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1. PRELIMINARIES
K C R3 compact, u: Radon measure supported on K.

potential and energy with respect to u:

UGy = [ By = [ UG a)dn).

R3 [lz —y|’
Gauss 1839 4 ug, suppug C K, s.t.
1) po(K) = u(K) 2) E(uo) < E(p)

3) U(ug,z) = constant =W, z € K 4) U(ug,z) < W for z € R3\ K.



NORMALIZATION

w(K)=1 wW=1
4 Y
linear/classical capacity p-capacity
C(K) =W(K)~! Cp(K) =

= inf{||f||ﬁ,p f 20, fpa TR > 1 vz € K}

linear/classical potential theory p-potential theory



ABSTRACT THEORY
R3S — locally compact space X

Newtonian kernel — lower semicontinuos kernel function, k(x,vy) :
X x X = RU{o0o}.

This theory is developed by G. Choquet, B. Fuglede, M. Ohtsuka, M.
Yamasaki, L. Carleson, and N. S. Landkof, etc.



RELATIONS
"linear theory”
continuous discrete
capacity (ntP-)Chebyshev constant (nth-)transfinite diameter
electrostatics
Hausdorff dimension
(orthogonal) polynomials

interpolation, approximation
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The " Adams-Hedberg definition” of p-capacity

(X,v) - measure space, k(z,y) : R x X — RU {oo} - kernel function
s.t. lower semicontinuous on R™ and measurable on X, u - Radon
measure on R"”, f - v-measurable nonnegative function.

e )= [, [ k@) f@dr@)dua),

By a minimax theorem: K C R"

1
Co(K) r=sup min &(u,f) = min sup&(uw,f),
p(K) Sup il (1, f) iy 8up (1, f)

where M(K) = {uis Radon measure on K : u(K) =1}, L={f > 0:
[fllp < 15



2. TRANSFINITE DIAMETER AND CAPACITY

X - locally compact Hausdorff space, v - regular Borel measure,
k: X xX — RU{oco} lower semicontinuous, symmetric, nonnegative
kernel function - H C X.

M(H) :={u:pnreg. B. meas. on H, suppu C Hcompact, u(H) =1}

Li={fz0: [ fu)Pra (@) <1}



DEFINITION Let H be a subset of X and X, = {z1,...,z,} C H a system of nodes
in H and f € L a nonnegative, v-measurable function on X. Let A € (0,1). We
define

d(Xn7 f) L= dk,)\(Xna f)

=a-» [ f ka D) + 3o 2 S k),

1<i<y<n

and the nt'-diameter of H

d(H) :=d, H) =sup inf d(X,, f).
(H) := dup () = SUP Inf d(Xa, f)

If K is a compact subset of X, then minx cx d(X,, f) = d(X}, f), and
X, = X; . \(f) are the Fekete points of K with respect to f.

the p-transfinite diameter of a set H:

A(H) = dypr(H) = 1im dy(H)



e 1) = Exl, ) = [ F@) [ kG y)du()dv(y),

() =Ly = [ [ k@, y)du(@)duy),
Let A € [0,1], and let

E(u, f) = Ega(u, f) = (1 =&, f) + A (u)

the mutual energy of f and pu.

u(y) = [ K duG@), ~ 4~ =1



e(f, H) := e a\(f, H) = ME;\Q{H) Ep, [,

() = expa(p) = sup E(u, f) = (1 = )ISu)ll, ; + A (w),
JeL ’

The p-energy of a set H.:

DEFINITION
W(H) =W H) =sup inf E(u,f)=supe(f, H),
(1) i= Wipa() = sup inf F(u, f) = supe(f, 1)
W(H) = Wp,a(H) = Inf supE(u,f)= Iinf e(u).

HEM(H) feL HEM(H)



LEMMA Let u be a positive measure, and f € L. Then the following
functions are lower semicontinuous on X or in the weak*-topology:

p— I(p)
v [ k@ du), == [ k@ y)f @)
p— &, f)
p— [ k(@ y)du(y)

i = 119w, ;

(1)
(2)
(3)
(4)
(5)



THEOREM If H C X then

d(H) < W(H),

and for a compact set K C X

W(K) < d(K).

COROLLARY

For a compact set K C X, W(K) = W(K).

DEFINITION For a set H C X, let

C(H) = Cppr(H) = kp)\(H)°

(6)

(7)



THEOREM (k,p)-capacity is a set function with the following properties:
(a) C(0) = 0.
(b) If £1 C E» are measurable sets, then C(F1) < C(E>).
(c) Let --- D K; D K;4+1 D ... a decreasing sequence of compact sets. Then
C(N;K;) = lim C(K;).
i—00

(d) Let --- C B; C B;+1 C ... an increasing sequence of measurable sets. Then
C (U;B;) = lim C(B;).
71— 00

(e) Let E C X is measurable. Then
C(FE) =sup{C(K) : K C E, K is compact}.
COROLLARY
For each measurable set £ C X,
W(E) =W(E).



3. POTENTIAL FUNCTION AND CHEBYSHEV
CONSTANT

The mutual energy of u and f:

B ) = [ [ (@0 [ b9 f@)du(y) + e, 1) ) duy)du().

The kernel is not symmetric!



Potential depending on f
DEFINITION Let H C X, and u € M(H), f € L.
U(,uafa x) — Uk,A(M? fa CB)

:=%A( /X /X k() £ (y)dv(y)dp(z) + /X k(w,y)f(y)dV(y)>

+A /X k(z,y)du(y).

Remark

/X Uu, f,2)du(z) = E(u, f).

Notation

E(u,0,f) = / Uu, f,2)do(z)

X



HCX. u«(H) = sup KCH w(K) is the inner measure of H.
K is compact

LEMMA Let HC X, f € L. The following conditions are equivalent:
e(f, H) = oo.
e(f,K) =00, VK C H, Kis compact.
wx(H) = 0, Vu positive measure on X, E(u, f) < oo.
1 = 0is the only positive measure withsuppu C H, E(u, f) < oo.

p = 0is the only pos. meas.,suppy C K C H, K is compact, E(u, f) < oc.



A property P is said to fulfil f-nearly everywhere (f-n.e.) on
H, if denoting by

N = {x € H : Pdoes not fulfil inx}, inf  E(u, f) = oc.
{ } et (u, £)

STATEMENT Let f e L fixed, p e M(X), HC X, 0<t<o00. Then
the following conditions are equivalent

U(w, f,z) >t f-n.e.x € H.

E(p,0,f) 2t Yo € M(H), E(o, f) < oo.



LEMMA For all f € L, and K C X compact, there is an extremal
measure ur = pr g € M(K), such that e(f, K) = E(uy, f).

THEOREM Let f e L, K be a compact set in X such that ¢(f, K) <
oo, and uy is the equilibrium measure on K with respect to f. Then

Ulpyg, frz) 2 e(f, K) f—nexekK.
Upg, f,x) < e(f, K) Vo € suppuy.

Ulpy, f,xz) =e(f,K) prae.ze X.



Escaping from f

Recall: Gu(y) = J[x k(z,y)du(z), and e(p) = (1 = N|[Gull, ; + M ()
Let W(K) < oo. |

Me(K) 1= {p € M(K) : ISl ; < <}
d ¢ s.t.

inf  sup E(u, f) = W(K
uemcmfe? (1, f) (K)

We(K) = supser, inf ene. (k) B ) — We(K) = W(K)

6C(f7 K) .= infueMc(K) E(M) f)



Construction:

{fn} C L, limp—soo €c(fn, K) := W(K)
frn = fe=fe(K) €L

G, € Mc(K): E(ug, , fn) = ec(fn, K)

uG > pg € Mo(K) — UE(K, @) := U, fe, )



LEMMA Let K be a compact set in X such that W(K) < co. If ¢ has
property (*), then

[ Ve, 2)dp(x) = W(K).

COROLLARY K is a compact set in X such that W(K) < co. If ¢
has property (*), then

E(,LLg, fe) — E(/'L?(i? f€)°



- A property P is said to fulfil nearly everywhere (n.e.) on K, if
N = {x € K : Pdoes not fulfil inxz}, supscr inf copvy E(p, f) = W(N) = 0.

- A lLs.c. kernel is normal, if V K C X compact, W(K) < oo I{fn} C L s.t.
My o0 €(fn, K) = W(K), and {uy,} has a subsequence {yuy, } s.t. liminf, o [Spy, |,y <

Q0.

THEOREM Let £ be normal and K be a compact set in X such that
W(K) < oo. Then thereis a ¢ > 0 such that US(K, x) is an equilibrium
potential and u¢ is an equilibrium measure, that is

US(K,z) > W(K) ne.zcK. (8)
US(K,z) < W(K) Yz € suppu’. (9)

US(K,z) = W(K) uta.e.z € X. (10)



p-Chebyshev constant

Let fe L, zxe X, HC X and X, C H. Then let
M(X?’L7f7aj) = Mk‘ A(Xn7f7x)

- %A; /Xk(wz,y)f(y)dv(yH— [ k) )+ z ko, 7).

p(Xn, f,x): log-polynomial of degree n w.r.t. f
p(Xn7 f) aj) L= pk,)\(Xna f7 33) — ’I’LM(Xn, f7 I)

= ;’\/ f: (k(zi,y) + k(z,9)) f()dv(y) + X ) k(z, ;).
X = i=1



n—oo
the p-Chebyshev constant with respect to f, and
M(H) :=sup M(f, H)
feL

the p-Chebyshev constant of H.
Let

L.:={f € L: fis compactly supported and continuous }.

A symmetric kernel k satisfies the (L.-) relative domination principle (cf. Ohtsuka),
if Vf € L. and V pu with compact support and with I(p) < oo, if

/ k(e y)du(y) < c1— e / k() f () dv(y) @ € suppp,
X

X
then

/ k(e y)du(y) < e1 — e / k(e y) F(y)dv(y) = € X,
X

X
where ¢; are positive constants.



THEOREM Let H C X. then

d(H) < M(H),

and if k satisfies the relative domination principle, then

M(H) < W(H).

COROLLARY If K C X is compact, and k satisfies the relative dom-
ination principle, then

d(K) = M(K) = W(K).



4. GREEDY ENERGY OR LEJA POINTS

DEFINITION Let K € X be a compact set, f € L. A sequence
{an};’le C K is called a greedy energy sequence with respect to k, A
and f, if it is generated in the following way:

- a1 € K is arbitrary.

- Assuming that A, := {ay,...,an} have been selected, a,,4; is chosen
to satisfy

xlg;(p(An’ f7 CIZ) — p(ATM f7 an—|—1)°



THEOREM Let us assume that k satisfies the relative domination principle. Then
the following statements are satisfied:

sup lim d(A,, f) = W(K).

felL m—oo

If e(f, K) < oo, then the following sequence

Hn '_gk:z::léak

has a w*-convergent subsequence, such that

Ln, —> [if

where py is an equilibrium measure with respect to f, and ¢,, is the Dirac measure
concentrated at the k" greedy energy point.

sup lim M(Ay, f,an+1) = W(K).

feL n—o0



5. FINAL REMARKS

A tends to 0 or 1.

Vo(H) := inf supé&(u, f).
p( ) WEM(H) Tel (1, f)

lim Wx(H) > Vp(H).

lim Wy(H) = V,(H), if dM such that inf = inf :
lim WA(H) = V() iy 1981 = 08, 1901,
I(p)<M



Behavior of the nt® Fekete set when \ — O:

K compact: [A-H]

VoK) =sup inf  &(u, ) = sup [ k(zo,u)f ()dvw),
If 6)\(f, K) < oo for a \ e (O, 1), then Vp(f, K) L= inf,ueM(K)g(:“a f) =
Jx k(zo,y) f(y)dv(y)

im JK) = Vo(f, K), if 3IM such that inf &(u, f) = inf &(u, f).
Iim ex(f, K) = Vp(f, K) L, . (e, f) g (i, )
p)<

Construction: \n — 0, let n be fixed, and let us denote by X;Z,m C K

a Fekete set with respect to A\p,. Let um = %Z?zl L+~ . It has a

w*-convergent subsequence with limit: op.



/X /X k(x,y) f(y)dv(y)don(z) < Vp(f, K),

so if the extremal measure is unique, then for all n, wm i Ozg- (E.q.
if k(x,y) is continuous.)

Let k(x,z) = oo, W) (K) < oo for a A e (0,1).
Let . Assume: d zg € K s. t.
= min = liminf = M.
g(zo) = ming(x) = m < liminf g(x)

zeK\{zqg}

)I\igﬁoe)\(f, K) > Vp(f7 K)



