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Maximum principle: for every µ compactly supported probability measure

sup
x∈C

∫
− log |x− y| dµ(y) = sup

x∈suppµ

∫
− log |x− y| dµ(y).
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H. Gross (1967):

(X, d) a compact, connected metric space

There exists uniquely a number r = r(X), such that for all w1, w2, . . . , wn ∈ X there

is an x ∈ X with
1

n

n∑
i=1

d(wi, x) = r

Some examples

For [0, 1]: r([0, 1]) = 1/2 (take x1 = 0, x2 = 1, then x− x1 + x2 − x = 1)

r(unit disc) = 1, r(unit circle) = 4/π etc.

For unit spheres in `np(R) or `np(C) not known unless p = 1, 2,∞.

P. K. Lin, R. Wolf, J. C. García-Vázquez, R. Villa, 1994–...
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unique number r = r(X, k), such that for all w1, w2, . . . , wn ∈ X there is x ∈ X with

1

n

n∑
i=1

k(wi, x) = r

G. Elton, J. M. Cleary, S. A. Morris, D. Yost (1986):

For all µ ∈M1(X) Borel probability measures there is some x ∈ X with∫
X

k(x, y) dµ(y) = r
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X a (locally compact) topological space

k : X ×X → R ∪ {+∞}, positive (symmetric), lower semicontinuous kernel.
µ ∈M1(X) probability measure
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sup
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Uµ(x) de la’Vallée-Poussin energy

w(H) := inf
suppµbH

∫
X

Uµ(x) dµ(x) Wiener energy

in general: w(H) ≤ v(H) ≤ u(H); For symmetric kernels: w(H) = v(H)

Frostman’s maximum principle: supsuppµUµ = supX U
µ holds for all µ ∈M1;

this trivially implies u = v.
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∫
X

∫
X

k(x, y) dµ(x) dν(y)

Motivation 2
w(H) ≤ v(H) ≤ q(H) ≤ u(H) = q(H,X).

Motivation 3
inf sup =⇒ “saddle point”. Monotonicity only in separate variables.
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Proposition. For arbitrary H,L ⊂ X both Mn(H,L) and Mn(H,L) converge. The

limits M(H,L), M(H,L) are called the Chebyshev constant of L w.r.t to H.

M(H) :=M(H,H), M(H) :=M(H,H).
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Definition. Let H ⊂ X be fixed. We define the nth diameter of H as

Dn(H) := inf
w1,...,wn∈H

1

(n− 1)n

( ∑
1≤j 6=l≤n

k(wj, wl)

)
;

The limit D(H) := limn→∞Dn(H) is the transfinite diameter of H.

Theorem. [with Béla Nagy]

Assume that the kernel k is positive, symmetric and satisfies the maximum princi-

ple. Let K ⊂ X be any compact set. Then the transfinite diameter, the Chebyshev

constant and the energy of K coincide:

D(K) =M(K) = w(K).

In fact:

o M(K) ≥ D(K) always

o D(K) ≥ w(K) always

o w(K) ≥M(K) with maximum principle
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}
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Similarly, one defines the (weak) average set of L w.r.t. H as

A(H,L) :=
⋂

µ∈M1(H)

conv
{
Uµ(x) : x ∈ L

}
M. Baronti, E. Casini, P. L. Papini
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R(H,L) =
⋂

n∈N,w1,...,wn∈H

conv
{1
n

n∑
j=1

k(x,wj) : x ∈ L
}

A(H,L) =
⋂

µ∈M1(H)

conv
{
Uµ(x) : x ∈ L

}

If r ∈ R(H,L) then for any w1, w2, . . . , wn ∈ H there are x1, x2 ∈ L

1

n

n∑
i=1

k(wi, x1) ≤ r ≤ 1

n

n∑
i=1

k(wi, x2)

C. Thomassen (2000): weak rendezvous number
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k(x, y) dµ(y) dν(x) =

= sup
ν∈M1(L)

inf
µ∈M1(K)

∫
L

∫
K

k(x, y) dµ(y) dν(x)

Then:

q(L,K) ≤ q(K,L) = sup
ν∈M1(L)

inf
µ∈M1(K)

∫
L

∫
K

k(x, y) dµ(y) dν(x) =

= sup
ν∈M1(L)

inf
µ∈M1(K)

∫
K

U ν(y) dµ(y) ≤ sup
ν∈M1(L)

inf
y∈K

U ν(y) = q(L,K)

X
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Theorem. Let k ≥ 0 be any l.s.c., symmetric kernel and ∅ 6= K b X compact.

Then A(K,K) is one single point. For continuous k, even R(K,K) is a singleton.
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Then A(K,K) is one single point. For continuous k, even R(K,K) is a singleton.
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5. Uniqueness of rendezvous numbers

Theorem. Let k ≥ 0 be any l.s.c., symmetric kernel and ∅ 6= K b X compact.

Then A(K,K) is one single point. For continuous k, even R(K,K) is a singleton.

Theorem. Let H,L ⊂ X, then

M(H,L) = q(H,L) ≤ q(L,H) ≤M(L,H)

If L ⊂ X is compact, then

M(H,L) = q(H,L) = q(L,H)

If K ⊂ X is compact and k is continuous, then

q(L,K) =M(L,K)

Remark: For K compact D(K) = w(K) and M(K) = q(K)

So with maximum principle w(K) ≤ q(K) ≤ u(K)

and D(K) =M(K) follows.
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constant:
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k(x, y) dµ(y) ≡ const. (for all x ∈ L) .
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a measure µ ∈ M1(H) is k-invariant (on L), if the respective potential integral is

constant:

Uµ
k (x) :=

∫
X

k(x, y) dµ(y) ≡ const. (for all x ∈ L) .

Theorem. Assume that there exists a measure µ ∈M1(H) which is k-invariant on

L (potential constant c). Then we have

A(H,L) = {c}.

Furthermore, if k is continuous and L is compact, then we even have

R(H,L) = {c}.

Corollary. (Morris–Nickolas) Let (X, d) be a compact (connected) metric space.

Assume that there exists a d-invariant measure µ0 ∈M1(X). Then we have

A(X) = R(X) = {r(X)} Uµ0(x) ≡ r(X) (∀x ∈ X) .
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Basic background from potential theory:

Theorem. (Frostman, Fuglede, 1959). Let k be a positive, symmetric kernel and

K b X with w(K) < +∞. Every µ ∈M1(K) having minimal energy (I(µ, µ) = w(K))

satisfies

Uµ(x) ≥ w(K) for nearly every x ∈ K ,

Uµ(x) ≤ w(K) for every x ∈ suppµ ,

Uµ(x) = w(K) for µ-almost every x ∈ X .
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Basic background from potential theory:

Theorem. (Frostman, Fuglede, 1959). Let k be a positive, symmetric kernel and

K b X with w(K) < +∞. Every µ ∈M1(K) having minimal energy (I(µ, µ) = w(K))

satisfies

Uµ(x) ≥ w(K) for nearly every x ∈ K ,

Uµ(x) ≤ w(K) for every x ∈ suppµ ,

Uµ(x) = w(K) for µ-almost every x ∈ X .

If the kernel is continuous: “nearly every” = “every”



6. Existence of invariant measures

Theorem. [R. Wolf; B.F., Sz. Révész] If k is continuous and K is compact, then

r(K) ≥ w(K)

Furthermore, if r(K) = w(K), then there exists some k-invariant measure in M1(K).



6. Existence of invariant measures

Theorem. [R. Wolf; B.F., Sz. Révész] If k is continuous and K is compact, then

r(K) ≥ w(K)

Furthermore, if r(K) = w(K), then there exists some k-invariant measure in M1(K).

Proof. M(K) ≥ w(K) is already known



6. Existence of invariant measures

Theorem. [R. Wolf; B.F., Sz. Révész] If k is continuous and K is compact, then

r(K) ≥ w(K)

Furthermore, if r(K) = w(K), then there exists some k-invariant measure in M1(K).

Proof. M(K) ≥ w(K) is already known

continuity of k on the compact set K implies {M(K)} = A(K) = R(K) = {r(K)}.



6. Existence of invariant measures

Theorem. [R. Wolf; B.F., Sz. Révész] If k is continuous and K is compact, then

r(K) ≥ w(K)

Furthermore, if r(K) = w(K), then there exists some k-invariant measure in M1(K).

Proof. M(K) ≥ w(K) is already known

continuity of k on the compact set K implies {M(K)} = A(K) = R(K) = {r(K)}.

Assume r(K) = w(K). We have w(K) < +∞
Take µ ∈M1(K) minimising supx∈K U

µ(x), i.e., with supx∈K U
µ(x) = q(K) = r(K) =⇒

w(K) ≤ I(µ, µ) =

∫
K

Uµ(x) dµ(x) ≤ sup
x∈K

Uµ(x) = r(K) = w(K),
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Theorem. [R. Wolf; B.F., Sz. Révész] If k is continuous and K is compact, then

r(K) ≥ w(K)

Furthermore, if r(K) = w(K), then there exists some k-invariant measure in M1(K).

Proof. M(K) ≥ w(K) is already known

continuity of k on the compact set K implies {M(K)} = A(K) = R(K) = {r(K)}.

Assume r(K) = w(K). We have w(K) < +∞
Take µ ∈M1(K) minimising supx∈K U

µ(x), i.e., with supx∈K U
µ(x) = q(K) = r(K) =⇒

w(K) ≤ I(µ, µ) =

∫
K

Uµ(x) dµ(x) ≤ sup
x∈K

Uµ(x) = r(K) = w(K),

Hence µ minimises also I(µ, µ), so Frostman’s theorem is applicable

=⇒ w(K) ≤ Uµ(x) ≤= r(K) = w(K), so Uµ(x) = w(K) holds for all x ∈ K
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Theorem. [M.Yamasaki/B. Nagy, B.F.] The kernel k is symmetric and continuous.

If M(K) = D(K) for all K ⊆ X compact sets, then the kernel has the maximum

principle.
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The possible µ’s: µ = αδa + βδb.

For µ = δa to show k(a, b) ≤ k(a, a)
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Theorem. [M.Yamasaki/B. Nagy, B.F.] The kernel k is symmetric and continuous.

If M(K) = D(K) for all K ⊆ X compact sets, then the kernel has the maximum

principle.

Proof. D(K) = w(K) for all K ⊆ X compact

=⇒ existence of invariant measure on K

First case: X finite. Induction: for #X = 2, X = {a, b}.
Assume wlog: k(a, a) ≤ k(b, b).

The possible µ’s: µ = αδa + βδb.

For µ = δa to show k(a, b) ≤ k(a, a)



7. Back to the maximum principle

o D(X) ≤ k(a, a) holds by definition.

o For an energy minimising probability measure νp := pδa + (1 − p)δb on X the

potential is constant, so

pk(a, a) + (1− p)k(b, a) = pk(a, b) + (1− p)k(b, b) =M(X) = D(X) ≤ k(a, a).

For p = 1, then k(a, a) = k(a, b). If p < 1, then

(1− p)k(b, a) ≤ (1− p)k(a, a), hence k(b, a) ≤ k(a, a).



7. The maximum principle; n > 2

Let #X = n + 1, and µ on X we have to prove supx∈X U
µ(x) = supx∈suppµU

µ(x)

o If suppµ = X, then there is nothing to prove.
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7. The maximum principle; n > 2

Let #X = n + 1, and µ on X we have to prove supx∈X U
µ(x) = supx∈suppµU

µ(x)

o If suppµ = X, then there is nothing to prove.

o if there are two distinct points x1 6= x2, x1, x2 ∈ X \ suppµ, then by the induction

hypothesis we have

sup
x∈X\{x1}

Uµ(x) = sup
x∈suppµ

Uµ(x) = sup
x∈X\{x2}

Uµ(x).

Let µ defy the maximum principle. We have #suppµ = n, say suppµ = X \ {xn+1}.
Set K = suppµ and let µ′ be an invariant measure on K.

µ′ is also violating the maximum principle, because

o Consider µt := tµ + (1− t)µ′.

o ∃ τ > 1 such that µτ is still a probability measure and suppµτ ( suppµ

o Induction: Uµτ (xn+1) ≤ Uµτ (a) for some a ∈ suppµτ .

o We know: Uµ(xn+1) = Uµ1(xn+1) > Uµ1(a)

=⇒ Uµ′(xn+1) = Uµ0(xn+1) > Uµ0(a) = Uµ′(y) for all y ∈ K.
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Let now ν be an invariant measure on X. We have

M(X) = U ν(y) = sup
x∈X

U ν(x) = D(X)

≤ D(K) = sup
x∈K

Uµ′(x) = Uµ′(z) < Uµ′(xn+1)

for all y ∈ X, z ∈ K.
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If ν({xn+1}) = 0 held, then ν would be an energy minimising measure on K:

M(X) =

∫
K

∫
K

k dν dµ′ =

∫
K

∫
K

k dµ′ dν =M(K) holds.

A contradiction since ν satisfies the maximum principle.
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≤ D(K) = sup
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for all y ∈ X, z ∈ K.
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∫
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∫
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k dµ′ dν =

∫
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∫
X

k dν dµ′ =M(X),

hence a contradiction, unless ν({xn+1}) = 0

If ν({xn+1}) = 0 held, then ν would be an energy minimising measure on K:

M(X) =

∫
K

∫
K

k dν dµ′ =

∫
K

∫
K

k dµ′ dν =M(K) holds.

A contradiction since ν satisfies the maximum principle.

Second case: X arbitrary compact set: follows by approximation.



7. The maximum principle

For compact sets and continuous kernels

o r(K) =M(K) = q(K) (uniform energy)

o D(K) = w(K) (Wiener energy)

o D(K) ≤M(K) always

o D(K) =M(K)⇐⇒ the kernel satisfies the maximum principle



Thank you for listening!




