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Hard to study area:

 no numerical results from 
lattice

 hard to reach with 
experiments 

• Effective models 
• indirect methods
• Astrophysics
• Compact stars
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This region known:
Interaction, particles, 
degrees of freedom

Using this knowledge,
how can we understand
the behavior of matter
in a different state?

Analogy: to describe fluid flow, the knowledge of the quantum
mechanics of fluid molecules is not needed. This separation
makes hard to predict fluid flow based on laws describing the
elementary particles of water.
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 How can complex behaviour of many particles can be understood
and explained from the simple laws gowerning one particle?

 Quantum measurement: one particle is quantum mechanical, but
in the description of enormous number of particles it is not
important.

 Why fine tuning effects arise in many physical theories?

 How can we reconcile the fact that seemingly different theories
work exceptionally well in different regions?

The framework to address
these is FRG
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 Recently very succesful renormalization method

 FRG is used in the formulation of Wetterich (1993) 

 Main ingredients

◦ Functional (path integral ) methods of QFT 

◦ Wilsonian renormalization idea: Renormalization Group

 Interpolates smoothly between microscopic laws and 
complicated macroscopic phenomena, by introducing a scale

◦ Description of phase transitions, quantum measurements?

 Why are we interested ? 
◦ There is a hint that FRG maybe solves the triviality problem and the 

hierarchy problem (fine tuning) of the Higgs sector in the SM

◦ Quantum Gravity: Many calculations show that gravity has an UV fixed 
point.

FRG
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 Picture: The point charge polarizes the dielectric
material. The point charge appears to be smaller
at large distance, because of the screening of the
medium.

 Basic Idea: Thank to the interaction the
measurable (effective) quantities differ from the
original (bare) quantites

 Renormalization: Taking into account the active
medium.

 Origin of quantum corrections
The uncertainty principle allows the
particle to gain high energy for a
short time: it can participate in a
high energy process.

Example: The photon creates an e-

e+ pair which annihilates into a
photon. This process changes the
propagator of the electron.

The interaction between the
electron and the photon is a result
of lots of small scattering
processes.
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Operators, relevant
physical interactions
particles etc…

Fixed Points: Physical
theories live near these
points. They have given
set of operators: physical
quantities, particles etc.

Operators change
between fixed points, 
some become less 
important some appear. 
A physical ” theory” is 
valid until it’s operators 
are intact.

Physical theories ”born” near fixed
points: Near these points the operators
can be experimentally determined,
because they do not change by the scale
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 Generating Functional+ Regulator

◦ The regualtos acts as a mass term and suppresses fluctuations below 
scale  k

◦ gradual momentum integration

 The effective action is the Legenrdre-transform of the Schwinger 
functional: 

 The scale-dependece of the effective action is given by the 
Wetterich-equation:
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 Exact equation for the effective action, but it is very 
hard to solve directly

◦ Scale dependent effective action (k scale parameter)

k=Λ
Classical
action

k=0
Quantum

fluctuations
included

Integration

Wetterich
equation
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 Exact equation for the effective action, but it is very 
hard to solve directly

◦ Scale dependent effective action (k scale parameter)

We need an ansatz for the integration

Scale
dependent
coupling

Not necessarly
perturbative ansatz!
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 Exact equation for the effective action, but it is very 
hard to solve directly

◦ Scale dependent effective action (k scale parameter)

Regulator: 
• determines the modes present on scale k
• physics is regulator independent
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Ansatz for the effective action: 

Fermions : m=0, Yukawa-coupling generates mass

Bosons: the  potential contains self interaction terms

We study the scale dependence of the potential only!!
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What does the ansatz exactly mean ? 
LPA is based on the assumption that the contribution of these
two diagrams are close.

(momentum dependence of the vertices is suppressed)

This implies the following ansatz for the effective action:

LPA
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Ansatz for the effective action: 

Bosonic part Fermionic part

Wetterich -equation
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We have two equations
for the two values of the
step function each valid
on different domain

Fermi-surface

Fermionic vacuum fluctuations and 
thermodynamic fluctuations cancel 

T=0 , µ≠0

19/36Péter Pósfay , ELTE, Wigner  RCP 



1.) Fix the high scale couplings in
the theory

2.) Integrate the
equation which is 
valid outside of the
Fermi surface

3.) Calculate the initial
conditions for the
other equation inside
the Fermi surface

4.) Integrate the equation
which is valid below the Fermi 
surface
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The boundary
condition mix k
and gφ

To use the orginal
method we need an
initial condition
which do not have
this mixing
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We can transform the
variables to make the
quarter cirle into a
rectangle.

BUT now we have a well
defined boundary condition

too!
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 Solution is expanded in an orthogonal basis to accomodate 
the strict boundary conditoin in the trasformed area

 The square root in the Wetterich-equation is also expanded: 

Where: 

Expanded square root

We use harmonic base
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Potential in one-loop
approximation

The solution changes only
under the Fermi surface,
because here we switch to
the other equation

Fermi surface in
the field variable

Higher orders of the taylor-
expansion for the square root
converge fast where the
potential is convex
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Fermi-surface in
the field variable

Where the potential is concave the solution slowly converges to a
straight line, because the free energy (effective potential) must be
convex from thermodynamics reasons.

This is the Maxwell construction. 

Potential in one-loop
approximation
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The convergence for the concave regions is slow and not point

like, because we approximate a line with harmonic functions. 

Convergence is very good for convex parts

Use the solution which is converged well for convex

parts as a COARSE GRAINED ACTION

This action is good for calculating thermodynamics, 
but one has to be careful with the surface tension
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Scalar self interaction
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PRESSURE

Mean Field  > 1-LOOP > FRG
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FRG

EOS

M-R diagram 

Phase structure
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The Fermi-gas is not a realistic model of a neutron star, this is
just demonstrates that an apparently small change in the EoS, due
to quantum fluctuations means a noticeable change in the
solution of the TOV equations.

MFRG=1.377

+1.5 %

MMF=1.358

-3.5 %

M1L=1.309
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If you have an FRG Problem
http://pospet.web.elte.hu/

(Contact and related materials)
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 How can we control the UV behavior of a QFT?
◦ Asymptotic freedom: theory becomes free at large

energies (QCD)

 Asymptotic safety: running of the couplings stops at

high energies, so increasing the energy does not change the
value of couplings

◦ Couplings can be fixed and valid up to arbitrary
high energies. The theory is renormalizable.

◦ Perhaps the SM is asymptotically safe?

◦ An UV fixed point is found for Gravity-> Quantum
gravity
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 Using gravity in the running of the Higgs potential
Wetterich et.al. predicted the mass of the Higgs boson
(2009 – 126 GeV !)
◦ Mikhail Shaposhnikov, Christof Wetterich :Asymptotic safety of gravity

and the Higgs boson mass Phys.Lett.B683:196-200,2010,
arXiv:0912.0208 [hep-th]

 Message: Irrelevant operators (example: gravity in SM)
has important role in the running of the couplings.
◦ Irrelevant operators: they influence the running of the

couplings, but they have negligible effect in the IR theory

◦ If this is true FRG is the most convenient method to study this
behavior.
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