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1. Let n be a fixed positive integer. How many ways are there to write n as a sum of positive integers,
n = a1 + a2 + · · · + ak, with k an arbitrary positive integer and a1 ≤ a2 ≤ · · · ≤ ak ≤ a1 + 1? For
example, with n = 4 there are four ways: 4, 2+2, 1+1+2, 1+1+1+1.

2. Show that every positive rational number can be written as a quotient of products of factorials of (not
necessarily distinct) primes. For example,

10

9
=

2! · 5!

3! · 3! · 3!
.

3. Let S be the set of all ordered triples (p, q, r) of prime numbers for which at least one rational number
x satisfies px2 + qx + r = 0. Which primes appear in seven or more elements of S?

4. Prove that there exist infinitely many integers n such that n, n + 1, n + 2 are each the sum of the
squares of two integers. [Example: 0 = 02 + 02, 1 = 02 + 12, 2 = 12 + 12.]

Hard nuts

5. Show that for each positive integer n,

n! =

n∏
i=1

lcm{1, 2, . . . , bn/ic}.

(Here lcm denotes the least common multiple, and bxc denotes the greatest integer ≤ x.)

6. Let N be the positive integer with 1998 decimal digits, all of them 1; that is,

N = 1111 · · · 11.

Find the thousandth digit after the decimal point of
√
N .
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