Introduction to mathematical cryptography
Homework problems

Week 10

19. Consider the real projective plane

x 0
P*R) = y|:zy,zeR N\ 0 / ~,
z 0

where ~ is the equivalence relation identifying constant multiples (this is
just the space we covered in class). In notation, we write [ﬂ for points

of the projective plane, note that for example,

2 —4
3| = |-6
1 —2

(because of the identified constant multiples).

Consider then the projective lines determined by the equations

X
Li={ |yl eP)R):z+y=3zp;
z

x
Ly={ |y| €eP*R):2+y=6z
z

(Observe that these defining equations are independent of the chosen rep-
resentatives.) Compute the intersection point of Ly and L.

20. Let A, B € R be fixed numbers. Prove that the equation 23 + Az +B =0
has no multiple solutions (i.e. the polynomial 23+ Az + B has no multiple
roots) if and only if 443 + 27B2% # 0.

Explanation: prove that if A, B € R satisfy 443 + 2782 = 0, then there
exist (not necessarily distinct) 7, s € R such that 2® + Az + B = (x —
r)2(z — 5); while on the other hand, if 443 + 2782 # 0, then 23 + Az + B



cannot be written in the form (x—7)2(x—s) with (not necessarily distinct)
r,s € R.

Example: A = —3, B =2. Then 2> + Az + B = 2 — 3z + 2, and you may
easily check that this is the same as (z — 1)?(z +2) (that is, r = 1,5 = —2
in the notation of the explanation). Also, 44%+27B% = 4.(—3)3427-22 =
—108 4108 = 0.

Example: A = —1, B = 0. Then 2® + Az + B = 2® — x, and you may
easily check that this is the same as (z — 1)x(x + 1). Also, 443 +27B? =
4-(“1)3 42702 = —4 #0.

Note: Please, provide complete arguments everywhere, and explain how you
arrived at your answer/solution. Giving the result without explanation leads to
score deduction.



