhood of the strip |Rv| < o,
(i) n(v) <a e 2I9(1 4 |Sv|) = for each A > 0,
(iii) n (%) =0, if b is an even integer such that b > u.
For n € Ty,» define the following function on the set y > 0 (see [10, (3.10)])

rii+v-9[

T(2v) v

(Lun)(y) = /( L

b1 b—-1
+ Z n <2> Wu/z,(b—l)/Q(y)m'
2[b,1<b<u ©o C

Now for some fixed ¢ € Z,ac € R\ {0} and n € 7,,, we define the following function using the
Iwasawa decomposition. First, if det g > 0, then let

fo Fa 1 =z 0\ [ cosf sinf riow ) & ;
(‘Cq 77)(9) = (Eq 77) <<O 1) <g 1) <_ sin@  cos 0>> == 62 (Eqsign(a)n) (47T|Oé"y)€ q9.

If detg < 0, then g = g’(‘o1 (1)) with det¢’ > 0 and in this case we simply prescribe (Zg‘n)(g) =
(L “m(g)- o

Now let 1,0 € T, . For real factors of fi, fa, choose Lgn, E?/Q, respectively. Of course, we may use
different n’s and 0’s at different real places.

Before turning to complex places, note that the functions we defined are transformed transform like
weight ¢ functions on the positive domain det g > 0, and like weight —¢q functions on the negative domain
det g < 0.

8.3.3 Building blocks at complex places

In the construction of a complex factor of our bulding blocks, we follow [I3, Section 7] and [45] Section
9.1].

Let [ > 0 be an integer, |g| < {. Following [13| Theorem 7.1] and [45] Definition 9.1.3], for a given
o € (1,3/2), we denote by T the linear space of functions 7 defined on the set

{(v,p) eCXZ:|Rv|<o,lpl <1}
and satisfying the conditions

(i) n is holomorphic on a neighborhood of the strip |[Rv| < o,
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(ii) n(v,p) <a e 31571 +|Sv|) =4 for each A > 0,
Now for the given [, q, some fixed o and n € T, let

| (ie/|e])?

3 172 ~1/2
2mi <t (20 +1)71/2 (lilp) (lzlq)

(L5 ,m)(g) =

- / 0, p) (2xla) T + 1+ 2)Ta (9P sinm( — p)dv
(0)

with €(0) =1, e(p) = —1 for p € Z \ {0}. Note that this function differs from the function appearing in
[45] Theorem 9.1.4] by the factor |«

Now let 1,6 € T!. For a complex factor of f;, choose Zﬁqn and for fs5, choose Zj’f;@. Of course, we
may use different n’s and 0’s at different complex places.

8.3.4 Convergence of Poincaré series

Now we return to the question of convergence. As we mentioned, there is a technical difficulty, which
does not arise if F' has at least one real archimedean embedding, we assume this temporarily.
We cite a tool from [9].

Lemma 8.3. Let a,be R, a+b> 0. Assume f is a function on (R*)" x (C*)* satisfying

r+s
Fly) < [ min(Jy;| el |y, 0 deslFa ),
j=1
Then
> fley) < (14 [log lyl|"*~1) min(|y|,, [y]2D).
ecoX
Proof. See [9 Lemma 8.1]. O

We focus on Py, the proof is the same for P,. We have the local bounds:

e for j <r, by [10, (3.11)],

~ 1 z\ [y O cosf  sinf +1 0 o 4e 1,
(ﬁqn)(<0 1) <O 1> <—sin9 cos@)(() 1>><<m1n(y Y ),

e while for j > r, by [45] (9.18)],
o 1 z\(y O 8 v yl T, asy — 0 for all t € (0,1),
(L2 <(0 1) (0 1) (’y 5)) < { yF, as y — oo for all k> 1.

Of course, the implied constants depend on the function n and in the complex case, on the chosen
numbers t, k. Now in the definition (8.11]) of P;, we may focus on the component Pf. Rewrite it as

Pi(g) = > fi(vg) = > > h(g) = > ),
yEZrTn(a,c)\I'(a,c) v €Tl oo (a,e)\I'(a,¢) YEZrT' N (a,c)\oo (a,c) '€l oo (a,c)\I'(a,c)

where

h(g) = > fi(va),

v€ZrTn(a,0)\I's (a,c)

and Iy, stands for the upper triangular subgroup of I". Now observe the coset space ZrI'y(a, ¢)\I's(a, ¢)
is covered by the set
{<(:l:0)€ 601>I€€0X},
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where by (£)", we mean that at each real place there can be some sign. This (£)" results only a finite,
2" term summation and apart from this, our summation is over the units. Hence Lemma|8.3| applies and
gives

a—e 0)
o) < 4 W& (vl = 0),
(9) {w;ﬁ (] — 00),

where y is the height of ¢ (the diagonal factor in the Iwasawa decomposition: the quotient of the upper-
left and the lower-right entry), a is the product of 1/2 4+ ¢’s at the real places and (1 + ¢)/2’s at the
complex places and b is the product of o — 1/2’s and k/2’s. We can easily guarantee a > 1 and b > 0,
and for a small e > 0, a — e > 1. Now

> h(v'g) < > ly(+'9)|% <,
v €l s (a,¢)\I'(a,c) v €l (a,¢)\I'(a,c)

where y(v'g) means the height of 4v’g. On the right-hand side, we see an Eisenstein series, which is
absolutely convergent (as a — e > 1). Moreover, on the left-hand side, the contribution of the upper-
triangular element is bounded (as b > 0), so the resulting function is also bounded, hence square-
integrable. (See [10, Lemma 2.4] and [9, p.648].)

8.4 Scalar product of Poincaré series

8.4.1 Geometric description

Let 7, be a finite idele representing b. With the abbreviation

—1
_ T 0
”*&:<5 @Q&’

consider the inner product (7’ 'p,, Py). The Poincaré series Py, P, are defined in the space F'S, and the
inner product is also understood there. In what follows, we shall expand this both geometrically and
spectrally, and the equation of these expressions will give rise to the Kuznetsov formula.

First we note the following consequence of strong approximation (see [56] (83)]). Given an element
goo € GLo(F), there exist elements v € GLa(F'), ky € K(c) such that

—1 —1 2 —1
T, 0 7.t 0 1 ((mgma) 0\ ,

2 —1 0 0
7 € GLy(F) N GLy(Fao) ((ﬂ—bﬂ(—)a) 1> . (Waowb m,) |

Then

We denote the set of such 4’s by I'(a — ab?), following [56] in notation (however, our I'(a — ab?) is not
exactly the same as Venkatesh’s one, because of the different normalization of the congruence subgroup
K(c)). For v € T'(a — ab?), we denote by Ky a corresponding element from K(c). Fix an element
v* € I'(a — ab?), then T'(a — ab?) = 4*T'(a,c) = I'(ab?, ¢)v*.

When we compute the inner product (m, 'p,, Py) using the decomposition l) we see that only
the a-part, that is, m 1P§l is relevant (on the other components, at least one of 7, " P, and P; is zero).
The definition of P, and a simple computation (see [56, (85), (91)]) give

™ ' Ps(g) = > f2(79)-

vEZrT'n(ab2,c)\I'(a—ab?)

Setting [ = <7rb_1P2, Py), we can unfold the integral as

fi(g) > f2(vg)dg

YEZrTn(ab?,c)\I'(a—ab?)

fi(g) dnd
9) /FN(G’C)\N(FN)%(”) > f2(yng)dndg,

-/ i
Z(Foo )N (Foo NGL2 (Foo) 7EZrT x (ab?,6)\[(a—ab?)

1:/
Z(Foo )TN (a,6)\GL2(Fx)
(8.12)
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here the inner integral is essentially the Fourier coefficient of 1P, corresponding to the character ;.
Let us split this up as I = I1 + I according to the small and the large Bruhat cell, that is, I; is the
same integral as I, but in the inner summation, we let v be upper-triangular, and I corresponds to the
rest.
First we compute ;. Observe that I; is an empty integral unless b is principal. Assume then that b
is generated by an element [b]. By [56, Lemma 14],

_ 7 [b] e 0) )
ho= dg.
1 ;:x/Fw(avc)Z(Foo)\GLxe)fl(g)f2(< 0o [0])9)"
Let

iea—oy _ J 1, if Jeg € 0% 1 = /[b] 2o,
A(a,a'[b] %) = { 0 otherwise.

Take this €y (if exists). Now let N(F,) act on the left, we obtain by (8.10]

1 = const. Ao, o8] 2NV (o) | @) ((“’]Oleo [2]) g) dg.

N(FM)Z(FDG)\GL2(FOO)

Now we can turn our attention to the large Bruhat cell. First we state the explicit Bruhat decompo-
sition.

Lemma 8.4. On the large Bruhat cell, we have
a b\ (1 ac™t\ [0 -1\ [c 0 1 de™?
c d) \0 1 1 0 0 cad—bc))\0O 1 J°
Proof. Straight-forward calculation. O

For 7 € ZrT' y(ab?, ¢)\I'(a — ab?®)/T'y(a,¢), denote by [r] € T'(a — ab®) any representative. Then

> > A faA[rlrg)dg.

7€ZrTn(ab?,c)\I'(a—ab?) /T x (a,c) LET N (a,¢)
[T]1€B(Feo)

- |
TN (a,6)Z(Foo)\GL2 (Foo)

Now folding together the integral and the p-sum, we obtain

I = >

TEZFFN(abZ,c)\F(aﬁabQ)/FN(a,c)
[T]€B(Foo)

/ 7 @) f([rlg)dg.
Z(Foo)\GL2(Foo)

Let [1] = ny [;ywaj;na [+ according to the Bruhat decomposition Lemma Then by (8.10)),

I = 3 r ()b ) - / F1(9) 2 (wapr19)dg
T€ZrTn(ab?,0)\I'(a—ab?)/Tx(a,c) Z(Foo)\GL2(Foo)
(r]¢B(Fa)

- Z Y1(ng (7)) P2 (n1,7])

T€ZrT N (ab?,0)\['(a—ab?)/Tx (a,c)
[T]€B(Foo)

3 i) [ il fawayng)dnd.
N(Foo)Z(Foo)\GLE(Foc) N(Foo)

1 de? 1 ac!
n?,[T] = 0 1 ’ nl,[‘f‘] = 0 1 .
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Putting everything together and using again [56, Lemma 14] for the explicit description of T'(a — abQ)
(keeping in mind that our normalization differs a little), we obtain

_ _ — b1 0
I = const.A(a, o/ [b] )N (a 1)/ J1(9) f2 (([ ]O 0 b)g) dg
N (Foao) Z(Fa)\GL (Foo) [6]
+ const. Z KS(ea,a o h o/ a7 tb 207 e,a o o)

cEabc,e€oX /02X

TN —— 1 0
/ f1 (9)/ Y1(n) f2 (W (0 60_2) ng> dndg.
N(Foo) Z(Foo)\GL2(Foo) N(Foo)

See [56l, (95)], for convenience, we note that a = ay_,,..,0 * and b=byl, . .

(8.13)

8.4.2 Spectral description

On the other hand, we decompose spectrally the inner product (see (2.3))). With this aim in mind, take
the following orthonormal system in the cuspidal spectrum of L?(Z(A)GLy(F)\GLa(A)). First of all,

use the decomposition
Lcusp = @ V.

el

Then in each V., take
Ve = Vi(c) ® Vi()*.

The whole V,(¢)* is orthogonal to Py and 7, ' P, so we may restrict to Vi (c). Then in V,(c), take the

decomposition
Vo)= @ B RViwlen).

weW(7) tlecyt

On the right-hand side, the occuring spaces are one-dimensional, so we may take a vector of norm
1 in each of them (which is well-defined up to a complex scalar of modulus 1). The set of all these
vectors is denoted by B(c¢). However, we need a slightly larger space, since we defined P; and P, in
L?(Z(Fy)GLo(F)\GL2(A)) instead of L?(Z(A)GLy(F)\GL2(A)). That is, to obtain a basis in the
cuspidal subspace of L?(Z(F.)GLy(F)\GL2(A)), we have to twist the elements of B(c) by the class
group characters, obtaining Bgg(c). Altogether, we obtain

<7T[:1P27P1>: Z <P1,f><7T;1P27f>+CSC,
feBrs(c)

where C'SC stands for the contribution of the Eisenstein spectrum. Again, it is larger than in (2.3]), since
we have to twist by the class group characters, so we have to sum up finitely many pieces similar to the
one appearing in the continuous part of . This part of the spectrum can be handled similarly to the
cuspidal part, and we will not spell it out explicitly. The contribution of Ly, (and also its twisted variants)
is 0, since N(Fi) acts on both P; and 7, ' P, through nontrivial characters (11 and v, respectively),
and on any element of Lg, through the trivial character.

Then

PE) = (K (o): k()2 [ Ft*(o)

Z(FOO)FN(aac)\G[Q(Foo)
_1 y 0 1
= const. [K(0) : K(c)] 2 / / fi (( > k) — —
o J(RX)T X (RY)? 01 Ty s TS Lyl

Jj=r+1
1 2\ (y O dy
. b1 (—)f° (< > < >k) dr— g,
/rN<a,c>\N<Foo> 0 1/\0 1 1523l

the factor [K (o) : K(c)] /2 is explained in Lemma
Now we may apply the K -transformation properties we prescribed in the definition of f; (¢;’s and
(j,4;)’s). It shows that P; is orthogonal to all forms of any weight except for those that are of the form

W = (:l:ql, ey :l:qr, (lr+1, QT+1)7 ey (lr+57QT+s))~
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So we may restrict to those f’s that are of such a weight w. Then by (2.24)), (2.28)), (2.31]), (2.34)),

N(a™T)
N((e))

H{/O h ((y(j ?))ij,uj(ajyj)lyj_ldﬁyj
=1
OR/ 1) fy (( ?))Wqj,uj(ajyjﬂyj_ldﬁyj}

r+s

0 _
H/ f1<(y7 1))W(zj,qj),(uj,p]-)(ajyj)|yj| 2dRy;,

j=r+1

(Py,f) = const.[K (o) : K(c)]7Y2C7 Y2\ (aa™Y)

where g, (1;,4;),vj, (¥j,p;),€x,; are all encoded in f, 'OR’ indicates that we may choose opposite weight
at real places. Now repeating the above computation with <7r;1P2, f), we obtain that

(mg ' Py, Py) = const. [K(0) : K(¢)] " S pme—e=t

r ) Ui 0
/(05 9)

+/0 fi ((yoj ?)) g5 (Y3 5|~ ldRyj/O f2 ((%J (1))) ij,l’j(a;'yj”yj_ldléyj)
r+s 0T 77 AN\
11 (/O fi <<y’ 0)>W(zwqj) (i) (55 Y5 A y;

j=r+1
0 2 (lj (IJ) (Vg 7p] ( y])| ]| Ryj 9

ct wa(mg DAL (a YA (o/a—1b—2
WECFS(C)

tleer !

o P O\ \vo—————, -
W, w; (0595)1y;1~ ldRyj/O f2 <(26] 1)>qu',l’j(a;'yj)|yj| 1d§yj

(8.14)

where w, stands for the central character of .

8.5 Archimedean computations

In this section, we compute the local contributions to integrals given in the previous section of functions
defined earlier.

8.5.1 The real case

We introduce the following notation: for any g, let

(e

We start with the evaluation of the geometric side (8.13). For the small Bruhat cell, we need to

investigate the function
~a, [b]; %€, 0
L0 (( 0 1)9)-

In the case of €y, < 0, we can rewrite this as

(7 o (i )-e(V o)
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This is of weight —¢. Assuming ¢ # 0, we see that integrating this against £y’ on N(R)Z(R)\GLy(R),
we obtain 0. So this term vanishes unless ¢y, > 0 (under the condition ¢ # 0). If €, > 0, we have

2290 (([b]j_;e% (1)> g> — £296(g).

Now we may apply [I0, Corollary 3.6] by noting
(L0, LGmN®)zRN\GL2(R) = (£50, LGN nry\ zmycrt ) T (Lq "0 Ly "M vwpzmycr )y (8:19)

where GL3 (R) stands for the elements of GLy(R) with positive determinant. We obtain

) 2
o ico r (% v+ W) dv
(£370, L37M) N(R)Z(R)\GL,(R) = const. [oy] l/ Gwﬁﬂu)E:

o — I'(2v)

b—1\ [b—-1Y\ b—
+ Z |9 ( B 1) n ( - 1) zi: (isign(gj)q_b)! (ilsign(aé)q+b—2)'

1<b<|sign(a;)q

2mi
(8.16)

By the further notation

Z 1

A(V’q): i ign(a’, ’
T F(%_ViW)I«%-&-V:EM)
this equals

const. || (/ n(W)0(v)A(v, q)(—4mv) tan(wu)d—y_
0 2me
b—1 b—1 b—1
R G L ey )
1<b<|sign(a;)ql

On the large Bruhat cell, we need to compute

® omian 3 0 1 1 0 1 «x
2miajx j
/700 e L0 ((_1 0) (0 Cj_2€j) (O 1) g) dx.
Again, if €; < 0, then
o [ omiagz 50 0 1\ /1 0 1 z
(Ean)(g)/ e 27rzot]:1?£0619 <( ) ( _ ) < ) g) dIdg _
/N(R)Z(R)\GLQ(R) I —o / -1 0/\0 ¢ %¢; ) \0 1

e o ol 0 1 1 0
/Z(R)\GLQ(R)( 7 9L -1.0/\0 ¢ %¢j

as we integrate a weight ¢ function against a weight —¢q function like before (assuming again g # 0). So
we may assume €; > 0. If det g > 0, by [10, Theorem 3.8, (3.34-35)], we obtain that this integral equals

© omiae 5O 0 1\/1 0 1 =z S T
[ (8 )6 ) ez

F(l+u+$ﬂﬂﬁ) aled\ lasades |
~ 1 a:ale:)2 a.aleql2
0(v) = 0(v) ’ 2 ) (4200567 ) los05e|
2‘Oéj|1"<l+y+w) ¢ ¢
2 2

with
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with B defined in m The holomorphy condition of [I0, Theorem 3.8] is satisfied by our condltlon

sign(a;) = sign(a;). The case detg < 0 can be reduced as before (use - again). By (8 , up to
some constant, the contribution of the large cell is

lajageil® (/ooo )OIV, g)(~4mv) tan(mv)B, (MWW) Z

Cj

cLE EE () () e ()

1<b<sign(c;)q

(8.17)

On the spectral side (8.14]), we need to integrate our building block against our normalized Whittaker
function. Using [I0, Corollary 3.5],

| oWl iy -

_gsign(ey)
{T(1/2 = v; + sign(a;)q;/2)T(1/2 + v; + sign(ey)q; /2)}1/2°
As the inner product of such two, at a real place in we obtain

const.|a;|n(v)

/0 Zom(g)Wa s (i)l diy / 5 0(0) Wy o (@)l iy

0 = _ X s N 8.18
+ [ ZP )Wy, (059 yl a5y / E0(y)W_y, o (g lyl " sy = (8.18)
0 0

const. o [n(v)0(v)A(v, q).
8.5.2 The complex case

We execute the complex analog of the above procedure. On the small cell, in our normalization [45]

display between (10.22-23)] gives
~a; [b]vﬁQGOj 0 Y7
L0 (( ’ 1)9) = £i4009)-
We have to integrate this against E?j]n Using [45, Lemma 9.1.5],

- 2 _
<£ 0, £l 2 N\G = const. ;] Z / (v, p)8(v,p) L'l +1—v)I(1+1+ )wu%(mdu

2 2
pT—v
lpI<l

with €(0) = 1, e(p) = —1 for p € Z\ {0}. Introducing
Sin2 TF(V _p) 2¢(p)
Al(l/7p):F(l+1—l/)r(l+1+y)my ,

we get

<£a19 L ’q77>N\G = const.|a;|? Z / (v, p)8(v, p)\i(v,p)(p* — v*)dv. (8.19)

lp|<l

Note that A;(v,p) is nonzero.
On the large Bruhat cell, the corresponding integral is

—2mia (z+7) ’Va;- 0 1 1 0 1 =z« N
/Ce ﬁl,q9(<1 O) (O %) 0 1 g | dRzdSx.

Now using [45, Lemma 9.1.8], we obtain
j

aole; o, (ajo/-ej)%
OZJ‘C? ’Cl,q <B(u,p) <47Tci 9(1/,]9) (g)v

J

const.
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where
1

sinm(v — p)

with J* defined in (8.6). Now by (8.19),

) /O (v, D) N (v, P)B(u ) < W) (p* —v*)dv. (8.20)

p|<t 7

Bp)(2) = {l2/2172 (02 /12)*P T, _p(2) = |2/21 (i2/12) 7 T, (2)},

oiale;
J J
const. J

j

We are left to work with the spectral side. To deliver the computation at a complex place of (8.14)),
we use [45], (10.4-7)], obtaining

* 0\ ——
[z (3 0)) Wil -

sinm(V —p)_, _ I'il+1+v
#V (p)n(_y’ ) ( )

2
const.|o; [“PT'(1 + 1 = 7)—— 2 p ’I‘(l—kl—y)

Note that the last factor is 1, unless we are in the complementary series and in this case, p = 0. Now
taking the inner product of such two, we obtain

/ E0 )W (o) |25 / 50 W (el ly] 2%y =

= const.|a;a}|*n(v, p)0(v, p)\u(v, p).

(8.21)

Observe the similar behaviour of the real and the complex cases, even the factors coming from «, o’ are
the same by noting that for the complex modulus | - |c, |z|c = |z|>. Of course, the applied integral
transforms and hence the integral kernels in the final formulas show some difference.

8.6 Derivation of the sum formula

8.6.1 Preliminary sum formulas

In this section we state some preliminary versions of the sum formula.

Lemma 8.5. With the above notation, assuming that aa’ is totally positive,

[K (o) PTG we(m H@OMAL (aa AL (@/aT62) + CSC =

m€Crs(c) tleey !

const.A(a, a’[b]7?) /(ﬁ@)\)d;H—

KS(ea,a 070/ ,a7 07207 ¢,a 010t (aa e)% _
const. Z Z N(caT6-1) /B(r (MmON)dp

ceabce 6601/0“

(8.22)
Proof. Immediate from (8.13]), (8.14)), (8.16]), (8.17), (8.18), (8.19), (8.20) and ({8.21)). O
In an actual application, some ideals a=',a’~! are given. If there is some ideal b such that a'~!

equals a~1b~2 up to a totally positive principal ideal, that is, aa’~! is a square in the narrow class group,

then adjusting o/ in (8.22), we obtain a formula including AL (ca™ )AL (o/a’~1). Denote by C a fixed set
of narrow class representatives m for which m?aa’~! is a principal ideal generated by a totally positive
element vy, fixed once for all, and let C’ be a set of representatives for the rest of ideals.
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Lemma 8.6. For allm € C and a € a, a € @’ such that o’ is totally positive, we have

[K (o) Y Y wr(m @A (e AL (/1) 4+ CSC =

mECrs(c) tleert

const.A(aa™t, a’a’1) /(ﬁ&)\)d,u—&—

KS(ea,a 071 o/, a 1o e a im0t (aa fyme)% _
const. Z Z Nca—Tm=1) /B(r (MON)d .

ceamc €Eoi/02x

(8.23)

Proof. Immediate from the previous lemma. O

Lemma 8.7. Let m be a narrow class representative from either C or C'. Denote by = the dual of the
narrow class group. Assume « € a, &' € @’ such that oo’ is totally positive. Then

S0t Y walmp ) @INAL (ea )AL (/a7 T)

mECrs(c) t\cc,r

‘v—~| Z Z 7r®x Z w‘ﬂ'®x 770>‘) 7r®x(aa_1))‘;tr®x(a/a/71)‘

XEE meClrs(c) tleert

(8.24)

The analogous identity holds for CSC. Moreover, if m € C’, the sum is 0 (and so is CSC).

Proof. First note that if 7 € Crg(c), then for x € E, Argy(b) = x(b)A-(b) holds for the Fourier coeffi-
cients, which in particular implies Cr = Crgy.
Observe that for any narrow class group character x,

Y G Y walm @A (aaT AL (o' T) =

m€Crs(c) tleert
S G S wran(mRh) Mgy (a0 AT (@0 T).
mECrs () tleert

Indeed, the central character of each 7 is multiplied by x?, which is trivial on the archimedean ideles,
and also the archimedean parameters (g, (I, q), v, p) are invariant under these twists. From this, is
clear.

Moreover,

I”IZ DY e (TR @M A gy (aa AL (/e T) =

xe= ﬂECFs(C) tlccw
ﬁ STt Y walrZdH@NAL (ea )AL @@ ) Y x(m e a).
- T€Crs(c) tleer ! X€E

By definition, the inner sum is |Z| if m € C, and 0 if m € C".
The same argument works for C'SC. O

Lemma 8.8. We have the preliminary sum formula

[K(o): K" Y ¢ D @A) (aa A (a/d 1) + CSC =

m€C(c) tlecy !

const.A(aa™t, o/a’™1) /(ﬁ@)\)dlﬁ—

const. Z Z Z (8.25)

meC cEamc eEai/oZX

KS(ea,a 07 o/ v, a7 107, a im0t (e Yme€)? ) _
N(ea T 1) ] B (17 ) i
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Proof. Using that C(c) consists of those elements of Crg(c) on which Z(A) acts trivially, we can rewrite
the left-hand side as

(K (0) : K(c)] ! ﬁ SN G D welm @M AL (aa )AL (/a1 + CSC.
| | meCUC’ meCrs(c) tlecr!

Now the contribution of m € C' is given in (8.23)), while the contribution of m € C’ is 0 by Lemma
Note that |C| does not depend on a,a’, since C' is a coset of the squares in the narrow class group. [

We close this section by noting that as ¢ runs through amec, the weighted sum of Kloosterman sums
is absolutely convergent: combine the estimates [I0, Lemma 3.13] and [45, Lemma 11.1.2] at real and
complex places, respectively, with Weil’s bound [56, (13)].

8.6.2 Extension of the preliminary sum formula

Now we are in the position to prove Theorem [3] Observe that (8.25) resembles (5.1)), except for the
weight function, which is a triple product 76X\ of functions in the preliminary sum formula, and a single
function in the Kuznetsov formula.

Proof of Theorem[3 in the case of r # 0. Set g¢; > max(2,a;,b;) at real, min(l;,q;) > max(2,a;,b;) at

v on |Rv| < 2/3 and in the discrete series

complex places. Choose a small § > 0. Then let n(v,p) = e
at real places, let n(v) =1,if v € 1/2+ Z and 3/2 < |v| < b;.
Recall that A\; # 0 at complex places. Unfortunately, at real places, A(v) might vanish. We claim

that

1
AMv) = 0
N I a1

on the domain

272
Indeed, for Sv =0, 3/2 < ¢/2+1/2 € 1/2 + Z. This shows that I'(1/2 + ¢/2 + v),T'(1/2 + ¢/2 — v)
are both positive, so the term '+¢/2’ gives a positive number. Similarly, it is easy to see that in the
term '—q/2’, I'(1/2 — q/2 + v),T'(1/2 — q/2 — v) are either of the same sign or both show a pole (for
v €1/2+47Z). In any case, they give a nonnegative contribution. For ftv = 0, the positivity is clear, as
there are complex norms in the denominators.

Moreover, the recursion 2I'(x) = I'(x + 1) implies that if ¢ is large enough, A(v) does not vanish on
D’ = |Rv| < 1/3. Adjust g to satisfy this.

Fix a positive integer N > (¢—1)/2. Given € > 0, from the Mergelyan-Bishop approximaton theorem
(see e.g. [54, Theorem 20.5] for the original version and [40, Theorem 1.11.5] for its extension to Riemann
surfaces), we see that there is a rational function A on C U {oo} with possible poles in {£N} (which
is disjoint from |Rv| < (¢ —1)/2 by the choice of N) such that |A.(v) — 1/A(v)] < emin(1,|v|~3) for all
v € DUD U{oo}. Since A is real on Rv = 0 and even, we may assume these hold for A..

At complex places, let A, = 1/A.

11 1 —1
D:{ueC:?Ru:O}u(— )U{V62+Z:|V§q2}-

We have already given n. Let 6(v,p) = h(v, 10)6_5”2 Ae(v,p). By construction, this can be chosen to
be a test function, if ¢ is small enough (independently of ¢).

Now the triple product gives 6576*5”2h(1/, P)A (v, p)Ae(v,p). Observe that in and the
relevant ©’s come from D, where we know the uniform convergence h(v, p)A\(v,p)\.(v,p) — h(v,p) as
¢ — 0 and also that the sum formula holds for AA.A. Now [10, Lemmas 3.16 and 3.17] completes the
proof (we note that the domain D’ is introduced to obtain functions such that their Bessel transform
have the right order of magnitude for the absolute convergence in the Kloosterman term: recall the
remark made at the end of Section by observing that e~ =1 on D. O

8.7 The proof in the case of r =0

8.7.1 The definition of Poincaré series

If all the archimedean places are complex, the inverse Lebedev transform Effqn does not tend to 0 fast
enough as the height goes to 0, so the earlier definition of Poincaré series is not exact.
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In this case we have a little technical simplification, as PSLy(C) = PGL2(C), so we can assume that
all occuring complex matrices have determinant 1.

To remedy our problem, we follow the argument of Bruggeman and Motohashi [I3 Section 9]. We
will also refer to the thesis of Lokvenec-Guleska [45].

Let

A\ TEO2 N
B(n) = 2l - 1In(0,1)|al? 2l+1(lll> (l l> .

—4q
Then [13], (7.14-15)], [45] (9.16-17)] can be written as

(L5,m)(9) = B(n)Map1,4(1,0)(g) + O(|y|LF/2), (8.26)

where y is the height of g. Note that ¢ > 1, and here we indicated the function ¢ and its weight and
spectral data, the latter evaluated at (1,0) and we may assume that [ > 0 (if { = 0, then this gives 0,
and we have the order of magnitude needed to give a similar argument to that in Section .

Use [[ M, as the building block (where we dropped j from [[;), and let (see [13} (9.1)])

PJ[Maerq(v,p)(g) = > T[] Masrq(v, p)(79)-

YEZrT' n(a,c)\I'(a,c)

This is absolutely convergent for Rv > 1 (see [45] (4.54)], then an Eisenstein series again majorizes our
sum). Note that when v is a vector in C*®, by Rv > 1 we mean Rv; > 1 for all j. In order to keep
notations as simple as it is possible, we will use similar abbreviation from now on, not only for v, but
for p,l,q as well. For example, v = 1, p = 0 means that v; =1, p; = 0 for all j.

Now take any building block f which is a pure tensor, and follow [I3] (5.1-6)]. Using the Bruhat
decomposition, the Poincaré series Pf can be written formally as

Pflg)= Y f((é 691)9)

e€oX /02X

Xy (GO D66 ).

0#c€acd d we(ad)—?

where d’ € o is the element modulo (ad)~'c such that dd’ = 1 modulo (ad)~'c and we sum over those
d’s modulo (ad)~!c for which such a d’ € o exists, that is, d generates o/(ad)"1c as an o-module. Now
applying Poisson summation, we see that the w-sum can be rewritten as

7 —1
const.N(a)Zwoo(dw/c)/F Voo (wz) "L f ((é dcl ) (01 (1)) ((C) 001) ((1) f) g) dz.
wea o
Now assume that for some w’ € a,
f(n(z)g) = oo (W'z) f(9)-
Therefore we obtain

Pfao)= Y f((g 691)9)

e€oX /02X

+Z Z KS(w,a o w a7 ie,a oI, (f ((160 2) g)),

wea0#cEacd

noting that by J,,, we mean the product of the local integrals (we have chosen f to be a pure tensor).
If w, W', a are all fixed and only ¢ varies, Weil’s bound (see [56, (13)]) gives

KS(w,a o L a0 e a0 < wra o2 (8.27)
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Now specializing the above to [[ My, « taking the place of w’ (which is indeed in a), we see (still for
R > 1)

P[Maerq(vp)(9) = > HMQ‘Plvq(”’p)«S 691>g)

ecoX /02X

+ Y KS(O0,a7 a0 0 e a0, (HMleq(”’p)(Céc g) g))

0#cEacd

+ 3 Y KSwa o haa 0 e a (HMatpl,q(u,p) ((1(/)(: 2) g))

0FweEa 0#cEacd
(8.28)

Here, the first term continues analytically to v € C*®. In the second term, we apply (8.4) together with
(8.27)), this continues to R > 0. In the last term, apply (8.5)), together with the explicit form of J,,, this
gives (using also [45, (4.52)])

> Tuprq(vp)(9)

0#weEa

1 ¢ \*P 4
Z —1~—1. —1N—1, . —15—1 H J *
KS(W,G 0 ;a,a "0 T;c,a 0 ) - |Cj|2(1+’/2)< > jijj (cj\/ajwj>
J

0#c€acd ‘cj ‘

Here, the inner sum continues analytically to &v > 1/2 by . The resulting function is of order
exp(C\/m) in w with C' depending on v,p,a,a,c, so the w-sum gives an analytic function (as the
K-Bessel function appearing in J has exponential decay exp(—c|w|) at infinity).

Now PJ[M, is a well-defined Poincaré series, however, it fails to be square-integrable. Fix some
0 < A €R. Let p be a funcion on R* such that it is smooth, p(y) = 1 if [[; |y;| < A4, and p(y) = 0
if [[;]vjl = A+ 1. This extends to (SL2(C))* via the Iwasawa decomposition na(y)k by making it
independent of n and k.

Let [TML(9) = p(9) [] Ma(g), then we have, for Rv > 1/2,

PIM) = PTIMao) -0 3 T ((5 2)9): (5.20)

if A is large enough, y = y(g) stands for the height of ¢ = na(y)k. Now observe that as Hj ly;| — oo,

the magnitude of P[] MY is determined by the second line of and it is < [, ly; |1 =% so it is
bounded according to at v =1, p = 0, and also bounded uniformly in v on a right-neighborhood
v e [l,1+9) (with a small § > 0).

Now returning to , define En via

(L5,m)(9) = Bn)MLpr4(1,0)(g) + En(g).

On the product this gives

[T m@ = > I Bo)MLe(1,0)(9) ] Enla),

SC{L,...,s} {L,m..s\S s
where [[g means [, 5. Now define
PI[&2mg) = PI] Bo)MLp1,(1,0)(9) + P II BOMLe, 1,0 ][] En| (9)-
0£SCT{L,p8} \{1,-oess1\S s

(8.30)
By our construction, En(g) < |y|i+ for some ¢ > 0 as |yl — 0, and En(g) < |y|7* for all k € N as
|y|oo — 00. Hence the second Poincaré series on the right-hand side is absolutely convergent and gives
a bounded function (the argument of Section m goes through). This, together with the boundedness
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of P[[M’ at v = 1,p = 0, gives that defining our Poincaré series this way, it is bounded, hence square-
integrable, B(n) and [[ B(n) are constants (for «,, ¢, n fixed).
Altogether, in case of r = 0, we use (8.30) as the definition of the Poincaré series, where the first
term P [[ B(n)M'¢; 4(1,0) is understood via analytic continuation as explained above:
PI[Bm)M ¢14(1,0) = [[ By lim P[M g14(v,0), (8.31)

u—)l

where inside the limit, there is an absolutely convergent Poincaré series for all v > 1. Finally, we also

record what we obtain from ({8.30)), (8.31)):

PII(ZEm(9) = Jim PT]BO)M, @14, 0)(9)
(8.32)
+P > II BoM.e (1,0 ]]En] (9)-
0#SC{1,...,s} \{1,...,s}\S S

8.7.2 The complement of the original argument

From this point, we may modify the argument given in the case of r # 0 as follows. In place of each
occurence of Pﬁl‘fqn(g), write 1} use the Poincaré series obtained from

[[BM org(vp)+ > II BoM.e, (L0 [[En| | (9)

0£SC{L,....s} \{1,....s)\S s
with some v > 1, and then let lim,_,; 4. That is, start out from (8.32) as

= | [IBOM, o vp) + D II BOM,e1.0]]En] | (9.

0£SC{1L,....5} \{1,...s}\S s

= [[BOML (/' )+ > II BoMLe,@0]]E] | (9),

0£SC{1,....,s} \{1,....s1\S S
then define PY = Pf¥, PY" = Pf¥" in the sense of (8.11). Finally, let
P, = lim P/, Py = lim P2 .

v—14+ v =1+

Now assume ¢ is an integrable function over Z(Fuo)I'(a, ¢)\GL2(F ) such that its Fourier coefficient

O(lyl5):  lylee =0,
- dn = i
/FN<a,c>\N<Foo)¢1( n)¢(ng)dn { O(1915)s  |yloo = 00

for some € > 0, y stands for the height of g. This holds both for the basis elements f in the cuspidal
spectrum and for Eisenstein series (recall the notation of Section |8.4.2)), as it follows from their Fourier-
Whittaker expansions (2.25)), (2.38]). Then by unfolding,

/ lim PP (g)6(9)dg
Z(Foo)T(a,6)\GLa (Fop) Y11

= lim Py (g9)6(g)dg
vt J 2(Fao)T(a,0)\GLa2 (Foo)

= lim Z
v—1+

Z(Foo)T(@,00\GL2(Foo) ye 70Ty (a,0)\I(a,6)

~ lim 70) / 1 (—n)é(ng)dndg
Ty (a,0)\N(Foo)

V1 ) Z(Fo )N (Foo)\GL2 (Fuo)

-/ tiw, 7o) [ 1(~n)(ng)dndg
Z(Foo)N(Foo)\GLa(Foo) Y711 T (a,0)\N(Fao)

Eﬁqn(g)/ Y1 (—n)p(ng)dndg.
I'n(a,0)\N(Foo)

It (vg)p(vg)dg

/Z(FOQ)N(FOO)\GLQ(FOC)
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We made two interchanges between limit and integral. Both are explained by dominated convergence
as follows. First, we can split up P, and f; according to , in which we have to explain the
interchange in the first term (there is no v in the second one), restrict to this. In the first interchange,
the function ¢ is integrable where it is integrated, and it is multiplied by a function which is bounded
(with a bound independent of v in a small neighborhood of ¥ = 1: see the remark made after ),
therefore, the function ¢ itself serves as an integrable majorant. In the second interchange, we may use
|¥]oo fFN(u7c)\N(FDO) P1(—n)p(ng)dn as an integrable majorant, where y is the height of ¢g: it majorizes
by [45], (4.54-55)] and it is integrable by the condition made on fFN(a’c)\N(FOO) 1(—n)p(ng)dn. Now the
content of Section [8:4.2]is fully explained in this case.
As for the geometric side, we start with moving the limits outside

lim PY(g) lim Py(g)dg = lim PY(g)Ps(g),
/Z(Fm)r(a,c)\GLg(nc)”—”Jr RS P vV =14 J Z(Foo )T (a,0)\GL2 (Foo ) ! ’

which is justified by noting that Py, Py, Py, PY " are all bounded uniformly in v,/ € [1,149) for a small
0 > 0. Then inside the limit, we proceed as in Section to the point (8.13)), which, in this case, is

I= lim const.A(a,o/[b}fQ)./\/'(afl)/ THOY ((Mleo 0 ) g) dg
v,/ =1+ N(Foo)Z(Foo)\GL2(Foo) 0 [b]

+ const. Z KS(ea,a o7/, a7 tb 207 e,a oo h)

cEabc,e€oX /02X

_— - V/ 1 O
/ ff(g)/ Y1(n) fy <w <0 ec_2> ng) dndg) .
N(Foo)Z(Foo)\GL2(Foo) N (Fs)

First concenctrate on the delta term, we claim there that

. o7 v 5]7160 0
lim @ (([
iV 1 N (Foo) Z(Foo)\GLa (Fa) (o) 0 [b]

= lim f”(g) lim f,/
/IV(FOQ)Z(FOQ)\GLQ(FDQ)V%H ! vis1y 2

— o [b]* €0 0> )
/N<FOO>Z<FOO>\GL2<FOO> £a9) i (g)(< o [0)7)"Y

We have to check the first equality, where we can focus again on the part corresponding to the first term
of (8.32)), where p(g)|yl%, (y is still the height of g) is an integrable majorant: it is trivially integrable
and majorizes by [45], (4.54-55)].

As for the Kloosterman term, we claim analogously

lim E KS(ea,a o7/ a7 b 207 e,a o o)
v, =1+
c€abc,ecoX /02X

o 1 0
3 7@ [ s (v e)na) duda
N(Fo)Z(Foo)\GL2(Foo) N(Fx)

= Z KS(ea,a 0 o/ a7 6207 e,a o o)

c€abe,ecoX /02X

—_—_— [ , 1 0
- tw 770 [ i) i gy <w< d )ng> dndg
/N(FOC)Z(FOC)\GLQ(FOO)V%H ! N(Fso) vi1y 2 0 ec?

= Z KS(ea,a o ha/ a7 tb 207 e,a oo h)

cEabc,e€0% [02X

- ., 1 o
) / Elofqn(g)/ Yi(n)Lin (W (O 602> ng) dndg.
N(Foo)Z(Foo)\GL2(Foo) N(Fs)

Again, we have to check the interchangeability, and we may restrict to the first term according to
(8.32). The integrable majorant is p(g)|y|g’é2|c\go3 (y is still the height of g), its integrability is ob-
vious, and it majorizes by [I3}, (9.25)] (for the integral over N(F)), [45, (4.54)] (for the integral over
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N(Fx)Z(Fx)\GL2(Fy)) and finally (8.27) (for the sum of Kloosterman sums). This altogether explains
Section R4l in this case.

Proof of Theorem[3 in the case of r = 0. The above argument shows that this definition of the Poincaré
series leads to the same scalar product, both on the geometric and on the spectral side, as in Section
Now we continue as in Section and Section everything goes through with the simplification
that we do not need the approximation in the final step, since the function A cannot vanish at complex
places. O

(0]
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