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1. Statement of Problem 1.1. Notations

Notations

o RY denotes the d-dimensional Euclidean space, d > 2.
The unit open ball in RY is given by BY := {x : |x| < 1}.
The unit sphere in R? is S971 := {x : [x| = 1}.
Distance on the sphere is the geodesic distance, or the distance of x
and y on the largest circle on S9~1 that passes through these points
on the sphere, p(x,y) := arccos(x - y).
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1. Statement of Problem 1.1. Notations

Notations

o RY denotes the d-dimensional Euclidean space, d > 2.
The unit open ball in RY is given by BY := {x : |x| < 1}.
The unit sphere in R? is S971 := {x : [x| = 1}.
Distance on the sphere is the geodesic distance, or the distance of x
and y on the largest circle on S9~1 that passes through these points
on the sphere, p(x,y) := arccos(x - y).

e By J, = c’% we denote differential operator in direction e,. Then

o = 8161 e 85" is a differential operator of order |,
V:=(01,...,04) and A := 9% + - - - + 03 stays for the Laplacian.
By Ag we denote the Laplace-Beltrami operator on S9—1,
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1. Statement of Problem 1.1. Notations

Functional spaces

o H(B?) :={U:B? — R:AU = 0} - the set of harmonic functions
in BY.
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1. Statement of Problem 1.1. Notations

Functional spaces

o H(B?) :={U:B? — R:AU = 0} - the set of harmonic functions
in BY.
@ Hardy spcees HP, 0 < p < oc:

HP = HP(BY) := {U € H(BY) : |U||pe := sup [|U(r)|lp < o0},
0<r<1

0l = (w5 [, IU(rn)Ide'(n))l/p-
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1. Statement of Problem 1.1. Notations

Functional spaces

o H(B?) :={U:B? — R:AU = 0} - the set of harmonic functions
in BY.
@ Hardy spcees HP, 0 < p < oc:

HP = HP(BY) := {U € H(BY) : |U||pe := sup [|U(r)|lp < o0},
0<r<1

0l = (w5 [, IU(rn)I"dO'(n))l/p-

o Harmonic Besov spaces By? = B;7(B)

e Harmonic Triebel-Lizorkin spaces F;7 = F;9(B9)
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1. Statement of Problem 1.2. Main theorem

Main theorem

Let d > 2,0 < p < oo, s>0. There exists ¢ = ¢(d, p, s) such that for
every Ue B, 1/t =s/(d —1)+1/p, and every n € N there exists
ck €ER, ay €RY, |ag| > 1, k=1,2,...,n, such that

IU = glle < en™*/\ DU s,

where .
g(X):ZCk|ak_X|_d+27 d23a
k=1
n
g()=> alnl/ja—x|, d=2.
k=1 )
The theorem remains true if B:7 is replaced by F;7. )
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1. Statement of Problem 1.3. Scheme of proof

Scheme of proof

The proof consists of the following steps:

o

2]
o

Equivalence between Besov spaces B;?(B9) of harmonic functions on
the unit ball BY and Besov spaces B;7(S?~1) of distributions on the
unit spere S9-1

Frame theory in quasi-Banach spaces

Construction of new frames by “small perturbation” of “nice” existing
frames in quasi-Banach spaces

Construction of combinations of a fixed number of Newtonian
potentials which are well localized on S9~1.

Frame elements consisting of a fixed number of Newtonian potentials;

Construction of nonlinear n-term approximation of harmonic functions
by Newtonian potentials
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2. Function spaces on the ball and on the sphere 2.1. Besov and Triebel-Lizorkin spaces on the unit ball

Spherical harmonics

@ The restriction to SY~1 of a harmonic homogenious polynomial in RY
of degree k is called a spherical harmonic of order k.

o Hy = Hﬂ denotes the space of all spherical harmonics of order k on

Sdfl
o If f € Hy and U(r€) = r*f(&) for r € [0,00) and ¢ € S9!, then
AU =0.

o The dimension of Hy is N(k,d) = 2ktd=2 (kFd3)  jd-1

o Let {Yyi:j=1,...,N(k,d)} be any reaI valued orthonormal basis
for Hi. The kernel Py (x - y) of the orthogonal projector onto Hy has
the representation

N(k,d)
Pr(x - y) Z Yig(x)Yi(y), x,y €S9
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2. Function spaces on the ball and on the sphere 2.1. Besov and Triebel-Lizorkin spaces on the unit ball

Coefficients of harmonic functions

o The coefficients c,;(U) of U € H(BY) are defined by

(V)= [ Ul V(o)

for some 0 < p < 1.
@ ¢,j(U) are independent of the choice of p € (0,1).
o U € H(B) has the representation

o N(k,d)

u(re) = Z Z aj(U)Yi(€), 0<r<1, ¢es9t

o We shall be interested in harmonic functions U € H(B9) such that
lej(U)] < c(k+ 1), j=1,...,N(k,d), k=0,1,..., (1)

for some constants ¢ € R and ¢ > 0 depending on U.
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2. Function spaces on the ball and on the sphere 2.1. Besov and Triebel-Lizorkin spaces on the unit ball

For any U € H(BY), obeying (1), and 3 € R we define

o0 N(k.d)
FU(re) => Mk +1)° Y ci(U)Yig(€), 0<r<1, £es?h
k=0 Jj=1

The above series converges absolutely and uniformly on every compact
subset of BY and hence JPU is a well defined harmonic function on B¢.
For 8> 0, J? is called the Weyl derivative of f of order 3.
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2. Function spaces on the ball and on the sphere 2.1. Besov and Triebel-Lizorkin spaces on the unit ball

For any U € H(BY), obeying (1), and 3 € R we define

00 N(k,d)
u(r§) = Zrk Z ai(U)Yi(€), 0<r<1, €89t
k=0 j=1

The above series converges absolutely and uniformly on every compact
subset of BY and hence JPU is a well defined harmonic function on B¢.
For 8> 0, J? is called the Weyl derivative of f of order 3.

Let s€R, 0< p,qg < o0, and B := s+ 1. The harmonic Besov space B,’
is defined as the set of all U € H(B?) such that

' 9 1/q .
Ul o= (| (1= O U fygnydr) <0 i o0

and

|Ulgs= = S (1 = )2 SPU(r )| ppge-1y < o0

V.
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2. Function spaces on the ball and on the sphere 2.1. Besov and Triebel-Lizorkin spaces on the unit ball

LetseR, 0<p<oo,0<g<o0, and §:=s+ 1. The harmonic
Triebel-Lizorkin space F,7 is defined as the set of all U € H(B?) such that

ez o= ([ @)=t ugeypsar) ]
0

and

(=) < oo ifg#o

|Ullege = | sup (1- Y21 (e~ %
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2. Function spaces on the ball and on the sphere 2.1. Besov and Triebel-Lizorkin spaces on the unit ball

Definition
LetseR, 0<p<oo,0<g<o0, and §:=s+ 1. The harmonic
Triebel-Lizorkin space F,7 is defined as the set of all U € H(B?) such that

0l = | ([ @ uepsar) |

and

(=) < oo ifg#o

Ul = | e = =120t

< 0
LP(S9-1)

e The quasi-norms for B’ or F;7 are independent of the choice of
{Yij:j=1,...,N(k,d)} — the real valued orthonormal basis for #.
Choosing an arbitrary 3 > s in the above quantities will give
equivalent quasi-norms for Bp? or Fp.

(]

By? or Fp7 are quasi-Banach spaces (Banach spaces if p, g > 1)

The real interpolation methods preserve the system of spaces B,? or
Fp? for fixed p.
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

@ Zonal functions on S?71: f(x) = F(¢ - x) for some ¢ € S9! and
F:R—R.
Similar functions in R9: radial or ridge functions.
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

e Zonal functions on S?71: f(x) = F(¢ - x) for some ¢ € S971 and
F:R—=R.
Similar functions in R9: radial or ridge functions.

@ A strange convolution on S9-1:

(F+g)(x) = /S F(x-y)g(y)da(y) Vxesd

For d > 3 a convolution f x g on SY~1 with the usual properties is
possible only if one of f and g is zonal. Reason: the group of
rotations on S971, i.e. in RY, is not comutative.
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

e Zonal functions on S?71: f(x) = F(¢ - x) for some ¢ € S971 and
F:R—=R.
Similar functions in R9: radial or ridge functions.

@ A strange convolution on S9-1:

(F+g)(x) = /S F(x-y)g(y)da(y) Vxesd

For d > 3 a convolution f x g on SY~1 with the usual properties is
possible only if one of f and g is zonal. Reason: the group of
rotations on S971, i.e. in RY, is not comutative.

@ The class of test functions: S := C>(S971) consisting of all
functions ¢ on S9! such that

1Pk x dll2 < c(¢,m)(1+ k)=" Yk, m > 0.

The topology in S is defined by the sequence of norms

N(k,d)
= >kt )" IPex ol = S (k+1)"( Z 6. Yig) )™
k>0 k>0
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

Distributions on S9-1

@ The space S’ := S'(S971) of distributions on S?~1 is defined as the
space of all continuous linear functionals on S.

@ The pairing of f € 8’ and ¢ € S will be denoted by (f, ¢) := (o),
which is consistent with the inner product (f, g) := [,_, fgdo on
L2(S971h).

@ More precisely, S’ consists of all linear functionals f on S for which
there exist constants ¢ > 0 and m € Ny such that

(F,8)] < cQm(d) Vo €S
e For any f € &' we define Py * f by
Pk x f(x) := (f,Pi(x - ®)).
Hence Py x f € Hy and for some ¢ > 0 and m € Ny we have
[P fll2 < c(k+1)" Vk >0,
(F, Vi) <c(k+1)" Vk>0,j=1,...,N(k,d).
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

(a) To any U € H(B) with coefficients satisfying (1) there corresponds a
distribution f € &’ (the boundary value function) defined by

N(k,d)

f —Z Z ckj(U)Yy; (convergence in &)
k>0 j=1

with coefficients (f, Y;) = cxj(U).

v
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2. Function spaces on the ball and on the sphere ~ 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

Theorem

(a) To any U € H(B) with coefficients satisfying (1) there corresponds a
distribution f € &’ (the boundary value function) defined by

N(k,d)

f —Z Z ckj(U)Yy; (convergence in &)
k>0 j=1

with coefficients (f, Y;) = cxj(U).

(b) To any distribution f € S’ with coefficients cj(f) := (f, Yjj) there
corresponds a harmonic function U € H(B?) (the extension of f to BY)
defined by

N(k,d)

(X Yig (7)1l <1
k=0 j=1

with coefficients ¢,;(U) = cyj(f) obeying (1), where the series converges
uniformly on every compact subset of BY.
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

Littlewood-Paley decomposition of distributions

Let the cut-off function ¢ € C>°[0, 00) be such that supp ¢ C [1/2,2],
o(t) >0 for t € [3/5,5/3], and

icp(fft) =1 forte[l,0).

Set

Littlewood-Paley decomposition of distributions

ZCDJ- xf=f forall f eS8 (convergencein §’).
j=20
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

Let se Rand 0 < g < o0.

Besov spaces on S9!

The Besov space By := Bp'(S971), 0 < p < oo, is defined as the set of all
distributions f € S’ such that

£l = (3 (29195 = Flusesy) )" < o

j=0

where the ¢9-norm is replaced by the sup-norm if g = oc. )
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

Let se Rand 0 < g < o0.

Besov spaces on S9!

The Besov space By := Bp'(S971), 0 < p < oo, is defined as the set of all
distributions f € S’ such that

Il 2= (3 (29105 Flinees) )7 < oo

j=0

where the £9-norm is replaced by the sup-norm if g = co. )

Triebel-Lizorkin spaces on S9!

The Triebel-Lizorkin space Fp? := qu(Sd_l), 0 < p < o0, is defined as
the set of all distributions f € S’ such that

> ] 1/q
[p— s - . q
|l = H(J_EO: (@105 FON) | gosy < 2
where the £9-norm is replaced by the sup-norm if g = oo. )
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

o All cut-off functions ¢ in the above quantities will give equivalent
quasi-norms for B! or F,7.

e B, and F,7 are quasi-Banach spaces (Banach spaces if p,q > 1)

e B, and F,? are continuously embedded in &', i.e. for any s € R and
0 < p, g < 0o there exist constants ¢ > 0 and m € Ny such that

[(F,0)] < cllfll g Qm(¢), Ve B Vo e,

and similarly for the Triebel-Lizorkin spaces F,°.
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

o All cut-off functions ¢ in the above quantities will give equivalent
quasi-norms for B! or F,7.

e B, and F,7 are quasi-Banach spaces (Banach spaces if p,q > 1)

e B, and F,? are continuously embedded in &', i.e. for any s € R and
0 < p, g < 0o there exist constants ¢ > 0 and m € Ny such that

[(F,0)] < cllfll g Qm(¢), Ve B Vo e,

and similarly for the Triebel-Lizorkin spaces F,°.

Theorem

(a) Let s€ R, 0 < p,q < oo. A harmonic function U € B, if and only if
its boundary value distribution f = f; belongs to B;’, moreover

[Ullgze ~ lIfllsze-

(b) Let se R, 0 < p <00, 0< g <oo. Aharmonic function U € F;7 if
and only if its boundary value distribution f = fy; belongs to F,?,
moreover ||U||gsa ~ || f]| 9.

v
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

@ Embeddings for Besov and Triebel-Lizorkin spaces;
o Classical spaces on S91:

o FRrL,ifl1<p<oo,

° ]-'gzzHPif0<p§1,

o Fi? ~ W; Sobolev spaces for integer s,
° .7-';2 ~ Bessel potential spaces;

q

e B, coincide with approximation spaces
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2. Function spaces on the ball and on the sphere 2.2. Besov and Triebel-Lizorkin spaces on the unit sphere

@ Embeddings for Besov and Triebel-Lizorkin spaces;

o Classical spaces on S91:
° fﬂzszif1<p<oo.
o FR~HPiIf0O<p<I,
}'52 ~ W; Sobolev spaces for integer s,
° .7-'52 Bessel potential spaces;

e B, coincide with approximation spaces

Besov and Triebel-Lizorkin spaces on B9 and S9-1:
o Greenwald 1974, 1977, Besov spaces termed “Lipschitz spaces” on
St 1< p,q < oo
@ Oswald 1983, d = 2, “On Besov-Hardy-Sobolev spaces of analytic
functions in the unit disc”
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Quasi-Banach spaces

Denote by S := C>®(S?71) and let S’ be its dual. Let B = B(S9 1) c &
be a quasi-Banach space of distributions on S9-1 with quasi-norm || - ||ss,
which is continuously embedded in S’. Further, we assume that S is a
dense subset of ‘8.
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Quasi-Banach spaces

Denote by S := C>®(S?71) and let S’ be its dual. Let B = B(S9 1) c &
be a quasi-Banach space of distributions on S?~1 with quasi-norm || - ||,
which is continuously embedded in S’. Further, we assume that S is a
dense subset of B.

We also assume that b = b(X) with quasi-norm || - || is an associated to
B quasi-Banach space of real-valued sequences with domain a countable
index set X'. Coupled with a frame W the sequence space b will be utilized
for characterization of the space ‘B.
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Quasi-Banach spaces

Denote by S := C>®(S?71) and let S’ be its dual. Let B = B(S9 1) c &
be a quasi-Banach space of distributions on S?~1 with quasi-norm || - ||,
which is continuously embedded in S’. Further, we assume that S is a
dense subset of B.

We also assume that b = b(X) with quasi-norm || - || is an associated to
B quasi-Banach space of real-valued sequences with domain a countable
index set X'. Coupled with a frame W the sequence space b will be utilized
for characterization of the space ‘B.

The triangle inequalities in B and b are (k* > 1)

I+ flls < w (Al + [ £lls). VA, 6 € B,
Iy + hallo < w*(llbnllo + | halls), Vo, bz € b.

Examples: B = B/(S771), b = b7(X); B = F7(S91), b = £,9(X)
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Old frame

V= {1 : £ € X} C Sis a tight normalized frame in L2
1Fllz = || (F,0e) e VF € L2
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Old frame

V= {1 : £ € X} C Sis a tight normalized frame in L2
1Fllz = || (F,0e) e VF € L2

Hence, for every f € L? we have the representation

f=> (five)e inl>

fex
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Old frame

V= {1 : £ € X} C Sis a tight normalized frame in L2
Il = 1 {F ) o VF € L2
Hence, for every f € L? we have the representation
f=> (five)e inl>
{ex

We also assume that W is a frame for B in the following sense:
Al. Forany f €%

F= Y (fvdve in®

fex
A2. For any f € B the sequence {(f,1¢)} € b(X) and there exist
constants A*, B* > 0 such that
A(Iflls < 1(F, ve) lloy < B Flss-

We call W the “old frame”. Examples for W: needlet systems.
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Frames in Hilbert spaces

Our aim is by using the idea of “small perturbation argument” to construct
a new system © := {0 : { € X'} C S called a "new frame” with some
prescribed features and which is: (i) a frame for L2 and (ii) a frame for B.
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Frames in Hilbert spaces

Our aim is by using the idea of “small perturbation argument” to construct
a new system © := {0 : { € X'} C S called a "new frame” with some
prescribed features and which is: (i) a frame for L2 and (ii) a frame for 5.
© is a frame for L2 if there exist constants A, B > 0 such that

Allflliz < II{f,0¢) 2y < BlIf 2 VF € L2,
If A= B — tight frame
If A= B =1 — tight normalized frame (tight Parseval frame)
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Frames in Hilbert spaces

Our aim is by using the idea of “small perturbation argument” to construct
a new system © := {0 : { € X'} C S called a "new frame” with some
prescribed features and which is: (i) a frame for L2 and (ii) a frame for 5.
© is a frame for L2 if there exist constants A, B > 0 such that

Allflliz < II{f,0¢) 2y < BlIf 2 VF € L2,
If A= B — tight frame
If A= B =1 — tight normalized frame (tight Parseval frame)

@ basis and frame; every basis is a frame

e if a frame is not a basis, then it is redundant (overdetermined);
frame disadvantage: there is no unique representation

o frame advantage: frame elements may have additional properties,
which basis elements could not posses.
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Frames in Hilbert spaces

Our aim is by using the idea of “small perturbation argument” to construct
a new system © := {0 : { € X'} C S called a "new frame” with some
prescribed features and which is: (i) a frame for L2 and (ii) a frame for 5.
© is a frame for L2 if there exist constants A, B > 0 such that

Allflliz < II{f,0¢) 2y < BlIf 2 VF € L2,

If A= B — tight frame
If A= B =1 — tight normalized frame (tight Parseval frame)

@ basis and frame; every basis is a frame
e if a frame is not a basis, then it is redundant (overdetermined);
frame disadvantage: there is no unique representation
o frame advantage: frame elements may have additional properties,
which basis elements could not posses.
Frames: Duffin, Schaeffer 1952; Daubechies 1985-1993; Meyer
1985-1990; Mallat 1989-1992.
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Definition. © :={f¢ : { € X'} C L? is a frame for the quasi-Banach space
B with associated sequence space b if:
B1. There exist constants A], Bf > 0 such that

Aillflls < 1, 0¢) [lo < Billflls  VF e B,

where (f, 0¢) is defined by (f,0¢) := >,y (f,¥n) (¥, ).
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Definition. © :={f¢ : { € X'} C L? is a frame for the quasi-Banach space
B with associated sequence space b if:
B1. There exist constants A], Bf > 0 such that
Aillflls < 1, 0¢) [lo < Billflls  VF e B,

where (f, 0¢) is defined by (f,0¢) := >,y (f,¥n) (¥, bg).
B2. The frame operator S : B — B defined by Sf = ., (f,0¢) O¢ is

bounded and invertible on B; S~ is also bounded on 9B and

ST = (f,S'0)S 6 inB.
gex

K. lvanov, P. Petrushev (IMl, IMI) Newtonian Potentials 2015 20 / 43



3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Definition. © :={f¢ : { € X'} C L? is a frame for the quasi-Banach space
B with associated sequence space b if:
B1. There exist constants A], Bf > 0 such that
Aillflls < 1, 0¢) [lo < Billflls  VF e B,

where (f, 0¢) is defined by (f,0¢) := >,y (f,¥n) (¥, bg).
B2. The frame operator S : B — B defined by Sf = ., (f,0¢) O¢ is

bounded and invertible on B; S~ is also bounded on 9B and

ST = (f,S'0)S 6 inB.
gex

B3. There exist constants A3, By > 0 such that
Aslfllss < (£, 5720c) llo < B3Ifllss ¥ F € B,
where as above (f,S710¢) == 7, < (F,4y) (1by, S™10¢).
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3. Construction of new frames by “small perturbation” 3.1. Frames in quasi-Banach spaces

Definition. © :={f¢ : { € X'} C L? is a frame for the quasi-Banach space
B with associated sequence space b if:
B1. There exist constants A], Bf > 0 such that

Aillfllss < [I(f,0¢) [lo < Bil[flls Vf € B,

where (f, 0¢) is defined by (f,0¢) := >,y (f,¥n) (¥, bg).
B2. The frame operator S : B — B defined by Sf = ., (f,0¢) O¢ is

bounded and invertible on B; S~! is also bounded on B and

ST = (f,S'0)S 6 inB.
fex
B3. There exist constants A3, By > 0 such that
A3l flles < II(F, S7106) llo < BslIflls ¥ f € B,

where as above (f,S710¢) == 7, < (F,4y) (1by, S™10¢).
B4. For any f € B we have

F=> (f.50)0:=> (f0)S 0 inB.
Eex cex
Remark. If 8 = [2, then B2, B3 and B4 follow from B1.
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3. Construction of new frames by “small perturbation” 3.2. Construction of new frames by “small perturbation”

Given the old frame W and a new frame © we set

agn)emex,  agy = (UnVe)

= (ag)

= (be)enexs  bey = (On 1) ,

= (cenlemexs  Cem = (tn,be)
D :=(dep)emex, den = (¢, e —bg)
E:=(ecn)emex, e = (¥n— Op i)

Let the operators with matrices A, D, E be bounded on ¢2(X) and on b:
IAlese < Gy [Dllese <7, Elese <7

[Allo—e < &, [IDllo—o <%, [[Ellose <"
In view of C=A —D,B = A — E we get

HBHK2—>Z2 < C1 +, HCHﬁ—)Z? < Cl + v;
IBllo—s < £°(Ci +7%) [Cllo—o < £7(CF +77),

i.e. the operators with matrices B, C are also bounded on £2(X’).and on b.
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3. Construction of new frames by “small perturbation” 3.2. Construction of new frames by “small perturbatio

v<1

then © is a frame for L2.
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3. Construction of new frames by “small perturbation” 3.2. Construction of new frames by “small perturbatio

Theorem
If

v<1

then © is a frame for L2.

| A\

Theorem

If
A*

<
K*B*(Cf + k*Cf + K*)

*

~

then © is a frame for B.

v
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3. Construction of new frames by “small perturbation” 3.2. Construction of new frames by “small perturbation”

If

v<1

then © is a frame for L2.

If

A*
t <
K*B*(Cf + k*Cf + K*)

~

then © is a frame for B.

.

Conclusion. Operators D = {(ty), ¢ — 0¢)} and E = {(¢, — 0,,7¢)}
must have small norms in L? and in 8.
Hence, the name “small perturbation”.
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3. Construction of new frames by “small perturbation” 3.2. Construction of new frames by “small perturbation”

Theorem
If

v<1

then © is a frame for L2.

Theorem
If

| A\

A*
t <
K*B*(Cf + k*Cf + K*)

~

then © is a frame for B.

.

Conclusion. Operators D = {(ty), ¢ — 0¢)} and E = {(¢, — 0,,7¢)}
must have small norms in L? and in 8.
Hence, the name “small perturbation”.

Problem. How to compute or bounded the operator norm?
Localized functions and frames.
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3. Construction of new frames by “small perturbation” 3.3. Localized functions and frames

Localized functions

Definition. The function f defined on S9! is localized around xp € S9!
with dilation factor N > 1 and decay rate M > 0 if the estimate

()] < NTH (L4 Np(xo,x) ™, x €897,

holds for some number ¢ depending only on d and M.
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3. Construction of new frames by “small perturbation” 3.3. Localized functions and frames

Localized functions

Definition. The function f defined on S9! is localized around xp € S9!
with dilation factor N > 1 and decay rate M > 0 if the estimate

OOl < NN+ Np(xo, )™, x e 897,

holds for some number ¢ depending only on d and M.
The multiplier N9~1 is used as part of the decay function in order to
normalize it in L(S?!). Namely, for M > d — 1 we have

Nd—l
f(y)|d < d < ¢, VxgeSi1,
L i0)de) < [ e —dol) < . Vo

where ¢y depends only on d and M.
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3. Construction of new frames by “small perturbation” 3.3. Localized functions and frames

Localized functions

Definition. The function f defined on S9! is localized around xp € S9!
with dilation factor N > 1 and decay rate M > 0 if the estimate

OOl < NN+ Np(xo, )™, x e 897,

holds for some number ¢ depending only on d and M.
The multiplier N9~1 is used as part of the decay function in order to
normalize it in L(S?!). Namely, for M > d — 1 we have

ﬁdd_l
f(y)|d < d < ¢, VxgeSi1,
L i0)de) < [ e —dol) < . Vo

where ¢y depends only on d and M.
We shall also require from the localized functions

/ fly)do(y) =1,
sd-1

which infers that they may have only moderate osculation.
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3. Construction of new frames by “small perturbation” 3.3. Localized functions and frames

Needlet kernels

Let ¢ € C*°[0, 00) be supported in [1/2,2] and
P(t/2) + (1) =1, te[L,2].
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3. Construction of new frames by “small perturbation” 3.3. Localized functions and frames

Needlet kernels

Let ¢ € C*°[0, 00) be supported in [1/2,2] and
P(t/2) + (1) =1, te[L,2].
The needlet kernel Wy, is defined by

W(u) ::igo(:l) P, (u) = QZN: @ (1) Pulu),
v=0 2

v=

where P, is an algebraic polynomial of degree v, such that P,(x - y) is the

kernel of the orthogonal projector onto HY.
2v+d—2

(d —2)o(S91)

where o(S?~1) = 279/2 /[ (d /2) is the hypersurface area of S¢~! and C{V
is the Gegenbauer (ultraspherical) polynomial of degree v normalized with
CIE)\)(l) _ (u+2>\—1)_

v

P.(uv) = CL2 D (w),
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3. Construction of new frames by “small perturbation” 3.3. Localized functions and frames

Localization of needlet kernels

Given & € S971 we extend Wy/(€ - x) for x € R9\{0} by

Uy (& x) = Wn(€ - (x/Ix]))-

K. lvanov, P. Petrushev (IMl, IMI) Newtonian Potentials 2015 25 /43



3. Construction of new frames by “small perturbation” 3.3. Localized functions and frames

Localization of needlet kernels

Given & € S971 we extend Wy/(€ - x) for x € R9\{0} by

Uy (& x) = Wn(€ - (x/Ix]))-

For M > 0, K € Ng, multiindex 8, 0 < |B| < K, £ € S9-1 we have

NIBI+d—1

d—
Ty AN

0706 x)| < c(d, K, M)
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3. Construction of new frames by “small perturbation” 3.3. Localized functions and frames

Localized frames of needlets

For j =0,1,2,... let & denote a set of O(2/(9=1)) points on S, which
are nodes of a cubature with positive weights of high degree of exactness.
The index set is X = Uz o For every £ € X set Ny = 2.
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3. Construction of new frames by “small perturbation” 3.3. Localized functions and frames

Localized frames of needlets

For j =0,1,2,... let & denote a set of O(2/(9=1)) points on S, which
are nodes of a cubature with positive weights of high degree of exactness.
The index set is X = Uz o For every £ € X set Ny = 2.

Using kernels Wy we define the needlet frame W = {t¢(x) : { € X} U {1}
by

wg(X)ZWNg(f'X)’ ¢§(X): ng}g(x)’ XESd_l’ 56-)(,

where coefficients Cg satisfy
C¢<c(dN V2 cen.

¢ is normalized in L1(S771),
¢ is normalized in L»(S971).
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3. Construction of new frames by “small perturbation” 3.3. Localized functions and frames

Localized frames of needlets

For j =0,1,2,... let & denote a set of O(2/(9=1)) points on S, which
are nodes of a cubature with positive weights of high degree of exactness.
The index set is X = Uz o For every £ € X set Ny = 2.

Using kernels Wy we define the needlet frame W = {t¢(x) : { € X} U {1}
by

YE(x) = Wne(€-x), we(x) = GUE(x), xe8h cex,
where coefficients Cg satisfy
C¢<c(dN V2 cen.

¢ is normalized in L1(S771),
¢ is normalized in L»(S971).
Needlet frames on S?~1: Narcowich, Petrushev, Wards 2006
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3. Construction of new frames by “small perturbation” 3.3. Localized functions and frames

Function and sequence Besov spaces

Let s€e Rand 0 < g < .

Function Besov space B3(S?7!), 0 < p < o0

o0

) /
11| g1y = (Z (2SJH¢J- * f“LP(Sd—l)>q)1 " < oo,

Jj=0

Sequence Besov space b37(X), 0 < p < o0

H{hf}”bf,q()() = (in(s+(d_1)/2—(d—1)/p)q< Z ’hdp)q/p) 1/q o

=0 eX;
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3. Construction of new frames by “small perturbation” 3.4. Sufficient condition for a new frame

Almost diagonal matrix

Definition. The matrix Qx n 1= {we ; }enex with entries

e <"W{'Vs7’\’}>”d v :
&n - max{ N, N, } (14 min{Ng, Nn}P(faU))M

is called almost diagonal.
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3. Construction of new frames by “small perturbation” 3.4. Sufficient condition for a new frame

Almost diagonal matrix

Definition. The matrix Qx n 1= {we ; }enex with entries

e <"W{'Vs7’\’}>”d v :
&n - max{ N, N, } (14 min{Ng, Nn}P(éaU))M

is called almost diagonal.

Suppose s e R,0< g <00,0< p<oo. Set J = (d—1)/min{1,p,q}.
For a fixed § > 0 assume that K, M € N, K > max{s,J —s—d+ 1} +§
and M > J + 6. Then Qx u is a bounded operator on f,°.
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3. Construction of new frames by “small perturbation” 3.4. Sufficient condition for a new frame

Almost diagonal matrix

Definition. The matrix Qx n 1= {we ; }enex with entries

e <m"1{'\’s7’\’}>“d v :
&n - max{ N, N, } (14 min{Ng, Nn}p(é,n))M

is called almost diagonal.

Suppose s e R,0< g <00,0< p<oo. Set J = (d—1)/min{1,p,q}.
For a fixed § > 0 assume that K, M € N, K > max{s,J —s—d+ 1} +§
and M > J + 6. Then Qx u is a bounded operator on f,°.

v
Theorem

Suppose s e R,0< g <00, 0< p<oo. Set J = (d—1)/ min{l, p}. For
a fixed 6 > 0 assume that K, M € N, K > max{s,J —s—d+ 1} + 6 and
M > T 4 6. Then Q p is a bounded operator on b,s,q.

v
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3. Construction of new frames by “small perturbation” 3.4. Sufficient condition for a new frame

Sufficient condition for a new frame

Under the above conditions if b is one of the spaces f,7 or by’ and

’ <1/)7771/}£ - 0§> | < YoWe n, Vfﬂ? € Xv

then © is a frame for B provided vo < v*/||Qk m|l6—s0-
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3. Construction of new frames by “small perturbation” 3.4. Sufficient condition for a new frame

Sufficient condition for a new frame

Under the above conditions if b is one of the spaces f,7 or by’ and

’ <1/}7771/}£ - 0§> | < YoWe n, Vfﬂ? € Xv

then © is a frame for B provided vo < v*/||Qk m|l6—s0-

Similar theory for RY: the p-transform of Frazier, Jawerth, 1985, 1990.

Theory for Sd-1. Kyriazis, Petrushev, 2014.
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3. Construction of new frames by “small perturbation” 3.4. Sufficient condition for a new frame

Sufficient condition for a new frame

Under the above conditions if b is one of the spaces f,7 or by’ and

’ <¢7771/}£ - 0§> | < YoWe n, Vfﬂ? € Xv

then © is a frame for B provided vo < v*/||Qk m|l6—s0-

Similar theory for RY: the p-transform of Frazier, Jawerth, 1985, 1990.
Theory for Sd-1. Kyriazis, Petrushev, 2014.

Reformulated sufficient condition

| (5,8 — 68) | < vowg,,, VEmE X,

o (min{NE’Nn})K min{Nf,Nn}d—l
M\ max{ Ng, N, } (1+min{N§7Nn}P(§,n))M'
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4. Localized combinations of Newtonian potentials on sphere

Poisson kernel

£>0,a=1+¢ neSi 1

Newtonian potential with pole at an:

F(an,x) = |an — x| 7912
Localization of F on S9-1:

E*d+1

“LF(an, x)| < c(d Vx € 8971,
€7 Flam X)) < )(1+6*1p(77,x))"*2 8
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4. Localized combinations of Newtonian potentials on sphere

Poisson kernel

£>0,a=1+¢ neSi 1

Newtonian potential with pole at an:

F(an,x) = |an — x| 7912
Localization of F on S9-1:

E*d+1

“LF(an, x)| < c(d Vx € 8971,
€7 Flam X)) < )(1+6*1p(77,x))"*2 8

Poisson kernel with pole at an:

@ —|x? _ 2a (19) 1 1
T an—x7 T d=2"" g =X[T2 Jag —x]92
Localization of P on S9-1:

a9 o (SIHP(an, x)

E_d+1

|P(an, x)| < c(d)(l oL € sd-1.
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4. Localized combinations of Newtonian potentials on sphere

Theorem

Letd >3,e>0, a=1+¢, 5:(32—1)/a2~5,n68d_1,
K, m € Ny.There exist coefficients g, = gy(d, m,0) = ',:’:_(f g k(d, m)o*
such that the harmonic function

2—d . qﬂseaﬁﬂ 41 2—d
Frm(an, x) == —q_1lan — x[>7 + > (n- V) an — x|

d—2
=0
satisfies / Fm(an, x)do(x) =1,
Sd-1
617d7|ﬁ|

B E . < d—1
’8 Fm(an,x)‘ < c(d, K, m)(1 ey ARSI Vx € S97°,

for every multiindex 3, 0 < || < K, where

Fm(an: y) := Fm(an, (v/ly])), y € RI\{0}.
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4. Localized combinations of Newtonian potentials on sphere

Theorem

Letd >3,e>0, a=1+¢, 5:(32—1)/a2~5,n68d_1,
K, m € Ny.There exist coefficients g, = gy(d, m,0) = ',:’:_(f g k(d, m)o*
such that the harmonic function

2—d . qﬂseaﬁﬂ 41 2—d
Frm(an, x) == —q_1lan — x[>7 + > (n- V) an — x|

d—2
=0
satisfies / Fm(an, x)do(x) =1,
Sd-1
617d7|ﬁ|

B E . < d—1
’8 Fm(an,x)‘ < c(d, K, m)(1 ey ARSI Vx € S97°,

for every multiindex 3, 0 < || < K, where

Fm(an: y) := Fm(an, (v/ly])), y € RI\{0}.

m
Fr(an, x) == —q_1+ Y _ q0'a" (- V)" In1/|an — x|, for d = 2.
(=0
K. lvanov, P. Petrushev (IMl, IMI)
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4. Localized combinations of Newtonian potentials on sphere

d=2¢e>0a=¢e, neS’ ! meN,.

Fm(an, x)
m m /41
=1+ (Z B(m, k)a(kje)ek> 2"}.+ (n- V)" In1/lan — x|,
£=0 \k={ '

k m — m! k 14
B(m, k) = kzl(f_k)f()zlm;!, alk,0) = Z(—l)"f<€>5(k,u)y!,

v={

where S(k, v) are Stirling numbers of the second kind.
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4. Localized combinations of Newtonian potentials on sphere

d=2¢e>0a=¢e, neS’ ! meN,.

Fm(an, x)
m m /41
=1+ (Z B(m, k)a(kje)ek> 2"}.+ (n- V)" In1/lan — x|,
£=0 \k={ '

k m — m! k 14
B(m, k) = kzl(f_k)f()zlm;!, alk,0) = Z(—l)”f<€>5(k,u)y!,

v={

where S(k, v) are Stirling numbers of the second kind.

F1(3777X)
= —1+(2—2¢)a(n-V)Inl/|an — x| +2ea%(n - V)?In1/|an — x|
2 5
Fa(an,x) = -1+ (2 -2+ 3¢ )a(n - V)Inl/|an — x|
2
+ (26 — 26%)a%(n - V)?In1/|an — x| + 55233(17 V)3 In1/|an — x|
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5. Frame of Newtonian potentials

Frame of Newtonian potentials

We start the construction of frame elements {6 : { € X'} of the form

ng
Z|X_y|d2”cd>2; 9§:ZCV|n1/|X—yV|ifd:2'

v=1
Here y, € RY with |y,| > 1, ¢, € R, and {y,,}"°; and {c,}"°, vary with
£ € X, but ng is fixed.

Recall that {¢)¢ : £ € X'} with X = Uj>A] is the existing old frame.
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5. Frame of Newtonian potentials

Frame of Newtonian potentials

We start the construction of frame elements {6 : £ € X'} of the form

o c . o .
0£:Zmlfd>2, 9§:ZCV|n1/‘X—yV|Ifd:2
v=1 v

v=1
Here y, € RY with |y,| > 1, ¢, € R, and {y,,}"°; and {c,}"°, vary with
£ € X, but ng is fixed.

Recall that {¢)¢ : £ € X'} with X = Uj>A] is the existing old frame.

Sufficient condition (repeated)

If for a sufficiently small vy we have

|<¢27¢§—‘9§>| Slyowg,na v&anexa

o (min{Ng,Nn})K min{ Ne, N}~
ST\ max{Ng, Ny} ) (1 + min{Ne, N, }o(€,m)™

then © is a frame for F,fq or B,iq.

v
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5. Frame of Newtonian potentials

Technical theorem

Let KeENM>K+d—1, Ni,Nb e R, Nb > Ny > 1, K1,Kk2 > 0.
Assume f € L°(S971), g € WE(S971), and g(x) := g(x/|x]|) for
x € R9\{0}. Furthermore, assume that for some xi, xp € S9!

3 ra N d—1
85 ( < . wxeSl o< |8 <K,
P80 < G R €S 0SBl
d—1
1F(x)] < — 2N Vx € 8971, and

= (14 Nap(xz, x))M”

<raNy K, 0<|Bl<K-1.

/S o xPf(x) do(x)

Then
- Clilliz(Nl/Ng)KNflil
= (14 Nip(x, x))M 7

e =| [, ebofe) dota

where ¢ depends only on d, K, and M.

v
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5. Frame of Newtonian potentials

Construction scheme

It will be convenient to approximate the L' normalized frame elements
Pe(x) == W (€ - x), by L' normalized new frame elements {0¢}. The
constructions of the new frame elements {f¢} will be carried out in four
steps:

(a) Approximation of Wy, (£ - x), £ € X, by convolving with the potential
F. for appropriate values of .

(b) Discretization of the convolutions by using simple cubature weights.
(c) Truncation of the resulting sums.

(d) Approximation of the truncated sums by discrete versions of the
operators involved.

These approximation steps will be governed by four small parameters: 1,

Y2, V3, V4.
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For N =2/ and K € 2N, we set

= ki;@ <Il\<l) P(u) = i\’: @ (Il\;) P(u),

k=N/2
and
2N Kk
On(u) = (12 37 (3 ) Ik(k+d = 1) 7K/2Py (),
k=N/2

where Py (x - y) is the kernel of the orthogonal projector onto ’H‘Z. Hence
—AoPy(€-x) = k(k+d—1)Pk(& - x)

implying

Ay 2on(E - x) = Wn(g-x), &xesih

Here Ay is the Laplace-Beltrami operator on S9—1.

For any £ € S971 and M > 0 we have
N—K+IBl+d-1

(14 Np(xg,x))M’
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5. Frame of Newtonian potentials

For 0 < 71 <1, set € := 71/N¢ and define

g(8ix) = /Sd_l O (€ y)Fe(y - x) do(y), xS
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5. Frame of Newtonian potentials

For 0 < 71 <1, set € := 71/N¢ and define

g(8ix) = /Sd_l O (€ y)Fe(y - x) do(y), xS

For0 <2 <m,let Z; C S971 be a fixed maximal 422 77-net. Applying
the cubature formula with nodes ¢ € Z; and weights w; we obtain

g(5x) =D wedn (€ QF(C-x), xesi

Cez;
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5. Frame of Newtonian potentials

For 0 < 71 <1, set € := 71/N¢ and define

g(8ix) = /Sd_l O (€ y)Fe(y - x) do(y), xS

For0 <2 <m,let Z; C S971 be a fixed maximal 422 77-net. Applying
the cubature formula with nodes ¢ € Z; and weights w; we obtain

g(5x) =D wedn (€ QF(C-x), xesi

Cez;

For 0 < 3 <1, truncating the above sum to the nodes within distance
§; = (v3Ng)™! from & we get

g(6x)= Y wedn (€ OF(C-x), xesih
P(g»ef)zéfsj
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5. Frame of Newtonian potentials

For 0 < 71 <1, set € := 71/N¢ and define

g(8ix) = /Sd_l O (€ y)Fe(y - x) do(y), xS

For0 <2 <m,let Z; C S971 be a fixed maximal 422 77-net. Applying
the cubature formula with nodes ¢ € Z; and weights w; we obtain

g(5x) =D wedn (€ QF(C-x), xesi

Cez;

For 0 < 3 <1, truncating the above sum to the nodes within distance
§; = (v3Ng)™! from & we get

g3(&ix) = Z we®n (- QO F(C-x), xe€ s-1,
CEZj
P(C,€)<;
The functions g1(&; x), g2(&; x) and g3(&; x) should be viewed as
consecutive approximations of ®y, (€ - x).
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5. Frame of Newtonian potentials

We obtain consecutive approximations of Wy, (€ - x) by applying Ag/z in
the definitions of g1, g, g3. We set

(%)= A5 a(6x) = [ onleAf Rty x) doty)

‘/ ng(fs y)F:(y - x) do(y) = / Wi (x - y)Fely - €) da(y),
Sd1 Sd—

ha(&:x) = B Pga(&x) = 3 wedn, (€ Q)AGPF(C - x),
(EZ;

ha(6:x) = Dy Pgs(Ex) = Y weOn (€ - )AL PRA(C - x).
CeZ;
p(C,€)<9;

We used that the operator Ay is self-adjoined and the commutativity of

the scalar product of zonal functions.

Observe that h; is a zonal function, while, in general, hy and h3 are not

zonal functions. Furthermore, h3(&; x) is a linear combination of finitely

many (independent of &) terms of type Agﬁ (¢- V) |1 +e)¢ —x|79t2
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5. Frame of Newtonian potentials

Approximation of the Laplace-Beltrami operator

The rotation Q12 € SO(d) is given by
Ql,2,t<.. = Ql,2,t(<-.17 <27 cee 7Cd)
= (¢rcost+ (psint,—(ysint + (pcost,(3,...,(4), CE s9-1,

and Qj¢,+( is defined similarly for every 1 </ < ¢ < d. The translation
operator corresponding to the rotation Q; ¢, 1 < i < ¢ < d, is given by

T(Qiet)f(C) == F(Q ) = F( Qi —tC).

Define the operator £; by

()=t Y (T(Qiee)f(Q) + T(Qig—)f(C) — 2(Q)).

1<i<t<d

Then £; approximates Agf(¢) for small t.
The powers of £; are defined iteratively by £k := £,(£k™1).
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5. Frame of Newtonian potentials

Definition of a new frame element

The finite difference operator D(¢) := t~™ Y1 o(—=1)™ % (") T(¢, kt) is
defined by the translation operator (in R?) in direction ¢ € S~ with step
t given by T((, t)f(x) = f(x + t¢) for x € RE.

K. lvanov, P. Petrushev (IMl, IMI) Newtonian Potentials 2015 40 / 43



5. Frame of Newtonian potentials

Definition of a new frame element

The finite difference operator D(¢) := t~™ Y1 o(—=1)™ % (") T(¢, kt) is
defined by the translation operator (in R?) in direction ¢ € S~ with step
t given by T((, t)f(x) = f(x + t¢) for x € RE.

Definition of a new frame element

02() =k > wedn (€)Y g@UQI(L + )¢ — x|,
CEZ; =0
p(¢,€)<0;
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5. Frame of Newtonian potentials

Definition of a new frame element

The finite difference operator D(¢) := t~™ Y1 o(—=1)™ % (") T(¢, kt) is
defined by the translation operator (in R?) in direction ¢ € S~ with step
t given by T((, t)f(x) = f(x + t¢) for x € RE.

Definition of a new frame element
m

02() =k > wedn (€)Y g@UQI(L + )¢ — x|,
CEZ; =0
p(¢,€)<0;

Theorem
Let KeEN, M >K+d—1,d>2. Then for any 7o > 0 there exist
constants 71, Y2, 3, va > 0 depending only on d, K, M, g, such that for

every £ € X there exists t > 0 depending only on d, K, M, ~g, N¢ such
that the element 92 obeys

(5, ¥ — O < vowg,, YmEX.

K. lvanov, P. Petrushev (IMl, IMI) Newtonian Potentials 2015 40 / 43

.




6. Nonlinear n-term approximation by Newtonian potentials

Construction

Every element 0 of the new frame © is a linear combination of ng
Newtonian potentials.
Denote by S the frame operator, 5f = ., (f,0¢) 0c. Then

f=> (f,S0c)0.
fex

Let U € B5™(B9) have the boundary distribution fy; € BS7(S971).
The function norm of fy in BST(S9~1) is equivalent to the norm of
{{fu,576¢)} in the sequence Besov space bS™(X) given by

{(fu, S7106) Hl b2 () =

<i Z (Ng(s+(d—1)/2—(d—1)/7-)‘ <fu, 5710£> ’>T>1/T

j=0 ¢€X;

with N = 2 for £ € X;.
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6. Nonlinear n-term approximation by Newtonian potentials

Construction

Denote by Z, the indices £ of the largest n/ng numbers among
d-1)/2—(d-1)/7 _
{Ng(SJF( )/2—( )/ )| <fU7 S 19§> |}§€X
and set

g = Z (fu,S710¢) 6;.
£€Zn

If 1/7 =s/(d — 1)+ 1/p, then

U — gllnegey < cn=*/t@=1)] Ullgsr(B4)-

K. lvanov, P. Petrushev (IMl, IMI) Newtonian Potentials 2015 42 / 43



6. Nonlinear n-term approximation by Newtonian potentials

Construction

Denote by Z, the indices £ of the largest n/ng numbers among

{N§(5+(d*1)/2*(d71)/7)| <fu, 5719§> |}§€X
and set

g = Z (fu, S 0¢) O
£ez,

If 1/7=s/(d —1)+1/p, then

U — gllnegey < cn=*/t@=1)] Ullgsr(B4)-

The poles of g are located around the points

(1+71N€)£7 fEZn.
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6. Nonlinear n-term approximation by Newtonian potentials

Thank you!
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