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For any non-polar compact K C C there is only one measure
uk € P(K) such that c(K) = exp(/(uk))-

The above measure uy is called the equilibrium measure of K.
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<(B))
o c(A(z,r)) = c(0A(z,r)) =r, c([a, b]) = |b— a|/4.
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Frostman’s theorem

A point zyp € OD is called regular (w.r.t. Dirichlet problem) if there
are a neighborhood U of z and a negative subharmonic function u
defined on U N D such that limps,_,, u(z) = 0.

(Frostman) For a non-polar K we have p,, > logc(K) and
pux = logc(K) on K\ F where F is an Fy-polar subset of OK.
Moreover, if the point z € OK is regular for the Dirichlet problem
for the unbounded connected component of C\ K then

P (2) = log c(K). /
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(Wiener's criterion) Let D be a bounded domain in C,
20 € 0D, § € (0,1). Denote

Ai(z0) == {z€C\D: ¢ <|z— z| < #}. (3)

Then zo is regular iff )32, m — 69
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The Azukawa metric

For a domain D C C", p € D, X € C" we define the Azukawa
pseudometric Ap(p; X) := limsup,_,o w.
The following holds.

o Ap(p; AX) = [A[Ap(p; X),

o If n=1 or D is hyperconvex then limsup may be replaced by
lim,

@ If n=1 or D is hyperconvex then Ap is continuous; in
general, Ap is upper semicontinuous.

The Azukawa indicatrix IB‘ is defined as follows
I5(w) :={X € C": Ap(w; X) < 1}. (4)

I3} is a balanced pseudoconvex domain.
If n=1 we denote Ap(p) := Ap(p; 1).
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D C C"is denoted by L2(D). The reproducing kernel for the
evaluation L2(D) 3 f + f(z) € C is called the Bergman kernel of
D and is denoted by Kp(-, z).

In particular, Kp(-,z) € L2(D), f(z) = [p f(w)Kp(w,z)dL*"(w),
f € L2(D). We also have Kp(w, z) = Kp(z, w).

If (¢;); is a complete orthonormal system of L?(D) then

Kp(w,2) = > ¢i(w)e;(2). (5)

jed

We also put Kp(z) :== Kp(z,z) >0

The following formula holds
Kp(z) = sup{|f(2)|* : f € L(D), |f|| < 1}. (6)
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In the case n =1 we denote (p(z) := fp(z; 1),
Mp(z) := Mp(z; 1).
We say that a bounded domain D C C" is
e Bergman exhaustive at zg € 0D if limps,_,,, Kp(z) = oo,

@ Bergman exhaustive if D is Bergman exhaustive at every
zo € 0D,

e Bergman complete if the metric space (D, bp) is complete.

In dimension one we may analoguously introduce [-exhaustiveness
of a bounded domain.
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singularity for L2(D) (i. e. there is an open neighborhood U of zg
such that any function from L2(D) extends analytically to D U U)
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The above theorem has also a higher dimensional analogue.
There is another relation between the Bergman kernel and the
Green function in dimension one.

Let D be a domain in C. Then %gjvgé’z(w,z) = Kp(w, z),

w,ze D, w# z.
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One may explicitly calculate that A]%) = wKp. N. Suita conjectured
(1972) that A% < wKp for any planar domain. After some partial
results had been obtained (Suita, Ohsawa, B.-Y. Chen, Btocki) the
(positive) solution was presented in 2013 by Z. Btocki.

Later the result was extended to a sharp version (describing the
situation when the equality holds) and for the Riemann surfaces
(Q. Guan, X. Zhou, 2014).

It is interesting that in the proof of the one-dimensional problem
methods of SCV were used.
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As already mentioned the methods used in the proof of the Suita
conjecture were higher dimensional. The analysis of the proof led
to its following higher dimensional version.The key observation was
that for hyperconvex domains we have

e 2™ \({gp(w,-) < t}) = A(IH(w)) as t — —oc.

This led to SCV version of the Suita conjecture.

(Biocki—Zwonek, 2015) Let D be a bounded pseudoconvex
domain in C". Then
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Remark 1. For n =1 one has A(I5(w)) = m/Ap(w)?.

2. If D is convex then I5(w) = I5(w). K here comes from the
Kobayashi metric.In other words

I5(w) :={£'(0) : ¢ € O(D, D), p(0) = w}.

3. In the case D is not pseudoconvex but smooth we have no lower
estimate as above (Nikolov).
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The problems behind the proof of the Suita conjecture

Conjecture For D pseudoconvex and w € D the function
(—00,0) 5 t— e 2" A({gp(w, ") < t})

is non-decreasing.

It would easily follow if we knew that the function
t— log \({Gw < t})

is convex on (—o0, 0]. Fornaess however constructed a
counterexample to this (already for n = 1).

Theorem The conjecture is true for n = 1.
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Kp(v/r)
(Ap(Vr))?

—2logr
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What about the corresponding upper bound in the Suita
conjecture?
Not true in general:

Proposition Let D = {r < |z| < 1}. Then

Kp(vr)  —2logr
(Ap(vr)> = =

It would be interesting to find un upper bound of the Bergman
kernel for domains in C in terms of logarithmic capacity which
would in particular imply the = part in the well known equivalence
(due to Carleson)

Kp>0 < Ap >0

(A% < 7Kp being a quantitative version of <).
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domains:

Theorem For a convex D and w € D set
Fo(w) := (Kp(w)A(I5(w)))
Then Fp(w) < 4.

1/n
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The upper bound in the SCV Suita conjecture holds for convex
domains:

Theorem For a convex D and w € D set
P 1/n
Fo(w) := (Kn(w)A(IE(w))) ™"
Then Fp(w) < 4.

Sketch of the proof Denote / := int I;;(w) and assume that w = 0.
One can show that / C 2D. Then

_ M)
—(1/2)
If D is in addition symmetric w.r.t. w then
Fp(w) <16/72 = 1.621....

n

Kp(0)A(!) < Kj2(0)A(1)

Remark The proof of the optimal lower bound Fp > 1 used 0.



SCV Suita conjecture — continued

The upper bound in the SCV Suita conjecture holds for convex
domains:

Theorem For a convex D and w € D set
P 1/n
Fo(w) := (Kn(w)A(IE(w))) ™"
Then Fp(w) < 4.

Sketch of the proof Denote / := int I;;(w) and assume that w = 0.
One can show that / C 2D. Then

_ A0
CA(1/2)
If D is in addition symmetric w.r.t. w then
Fp(w) <16/m% =1.621....

n

Kp(0)A(!) < Kj2(0)A(1)

Remark The proof of the optimal lower bound Fp > 1 used 0.
The proof of the (probably) non-optimal upper bound Fp < 4 is
much more elementary!
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SCV Suita conjecture — continued

For domain D the function
1

Fo(w) = (A(IA(w))Kp(w))) /"
is a biholomorphically invariant function satisfying for convex D
the inequalities 1 < Fp < 4.
e Find a convex example with Fp # 1.
e What are the properties of the function w —— A(/p(w))?
e In case D is C-convex the upper estimate above is 16.

e What is the optimal upper bound for Fp for convex domain D?
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The function Fp is a biholomorphic invariant.

For the balanced pseudoconvex domain D C C" we have
Fp(0) = 1.

Therefore, we have Fp = 1 in the case Aut D is additionally
transitive (unit ball, polydisc).

In the case D being strongly pseudoconvex we have

li F =1.
Nim Fo(w)

In all known pseudoconvex domains the above property also holds.



Graph of Fp - example

~10 -8 -6 -4 2
K
WA%D for D — {e_5 < |z| < 1} as a function of 2log |w|
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SCV Suita conjecture: convex case — discussion

For convex domains it was not so simple to find examples such
that Fp # 1.

In the case of C-convex domains the example was much easier to
find — it was the symmetrised bidisc

Ga i ={(w+z,wz): w,z € D}.

As we shall see the examples we could find had the possible values
differing very little from 1.
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First example of convex D with Fp # 1

E(p,q)={z¢€ C?: 121!2" + |22|2q <1}, p,g>1/2

Blank-Fan-Klein-Krantz-Ma-Pang (1992) found implicit formulas
for the Kobayashi function of £(m, 1). They can be made explicit
for m = 1/2. Using this one can prove

Theorem For D = {|z1] + |z|?> < 1} and b € [0,1) one has

AIp((b,0))) = 7;}2(1 — b)3(1+3b+3b% — b3)

and
(1 - b)3b?

A(Ip((b,0)))Kp((b,0)) =1+ KT



Fp # 1 - first example, graph

1.0020 -
1.0015 -
1.0010 -

1.0005

0.2 0.4 0.6 0.8 1.0

Fp((b,0)) for D = {|z1| + |2|?> < 1}
I



Further examples - ellipsoids

Although the Kobayashi function of £(m, 1) is given by implicit
formulas, it turns out that the volume of the Kobayashi indicatrix
can be computed explicitly:



Further examples - ellipsoids

Although the Kobayashi function of £(m, 1) is given by implicit
formulas, it turns out that the volume of the Kobayashi indicatrix

can be computed explicitly:
Theorem For D = {|z1]*™ + |z|?> < 1}, m > 1/2, and b € [0, 1)

one has
A(Ib((b,0)))
— 22| m-—1 pom+2 _ 3(m—1) 2m+2
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Further examples - ellipsoids

Although the Kobayashi function of £(m, 1) is given by implicit
formulas, it turns out that the volume of the Kobayashi indicatrix
can be computed explicitly:

Theorem For D = {|z1|>™ + |z|?> < 1}, m > 1/2, and b € [0,1)
one has

AlIb((p,0)))

— 22| m-—1 pom+2 _ 3(m—1) 2m+2
2m(3m —2)(3m — 1) 2m(m —2)(m+1)
m 3m 4m—1 m
b° bt — b+ ——| .
+2(m—2)(3m—2) +3m—1 2m +m—|—1
For m=12/3

2
MIp((b,0))) = % (—65b6 + 40b% log b 4 160b* — 27b%/3 — 10062 + 3z
and m=2

7.‘_2

A(Ip((b,0))) = ~— (—3b™ — 25b° — 120b° log b + 288b* — 420b% + 16(
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Formula for Fp — sketch of the proof

About the proof Main tool: Jarnicki-Pflug-Zeinstra (1993) formula
for geodesics in convex complex ellipsoids. If

CoU>z+—(f(2),g(2)) € 0l

is a parametrization of an S'-invariant portion of 9/ then the
volume of the corresponding part of / is given by

7T
> | @I, (10)
U
where
H= 1Pz~ la:P) + 8P~ £12) + 2R (Fa(Fa: — Fe2)).

Both H and the integral (10) are computed with the help of
Mathematica.
The same method is used for computations in other ellipsoids.
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For D = {|z1|*™ + |z2|> < 1} the formula for the Bergman kernel is

well known:

1ym—2 (1/m+ 1)(1 = [wo)V™ + (1/m — 1)|w|?
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Y

so that L )b2
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Proof — continued

For D = {|z1|*™ + |z2|> < 1} the formula for the Bergman kernel is

well known:

1ym—2 (1/m+ 1)(1 = [wo)V™ + (1/m — 1)|w|?
(1 = WPyt — [waf?)?

Y

Ko(w) = —(1-|wsP)

so that
m+1+(1— m)b?

Kollh.0) = —arid — ey

Since for t € R and a € A the mapping

w(L—a2)2m oz )

(1 - 522)1/'" 2 1-azn

D92b—><e

is a holomorphic automorphism of D, Fp((b,0)) for b € [0,1)
attains all values of Fp in D.
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Formulas - graphs

1.010 -
1.008 -

1.006 -

1.002 -

0.2 0.4 0.6 0.8 1.0

Fp((b,0)) in D = {|z1]*™ + |z|?> < 1} for m = 1/2,4,8,16,32,64,128

sup Fp((b,0)) — 1.010182... as m — ¢
0<b<1

" TR
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Analyticity of Fp — counterexample

Theorem For D = {|z1| + |z2| < 1} and b € [0,1) one has

A(Io((,0))) = (1 = b)*((1 — b)* +8b)

and
1-b)*
(5, 0))Kp((b,0)) = 1+ b2\ :
(Io((5,0)))Ko((6,0)) =1+ B2 (1~ 5a
The Bergman kernel for this ellipsoid was found by Hahn-Pflug
(1988):
Kp(w) 2 3(1— w1+ [wl) + 4waf*|n2f?(5 — 3|w[?)
D = 5" )
m ((1 = (W) = dlwaf2|wa?)’
so that ( 2)
6(1+ b
Kp((b = .
D(( ’0)) 7[_2(1 — b2)4

In all examples so far the function w — A(/p(w)) is analytic. Is it
true in general?



Analyticity of Fp - counterexample, continued

Theorem For D = {|z1| + |z2| < 1} and b € [0,1/4] one has

2
A(Ip((b, b)) = %(3Ob8—64b7+80b6—80b5+76b4—16b3—8b2+1).
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Analyticity of Fp - counterexample, continued

Theorem For D = {|z1] + |z2] < 1} and b € [0,1/4] one has

2

A(Ip((b, b)) = E(30b8—64b7+80b6—80b5+76b4—16b3—8b2+1).
For b € [1/4,1/2)

272b(1 — 2b)3 (-21;3 +3b2 — 6b+ 4)
A(Ip((b, b))) =

3(1 — b)2
7r (3ob1° — 124b% + 238b% — 17667 — 2606° + 424b° — 766 — 144b° 4 89b? — 18b + 1)
+
6(1 — b)?
( - 4b — 1)
X arccos -
212
(1 — 2b) (—180b" + 444b° — 55455 + 754b% — 1214b% + 92267 — 305b + 37
+ ( ) Vab —1
72(1 — b)
4mb(1 — 2b)* (762 +2b — 2
( ) arctan \/4b — 1
3(1 — b)2
4mb?(1 — 2b)*(2 — b) 1-3b
arctan .
(1—b)2 (1 — b)vab —1
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Analyticity of Fp - counterexample, continued

By x_(b), resp. x+(b), denote A(Ip((b, b))) for b < 1/4, resp.
b>1/4 Thenatb=1/4

15887 ,  , 3521

X= =X+~ 106608 X+ 7 Te1a4”
215 1785
no_r 2 (3): (3)_ 2
X= T X7 ez 0 X T T g
but 1549
4 4
W= =

Corollary For D = {|z1] + |z| < 1} the function w — A(Ip(w)) is
not C3! at w = (1/4,1/4).



Analyticity of Fp - counterexample, continued

1010}
1.008|
1.006 |-
10041
1002}

1,000

0.0 0.1 0.2 0.3 0.4 0.5

Fo((b, b)) in D = {|z1| + |z| < 1} for b € [0,1/2)



Kobayashi criterion for Bergman completeness

The following is a basic tool in the study of the Bergman
completeness.

(Kobayashi, 1960) Let D be a bounded domain in C".
Assume that there is a dense set E C L%(D) such that for any
sequence (z¥) C D without accummulation point in D the equality

v)|2
()
V—00 KD(z”)

=0, fekE (11)

holds. Then D is Bergman complete.
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there is u € PSH™(D) N C(D) such that lim,_,9p u(w) = 0 (such
a function is called negative exhausting). In dimension one
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there is u € PSH™(D) N C(D) such that lim,_,9p u(w) = 0 (such
a function is called negative exhausting). In dimension one
hyperconvexity means regularity (and we may take v := gp(p, -))

(Ohsawa, 1993, Btocki-Pflug, 1998, Herbort, 1998)
Let D be a bounded hyperconvex domain. Then D is both
Bergman complete and Bergman exhaustive.

There are examples of Bergman complete and exhaustive domains
that are non-hyperconvex (we shall see the examples in dimension
one later).

In 2000 Bo-Yong Chen showed that in dimension one the Bergman
exhaustivity implies the completeness (the Hartogs triangle

{z € C?: |z| < |z]|} is a counterexample for the converse
implication in dimension two).



Potential theory comes into play

Let D be a bounded domain in C, z € C, k € N. Define

“ -_ 1/4 dé
b (2) -—/0 §2k+3(—log c(A(z,6) \ D))’ 1
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Let D be a bounded domain in C, z € C, k € N. Define

“ -_ 1/4 dé
b (2) -—/0 §2k+3(—log c(A(z,6) \ D))’ 1

It is easy to see that

o0 02(k+1)j e 22(k+1)j
9—2k-3 < AR () < 92k+3
2 T ca@ o) = O =L S o)
(13)
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Potential theory comes into play — continued

We also need the following function. For a non-polar compact
K C C define

dy (A
fe(2) ;:/ GV o\ k. (14)
K A—Zz
We also put fx = 0 when K is polar.Note that

op,
2HK = fi. 15
0z K (15)
It is easy to see that fx € O(C\ K).

Before we formulate the main tools in the study of the Bergman
functions in the complex plane let us generalize the notions used in
the definition of the Bergman kernel and the Bergman metric.
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Potential theory comes into play — continued

For a domain D C C, z € D and k € N consider the following
linear functionals

L2(D) > f — fW(z) e C. (16)

And let us denote the operator norm of the above operator by
KP(2).

Note that Kp(z) = Kg))(Z), Mp(z) < Kl(gl)(z)-



Estimates of the operator norms in terms of the

potential-theoretic objects

The main result on the norms is the following.

(Pf/ug—Zwonek, 2003) Fix k € N, d > 1. Then thereis a
C > 0 such that

e for any bounded domain D with diam(D) < d the inequality
c¥(2) < kY(2), z € D, holds;
e for any bounded domain D with l/d < diam(D) < d the

inequality Ké)( ) < Cmax{l,’yD (z )(IogyD (2))’}, ze D,
holds




Direct consequences of estimates of the norms on

Bergman functions

We get directly the following.

Let D be a bounded domain in C, zy € OD. Then the following are
equivalent
o |imD32~>Zo ’YD(Z) = o0,

e D is Bergman exhaustive at zy.
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We do not have yet the characterization of Bergman completeness
w.r.t. the potential theoretic objects. However, a full
characterization of Bergman exhaustiveness, Bergman
completeness and hyperconvexity in the class of Zalcman-type
domains is known.

The domain D :=D\ <Uj.i1 A(xx, re) U {0}) where

X > xj41 > 0, x; = 0, Axj, 17) € D, A, 1) N Ak, i) = 0,
Jj # k, is called a Zalcman-type domain.
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Zalcman-type domains — results

(Jucha, 2004) Let D be a Zalcman-type domain as above such
that additionally there is a 6 € (0,1) that X’X—jl < 6. Then

o D is Bergman exhaustive iff y 2, 2771 = o0,
= x: log rj

e D is Bergman complete iff| J°, — L1 — =

g P Uza P ,

e if there is additionally ' > 0 such that §' < XJTT‘ then D is

. log x;
hyperconvex iff 3, IZ?:’_ =
4

The above theorem allows us easily to construct examples of the
Zalcman-type domains of the following types:

@ Bergman complete that are not hyperconvex,

@ Bergman complete that are not Bergman exhaustive.
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