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1. Rendezvous numbers

H. Gross (1967):
(X, d) a compact, connected metric space
There exists uniquely a number » = (X)), such that for all wy, wo, ..., w, € X there

1 n
N d 19 —

Is an x € X with

Some examples
For [0, 1]: ([0, 1]) = 1/2 (take x1 =0, zo =1, thenz — 2y + 29 — x = 1)

r(unit disc) = 1, r(unit circle) = 4/x etc.

For unit spheres in £;(R) or £(C) not known unless p = 1,2, cc.
P. K. Lin, R. Wolf, J. C. Garcia-Vazquez, R. Villa, 1994—...
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Generalisations

W. Stadje (1981):

For k: X x X — R, continuous and symmetric (i.e., k(z,y) = k(y, x)) there exists a
unique number r = (X, k), such that for all wy, ws, ..., w, € X thereis z € X with
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G. Elton, J. M. Cleary, S. A. Morris, D. Yost (1986):
For all ;» € 90, (X) Borel probability measures there is some z € X with

/k(l’, y) du(y) =r

X
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2. General framework of (linear) potential theory

B. Fuglede, M. Ohtsuka, G. Choquet

X a (locally compact) topological space

k: X x X — RU{+o0}, positive (symmetric), lower semicontinuous kernel.
p € 9y (X) probability measure

Ut(x) = /k(:l:,y) du(y) potential
X

w(H):= inf sup U"(x) uniform energy
supp p€H e x

v(H):= inf  sup U"(x) de la’Vallée-Poussin energy
supp L€ H gesupp u

w(H) = inf / U'(x) du(x) Wiener energy
supp p€H

X

in general: w(H) < wv(H) < u(H); For symmetric kernels: w(H) = v(H)

Frostman’s maximum principle: supy,,, , U* = supx U* holds for all ;1 € 91y;
this trivially implies u = v.
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H,L C X arbitrary
(Dual) energy of a set H with respectto L

q(H,L):= inf supU*(x) q(H,L) = sup inf U"(2)

supp p€H pcp, supp u€H T€L

Q(H> = Q<H7H>
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2. Energy in two set variables

H,L C X arbitrary
(Dual) energy of a set H with respectto L

q(H,L):= inf supU*(x) q(H,L) = sup inf U(x)
supp p€H pcp, - supp u€H T€L
q(H) = q(H, H)
Motivation 1

Recall: mutual energy u, v € 9y (H)
//k x,y) du(z) dv(y)
X X

Motivation 2

w(H) <v(H) < q(H) <u(H)=q(H,X).

Motivation 3
inf sup = “saddle point”. Monotonicity only in separate variables.
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2. Chebyshev constants in two set variables

Gy. Polya, G. Szeg0, L. Carleson, G. Choquet

n'™ Chebyshev constant of L w.r.t. H

M,(H,L) = sup inf— (Zk T, Wy ) think of &k = — log

wi,... w,eH TEL T

n'™ dual Chebyshev constant of L w.r.t. H

M,(H,L) = N 1rgn€Hi2L n(Zk T, W; )

.....

Proposition. For arbitrary H, L C X both M, (H, L) and M,(H, L) converge. The
limits M(H, L), M(H, L) are called the Chebyshev constant of L w.r.t to H.
M(H):= M(H,H), M(H) = M(H, H).



2. Chebyshev constants, transfinite diameter and energies

Definition. Let H ¢ X be fixed. We define the n'h diameter of H as

Dty =, (3 W)
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The limit D(H) := lim,,_,, D,,(H) is the transfinite diameter of H.



2. Chebyshev constants, transfinite diameter and energies

Definition. Let H ¢ X be fixed. We define the n'h diameter of H as

D,(H) = irgneH m— < Z kwj,wl>

1<)#I<n

The limit D(H) := lim,,_,, D,,(H) is the transfinite diameter of H.

Theorem. [with Béla Nagy]

Assume that the kernel £ is positive, symmetric and satisfies the maximum princi-
ple. Let K € X be any compact set. Then the transfinite diameter, the Chebyshev
constant and the energy of K coincide:

In fact:

d M(K) > D(K) always

d D(K) > w(K) always

d w(K) > M(K) with maximum principle
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For arbitrary subsets H, L ¢ X the n!" (weak) rendezvous set of L w.r.t. H is
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Correspondingly, one defines

R(H,L) = ﬁ R.(H, L)
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with Szilard Révész
For arbitrary subsets H, L ¢ X the n!" (weak) rendezvous set of L w.r.t. H is

R,(H, L) := ﬂ conv{%ik(az,wj) . X € L} .

Correspondingly, one defines

R(H,L) = ﬁ R.(H, L)

n=1

Similarly, one defines the (weak) average set of L w.r.t. H as

A, L) = () W{U“(x) : xEL}
pEM (H)

M. Baronti, E. Casini, P. L. Papini
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3. Rendezvous intervals

In general R(H, L) and A(H, L) may be empty

Ifa € A(H,L) = ﬂ conv{U“(:L‘) . X € L} then:
peEM (H)
For all measures € 91, (H) and for all e > 0 there are 1,25 € L

Ulry) —e<a< Ul z) +¢

If r € R(H, L) then:
For all wy, ws,...,w, € H and for all ¢ > 0 there are x1, 25 € L

< <
— k i —e<r<— k 1
n; (wi, k1) —e <7 nz (wj, x2) + €

1=1



3. Rendezvous intervals

If L is compact, & is continuous
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3. Rendezvous intervals

If L is compact, & is continuous

R(H,L) = ﬂ conv{l Z k(x,w;) : x€ L}
neNwi,...,w,EH n 7=1
A(H,L) = ﬂ conv{U“’(x) . x € L}

pEM (H)

If r € R(H, L) then for any wy, ws, ..., w, € H there are z1,z, € L

] — ] —
T k 19 S S_ k 29
n; (wi, 1) <7 n; (wi, 2)

C. Thomassen (2000): weak rendezvous number
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3. Rendezvous intervals

if L is compact and connected, & is continuous

R(H,L) = ﬂ {%zn:k(az,w]) ; a:EL}

neNwy,...,w,€H

AL = () {U“(az) ; xEL}
peM(H)

a € A(H, L) means:
For all measures € 9 (H) thereis z € L

/ Kz, y) duly) = U'(x) = a

H



4. Existence of rendezvous numbers

A(H,L) = ﬂ conv
pEM(H)
Proposition. R(H,L)=[M(H,L),M(H,L)], A(H,L)=I[q(H,L),q(H,L)

—N—

Ut(x) : x € L}
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A(H,L) = ﬂ conv{U“(:U) . T € L}
peM (H)
Proposition. R(H,L)=[M(H,L),M(H,L)], A(H,L)=I[q(H,L),q(H,L)
Theorem. Let ) # H C L C X be arbitrary, and let £ > 0 be any l.s.c symmetric
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4. Existence of rendezvous numbers

A(H,L) = ﬂ conv{U“(:U) . T € L}
peM (H)
Proposition. R(H,L)=[M(H,L),M(H,L)], A(H,L)=I[q(H,L),q(H,L)
Theorem. Let ) # H C L C X be arbitrary, and let £ > 0 be any l.s.c symmetric
kernel. Then the intervals R(H, L) and A(H, L) are nonempty.
Proof.
It suffices A(H, L) # (. Let p € M4 (H), v € My(L). We have

infU’“‘(a:):inf/ (z,y) du(y // (z,y) du(y) dv(z) =
xeL xel

/ / v.y) dv(@) duly) < sup / k() du(x) = sup U”(y)

yeH yeH

So q(H,L) < q(L,H). Notice that ¢q(H, L) is decreasing in H and increasing in L.
Hence

q(H,L)<q(L,H)<q(L,L)<qH L) = A(H,L)=[q(H,L),q(H,L)]#0
v



5. Uniqueness of rendezvous numbers

Theorem. Let K € X be compact and L C X be arbitrary.

g(K,L)= inf sup // (z,y) du(y) dv(z) =

HEM(K) yeamy (L

— inf // (z,y) du(y) dv(z) = ¢(L, K)
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5. Uniqueness of rendezvous numbers

Theorem. Let K € X be compact and L C X be arbitrary.

g(K,L)= inf sup // (z,y) du(y) dv(z) =

HEM(K) yeamy (L

— inf // (z,y) du(y) dv(z) = ¢(L, K)

VEmtl ueﬂﬁl

Proof.

pneM (K) v=s. peM(K) ye, (L
zel LK

oK, L) =int sup / / (z,y) duly) dv(z) < inf up / / k(z,y) du(y) dv(z)



5. Uniqueness of rendezvous numbers

Theorem. Let K € X be compact and L C X be arbitrary.

g(K,L)= inf sup // (z,y) du(y) dv(z) =

peEM (K I/Egﬁl

— inf // (z,y) du(y) dv(z) = ¢(L, K)

V€9ﬁ1 /L€9ﬁ1

Proof.

q(K, L) = inf sup// zr,y)du(y) dv(x) < inf  sup // x,y) du(y) dv(x)
pEM(K) v=6, peMy (K VE?JJH

zeL LK

Glicksberg’s Minimax Theorem:

q(K,L) < inf  sup // z,y)du(y) dv(z) =sup  inf // x,y) du(y) dv(z)
HEML(K) peo, (L pemy (L) HEM (K

= su inf Ul(x)dv(xz) < su inf  sup U"z) = q(K, L
ye,‘DﬁF(L) u@)ﬁl(K)L/ () dv(z) < VE‘IT(RL) e () erL) (z) = qf )



5. Uniqueness of rendezvous numbers

We have seen:

q(K,L)= inf sup

k(x,y)d dv(zr) =
sIE) b (z,y) du(y) dv(z)

k(z,y) du(y) dv(z)

= sup inf
veM, (L) HEMi(K)

S — T



5. Uniqueness of rendezvous numbers

We have seen:

q(K,L)= inf sup

k(x,y)d dv(zr) =
i s [ [ k) duty) dv)

k(z,y) du(y) dv(z)

= sup inf
veM, (L) HEMi(K)

S — T

Then:
oL K) <KL = swp / / bz, y) du(y) dv(z) =

]/Eml ) Memtl(

— inf / < sup inf U” q(L, K
Vef)ﬁl ,LLEml 7 Vei)ﬁl( )ng ( > _< )



5. Uniqueness of rendezvous numbers

Theorem. Let £k > 0 be any l.s.c., symmetric kernel and ) # K € X compact.
Then A(K, K) is one single point. For continuous %, even R(K, K) is a singleton.



5. Uniqueness of rendezvous numbers

Theorem. Let £k > 0 be any l.s.c., symmetric kernel and ) # K € X compact.
Then A(K, K) is one single point. For continuous %, even R(K, K) is a singleton.

Theorem. Let H,L C X, then

M(H,L)=q(H,L) < q(L,H) < M(L, H)
If L C X is compact, then

M(H,L)=q(H,L)=q(L, H)
If K C X is compact and k is continuous, then

q(L,K)=M(L,K)



5. Uniqueness of rendezvous numbers

Theorem. Let £k > 0 be any l.s.c., symmetric kernel and ) # K € X compact.
Then A(K, K) is one single point. For continuous %, even R(K, K) is a singleton.

Theorem. Let H,L C X, then

M(H,L)=q(H,L) < q(L,H) < M(L, H)
If L C X is compact, then

M(H,L)=q(H,L)=q(L, H)
If K C X is compact and k is continuous, then

(L, K) = M(L, K)

Remark: For K compact D(K) = w(K) and M (K) = q(K)
So with maximum principle w(K) < ¢(K) < u(K)
and D(K) = M(K) follows.



6. Invariant measures

S.Morris, P.Nickolas
a measure u € My (H) is k-invariant (on L), if the respective potential integral is
constant:

Ul(x) = /k(:z;,y) du(y) = const. (forallz € L) .

X



6. Invariant measures

S.Morris, P.Nickolas
a measure u € My (H) is k-invariant (on L), if the respective potential integral is

constant:
Ul(x) = /k(:z;,y) du(y) = const. (forallz € L) .
X

Theorem. Assume that there exists a measure p € 91, (H) which is k-invariant on
L (potential constant ¢). Then we have

A(H, L) ={c}.
Furthermore, if £ is continuous and L is compact, then we even have

R(H, L) = {c}.



6.

Invariant measures

S.Morris, P.Nickolas
a measure u € My (H) is k-invariant (on L), if the respective potential integral is
constant:

Ul(x) = /k(:z;,y) du(y) = const. (forallz € L) .

X

Theorem. Assume that there exists a measure p € 91, (H) which is k-invariant on
L (potential constant ¢). Then we have

A(H, L) ={c}.
Furthermore, if £ is continuous and L is compact, then we even have
R(H,L)={c}.

Corollary. (Morris—Nickolas) Let (X, d) be a compact (connected) metric space.
Assume that there exists a d-invariant measure i € 91,(X). Then we have

AX)=R(X)={r(X)} Uz)=r(X) (VreX).



6. Existence of invariant measures

Basic background from potential theory:
Theorem. (Frostman, Fuglede, 1959). Let k be a positive, symmetric kernel and

K € X withw(K) < +o0o. Every u € 91, (K) having minimal energy (I (u, 1) = w(K))
satisfies

U'(z) > w(K) for nearly every x € K |
Ut(x) < w(K) for every x € supp u ,
U'(x) = w(K) for u-almost every x € X .



6. Existence of invariant measures

Basic background from potential theory:
Theorem. (Frostman, Fuglede, 1959). Let k be a positive, symmetric kernel and

K € X withw(K) < +o0o. Every u € 91, (K) having minimal energy (I (u, 1) = w(K))
satisfies

U'(z) > w(K) for nearly every x € K |
Ut(x) < w(K) for every x € supp u ,
U'(x) = w(K) for u-almost every x € X .

If the kernel is continuous: “nearly every” = “every”



6. Existence of invariant measures

Theorem. [R. Wolf; B.F., Sz. Révesz] If k is continuous and K is compact, then
r(K) > w(K)

Furthermore, if r(K) = w(K), then there exists some k-invariant measure in 9, (K).
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Furthermore, if r(K) = w(K), then there exists some k-invariant measure in 9, (K).

Proof. M(K) > w(K) is already known

continuity of £ on the compact set K implies {M(K)} = A(K) = R(K) = {r(K)}.



6. Existence of invariant measures

Theorem. [R. Wolf; B.F., Sz. Révesz] If k is continuous and K is compact, then
r(K) > w(K)

Furthermore, if r(K) = w(K), then there exists some k-invariant measure in 9, (K).
Proof. M(K) > w(K) is already known
continuity of £ on the compact set K implies {M(K)} = A(K) = R(K) = {r(K)}.

Assume r(K) = w(K). We have w(K) < +oo
Take 1 € 9 (K) minimising sup,. U"(x), i.e., with sup,. - U*(x) = ¢(K) = r(K) =
w(K) < 1) = [ UPa) du(o) < sup U (a) = 1(K) = ().

rzeK
K



6. Existence of invariant measures

Theorem. [R. Wolf; B.F., Sz. Révesz] If k is continuous and K is compact, then
r(K) > w(K)

Furthermore, if r(K) = w(K), then there exists some k-invariant measure in 9, (K).
Proof. M(K) > w(K) is already known
continuity of £ on the compact set K implies {M(K)} = A(K) = R(K) = {r(K)}.

Assume r(K) = w(K). We have w(K) < +oo
Take 1 € 9 (K) minimising sup,. U"(x), i.e., with sup,. - U*(x) = ¢(K) = r(K) =
w(K) < 1) = [ UPa) du(o) < sup U (a) = 1(K) = ().

rzeK
K

Hence ;1 minimises also I(u, 1), so Frostman’s theorem is applicable
— w(K) < UMz) <=r(K)=w(K),so U'(zx) =w(K) holds for all z € K



/. Back to the maximum principle

Theorem. [M.Yamasaki/B. Nagy, B.F.] The kernel k£ is symmetric and continuous.
If M(K) = D(K) for all K C X compact sets, then the kernel has the maximum
principle.
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Theorem. [M.Yamasaki/B. Nagy, B.F.] The kernel k£ is symmetric and continuous.

If M(K) = D(K) for all K C X compact sets, then the kernel has the maximum
principle.

Proof. D(K)=w(K) for all K C X compact
— existence of invariant measure on K

First case: X finite. Induction: for #X =2, X = {a,b}.
Assume wlog: k(a,a) < k(b,b).

The possible y's: u = ad, + B.

For . = 9, to show k(a,b) < k(a,a)



/. Back to the maximum principle

d D(X) < k(a,a) holds by definition.

4 For an energy minimising probability measure v, = pd, + (1 — p)é, on X the
potential is constant, so

pk(a,a) + (1 —p)k(b,a) = pk(a,b) + (1 —p)k(b,b) = M(X) = D(X) < k(a,a).
For p =1, then k(a,a) = k(a,b). If p < 1, then

(1—=pk(b,a) < (1 —pk(a,a), hence k(b,a)<k(a,a).



/. The maximum principle; n > 2

Let #X =n + 1, and p on X we have to prove sup,cx U*(x) = sup,cqupp , U ()

A If supp u = X, then there is nothing to prove.
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/. The maximum principle; n > 2

Let #X =n + 1, and p on X we have to prove sup,cx U*(x) = sup,cqupp , U ()

A If supp u = X, then there is nothing to prove.

1 if there are two distinct points x; # o, 21,22 € X \ supp u, then by the induction
hypothesis we have

sup Ul(x)= sup Ul(x)= sup UH(x).
reX\{z1} TESUpPP K reX\{z2}

Let 1 defy the maximum principle. We have # supp u = n, say suppu = X \ {z,.1}.
Set K = supp p and let i/ be an invariant measure on K.
1" 1s also violating the maximum principle, because

3 Consider p; :=tu+ (1 —t)u/.
1 37 > 1such that y, is still a probability measure and supp ., C supp
1 Induction: U/ (x,,41) < UM (a) for some a € supp ji,.

d We know: UH(z,, 1) = U (2, 41) > U (a)
— UM (2y41) = UM (2,01) > UP(a) = UF (y) forall y € K.



/. The maximum principle

Let now v be an invariant measure on X. We have

M(X)

forally e X, z € K.

<

U"(y) = sup U"(x) = D(X)
D(K) = jg}g UM (z) = U"(2) < U" (2p41)
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A contradiction since v satisfies the maximum principle.



/. The maximum principle

Let now v be an invariant measure on X. We have

M(X) = U'y) = Slel)gU”(fE) = D(X)

< D(K) = sup U (z) = U"(2) < U" (2p41)
reK

forally e X, z € K.
— U¥(y) < U¥(y) for all y € X and even “<” for y = z,,

Integrate w.r.t. v

//kdudy:M(X)<//kdu’du://kdz/du’:M(X),

hence a contradiction, unless v({x,.1}) =0

If v({x,+1}) = 0 held, then » would be an energy minimising measure on K:

M(X)://kdydu’://kd/ﬂdV:M(K) holds.
K K K K

A contradiction since v satisfies the maximum principle.

Second case: X arbitrary compact set: follows by approximation.



/. The maximum principle

For compact sets and continuous kernels
dr(K)=MK)=q(K) (uniform energy)
(K)

w(K (Wiener energy)

a D(K)
ad D(K)

IA

M(K) always

d D(K)= M(K) <= the kernel satisfies the maximum principle



Thank you for listening!






