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ABSTRACT. In this paper two independent and unitarily invariant projection matrices P(IN)
and Q(N) are considered and the large deviation is proven for the eigenvalue density of all
polynomials of them as the matrix size N converges to infinity. The result is formulated on
the tracial state space T'S(A) of the universal C*-algebra A generated by two selfadjoint
projections. The random pair (P(N), Q(N)) determines a random tracial state v € T'S(A)
and 7y satisfies the large deviation. The rate function is in close connection with Voiculescu’s
free entropy defined for pairs of projections.
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INTRODUCTION

Large deviation results for the empirical eigenvalue density of random matrices started
with the paper of Ben Arous and Guionnet [2] in which generalized Wigner theorem con-
cerning Gaussian symmetric (or selfadjoint) matrices was proven. The paper was followed by
large deviation results for several other kind of random matrices (as Wishart, etc); see the
monograph [9] for a detailed discussion and the survey [8] for more recent developments.

Up to now the typical large deviation results on random matrices have dealt with the
empirical eigenvalue density of a certain sequence of matrices; occasionally these matrices
were algebraically expressed from two (as in [12]). In this paper two independent projection
matrices are considered and the large deviation is proven for all polynomials (even for more
general functions) of them. More precisely, the main result is a C*-algebraic formulation
of large deviations for the sequence of two random selfadjoint projection matrices P(N)
and Q(N) having independent and unitarily invariant distribution provided moreover « :=
limy rank(P(N))/N and 8 := limy rank(Q(N))/N exist. The main theorem is formulated
on the tracial state space T'S(A) of the universal C*-algebra A := C*(Z x Z) generated by
two selfadjoint projections e and f. The random pair (P(N),Q(N)) determines a random
tracial state 7y € T'S(A) as follows:

rv(h) = L THG),  hE A,

where 9 : A — My (C) is the unique *-homomorphism such that 9 (e) = P(N) and ¢(f) =
Q(N). The random 7y induces a measure vy on T'S(A) and the sequence vy satisfies the
large deviation principle in the scale 1/N? with a rate function T : TS(A) — [0,00] in
the ordinary sense. It is very remarkable that the rate function Z is in close relation with
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Voiculescu’s free entropy x(p, ¢) defined for a pair of projections in a W*-probability space.
Namely, the GNS-construction from (A, 7) yields a W*-probability space (7, (A)", 7) and for
the projections p = 7, (e) and ¢ = w-(f), we have Z(7) = —x(p, q).

The result includes a bunch of traditional large deviation results for the eigenvalue density
of different polynomials of P(N) and Q(N). The corresponding rate function can be obtained
from Z by the contraction principle and computed explicitly in some examples as P(N)Q(N )+
Q(N)P(N) and aP(N) + bQ(N).

The paper is organized as follows. First we establish a large deviation theorem for the
empirical eigenvalue density of the random matrix P(N)Q(N)P(N). This result is obtained
via the joint eigenvalue density and the cases a+ < 1 and > 1 are somewhat separated but
treated parallel. A few facts about the Jacobi ensemble are used here. Since polynomials of
two projections are easily controlled by the powers of P(N)Q(N)P(N), we can move to the
C*-algebraic formulation mentioned above. The tracial state space T'S(A) has a convenient
representation in terms of four numbers and a measure on (0, 1). The large deviation theorem
or more precisely the rate function is first identified in terms of the representation of tracial
states and the description a la Voiculescu comes afterwards. The last section is the application
of the contraction principle and contains very concrete computations.

1. JOINT DISTRIBUTION OF TWO PROJECTIONS

Let My (C) be the algebra of N x N complex matrices. By an N x N random projection
matriz P we always mean a random orthogonal (or selfadjoint) projection matrix, and the
unitary invariance of P means that the distribution of V PV™ is equal to that of P for any
unitary V € My(C).

The aim of this section is to analyze the joint distribution of two independent and unitarily
invariant random projection matrices P, @ in My (C), when their ranks rank(P) = k and
rank(Q) = [ are fixed; we may assume that 0 < k£ <[ < N. Throughout this section, we keep
these assumptions on P and Q.

The joint eigenvalue distribution of PQP is related to the Jacobi ensemble. Let (A, B)
be an independent pair of N x N complex Wishart matrices of p degrees of freedom and of
q degrees of freedom, respectively, that is, A = YY™* and B = ZZ* with complex N x p and
N x g random matrices Y and Z such that ReY;;, ImY;;, Re Z;; and Im Z;; are independent
standard Gaussians. Assume here that p,¢q > N. Then the random positive semidefinite
matrix

(A+ B)"Y2A(A+ B)~/?
is called an N x N Jacobi ensemble of parameter (p — N,q — N). It has the probability
distribution

Constant x Det(X)? VDet(I — X)9 N1y y<n(X)dX, (1.1)

(on the space of N x N selfadjoint matrices, see [4, Lemma 2.1]), where 1;o<x<s} denotes
the characteristic function of {X € My (C) : 0 < X < I}. The density formula (1.1) implies
the joint distribution of the eigenvalues

N N
Constant x Hw‘?—N(l — )TN H (z; — 75)* H 110,11 (z:) ds,

i=1 1<i<j<N i=1
see also [5] or [7, Chapter 2].
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The next lemma is from [4, Theorem 2.2].

Lemma 1.1. Assume that k+1 < N. Then PQP, when considered as a random matriz in
My (C) = PMN(C)P, has the distribution of a Jacobi ensemble of parameter (I—k, N —k—1).
Hence, the joint eigenvalue distribution of the nonzero eigenvalues of PQP is given by

k

Hiﬁl " W @i =) [] Yoy (wi) dai (1.2)

1<i<j<k i=1

Nkl

with a normalization constant Zy k.

Let (A, B) and (A’, B') be pairs of selfadjoint N x N random matrices. We say that they
have the same joint distribution if

trv(h(A, B)) = try(h(A', B'))  almost surely

for any polynomial A of two non-commuting variables, where try denotes the normalized
trace on My (C).

Our strategy is to modify the pair (P, Q) of projections in such a way that they are easy
to be handled but their joint distribution does not change. As the first step, we may assume
that (P, Q) are of the forms

P=Lo0yy, Q=UIe0Ny U,

where I ® On_j denotes the diagonal matrix whose £ first diagonal entries are 1 and the
remaining are 0, and U is an N X N Haar-distributed random unitary matrix. In this way,
randomness belongs to only (), while P is a constant projection matrix.

Proposition 1.2.

(a) If k+1 < N, then the joint distribution of (P, Q) coincides with that of the pair

X X —X) 0 0
X —X) I,—X 0 0
P and
an 0 0 L. 0 |
0 0 0 On_p

where X := Diag(x1,...,2x) and (z1,...,xx) € [0,1]F is distributed under the distri-
bution (1.2).
(b) If k+1 > N, then the joint distribution of (P, Q) coincides with that of the pair

Tosin 0 0 0
0 X Xy —X) 0
P d
an 0 X(In1—X) Ing—X 0|’
0 0 0 I,
where X := Diag(z1,...,2nx ) and (z1,...,zx5_) in [0,1]V " is distributed under

N-I

H zl= DN T @ = 2)? [ o (eo) das. (1.3)

1<i<j<N—I i=1

ZNkl
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Proof. (a) Assume k+1 < N. By the structure theorem of two projections (see [14, pp. 306—
308]), after a (random) unitary conjugation, (P, @) can represented as

I 0
P = k J@I@I@O@Q
X X(I - X)

[ XT-X) I-X
where 0 < X < I with ker X = {0} and ker(/ — X) = {0} on Hy, under a decomposition
CN = (Ho®C*) @M1 ©Hy & Hs & Ha.

(Note that H1, Ho, H3 and H,4 are the ranges of PA Q, P AQ+, PLAQ and (P V Q)*L,
respectively, and some of them may be zero spaces.) Since PQP|pcy is X @ T &0 on
Ho ®H1 D Hs, it follows from Lemma 1.1 that H; and Hs are zero spaces almost surely. This
shows that there exists an N x N random unitary matrix V' such that

I
VPV*::.P:[g 8]@0“k@0N*4=

Q = Io0ID0,

X X (T, — X)

I ®0n_j—
X = X) I — X @ L1k ©UN—k—1;

VQV*::[

where X = Diag(z1,...,2z%) and (z1,...,7;) € [0,1]* is distributed under (1.2) by Lemma
1.1. Hence we have the desired conclusion.

(b) Next, assume k + [ > N; then since N —[ < k and (N — 1) + k£ < N, one can apply
the above case (a) to (I — @, P) instead of (P, @). Thus, the joint distribution of (I — @, P)
is equal almost surely to that of the pair

In_; O
[ ]\6 : 0] D0k N DOk

and
[ X X(Iy-1 — X)]
X(Ino—X) Ino—-X

so that (P, Q) has the same joint distribution almost surely as the pair

X(In_ — X)

X @ 1, ®0
Xy =X) In_— X k+1-N © Uk

5> In+mfN ¥ Omfn

and
0 0
[0 INZ] & Igt1-~N O L.

Here, X = Diag(x1,...,2nx_;) and (z1,...,2x_;) € [0,1]V " is distributed under

N—I N—l
a— [Tzt a -z ] (=) I] 1joy() das. (1.4)
NN=LE 35 1<i<j<N—1 i=1
Since [ X7 [z\)riz —X) );TJE[I_A; :l ;(X)] and [0 []\? l] are respectively transformed into
[IJ\([)_Z 0] [ \/INIZ;X X(IN 1= X) by a conjugation by the unitary matrix
Nt — X
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[_ \/% I]\:i)l—(_ X , the conclusion follows after the coordinate change X — Iy ;—

X so that (1.4) is transformed into (1.3). O

From Proposition 1.2 we can readily obtain joint eigenvalue distributions of some polyno-
mials of P and (). For example, we have:

Corollary 1.3.
(i-a) When k41 < N, the eigenvalues of PQP (or PQ) are given as
0,...,0 sLlyes 3 Tk
——
N—Fk times

and the joint distribution of (z1,...,zg) is (1.2).
(i-b) When k+1 > N, the eigenvalues of PQP (or PQ) are given as

0,...,0, ]_7...,1 s Llyeee s TNy
N—— —
N—k times k+{—N times

and the joint distribution of (x1,...,xn—;) is (1.3).
(ii-a) When k+1 < N, the eigenvalues of PQ + QP are given as

0,...,0 :Elzt\/iﬂl...xkﬂ:w/(l)k
2 2 ? ? ?
N =2k times

and the joint distribution of (z1,...,x) is (1.2).
(ii-b) When k+1 > N, the eigenvalues of PQ + QP are given as

0,...707 2,...72 7$1iﬂ/$17~~~7$N—l:|:w/$N—l7
[—k times k+I—N times

and the joint distribution of (x1,...,xn—;) s (1.3).
(ii-a) When k+1 < N and a,b € R\ {0}, the eigenvalues of aP + bQ are given as

0,...,0 ,b,....0,21,...,%5,a+b—1x1,...,0a+b— zy,
e N
N -2k times [—k times
and the joint distribution of (x1,...,xy) is
ok i a+b I—k N—k—l
abF =R Zy Zl:[l TP ‘ (i — a)(zi = b)| " |2i(a + b — ;)|
k
X H (:L‘Z —xj)Q(a—i—b—xi _xj)QH]-[A,B](fL'i) d:L‘Z', (15)
1<i<j<k i=1

where Zy k1 is the normalization constant in (1.2) and A, B are the first two smallest
numbers of 0,a,b,a + b.
(iii-b) When k+1> N and a,b € R\ {0}, the eigenvalues of aP + bQ are given as
b,....b,a+b,...,a+b,z1,...,sN_j,a+b—121,...,0+b—TN_],
—_

l—k times k+l—N times
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and the joint distribution of (x1,...,2N_¢) 18
oN—l i a+b I—k k+l—N
‘ab‘l(Nfl)ZN’k’l }:[1 Ti — 9 ‘ ‘(:L“Z —a)(@; — b)‘ ‘xi(a +b- 5177,)‘
N-I|
X H (z; —:ch)2(a+b—mi —:Ej)g H 1[A,B](37i) dx;, (1.6)
1<i<j<N—I i=1

where Zy .1 is the normalization constant in (1.3) and A, B are as in (iii-a).

Proof. (i-a) is Lemma 1.1 and (i-b) is immediate from Proposition 1.2 (b).
(ii-a) By Proposition 1.2 (a) we may assume that
2X X(Ip — X)
P P = On—

where X is as in Proposition 1.2 (a). Then the result immediately follows because the eigen-

values of the 2 x 2 matrix [\/% $(1O_ 7) for 0 < z <1 are x £+ +/z. The proof of
z(l -z

(ii-b) is similar by Proposition 1.2 (b).

(iii-a) By Proposition 1.2 (a) we may assume that

al, +bX  bJ/XIz—X) 0 0
P10 = |WETG=X) b - X) 0 0
0 0 b, O

0 0 0 On_k

The eigenvalues of the 2 x 2 matrix [b% ' b(xl(i;)x)

a+b=++/(a—0b)?+ dabx
5 :

for 0 <z <1 are

Set ¢; := atbE (a2b) TAGDTE for 1 < ¢ < k. Then the eigenvalues of aP 4 b() are
0,...,0 ,b,....b,t1,...,tg,a+b—11,...,a+b— 1,
—— N —
N -2k times [—k times
and (t1,...,t) is supported in [A, B]*¥. By noting that
(ti—a)(ti—b) 1_$A:ti(a+b_ti) d(L‘Z'ZQ(ti_a+b)7

! ab ’ ! ab T di; 2
the form (1.5) of the joint distribution of (z1,...,2%) can be directly computed from (1.2).
The proof of (iii-b) is similar. O

2. LARGE DEVIATION FOR PQP

From now on, for each N € N let (P(N),Q(N)) be a pair of independent and unitarily
invariant random projection matrices in My (C) with non-random ranks k(N) := rank(P(N))
and I[(N) := rank(Q(N)). Throughout what follows, we assume that k(N)/N — « and
I(N)/JN — g as N — oo for some a,f € [0.1]. Our goal is to obtain a large deviation
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theorem for the empirical eigenvalue density of P(N)Q(N)P(N). Concerning large deviation
theory, our general reference is [6], but [9] contains many matrix examples.

We have already observed that the two cases a+ < 1 and o+ > 1 are slightly different.
To treat them parallel, we set

no(N) := N —min{k(N),I(N)}, ni(N):= max{k(N)+I(N) - N,0},
n(N) := N —nog(N) —ni(N) (= min{k(N),I(N), N — k(N),N —I(N)}).

Then one can combine (i-a) and (i-b) of Corollary 1.3 to see that the eigenvalues of the N x N
selfadjoint random matrix P(N)Q(N)P(N) are

0,...,0, 1,...,1,(1,‘1,...,£En(N)
N—_—— N——
no(N) times ni(N) times
and the joint distribution of (z1,..., %, ) is
1 g |k(N)—U(N)] |k(N)+I(N)—N]| 2 )
N A 1 —a; = i — T 1 i) dzi
zaw L = (1 - ) AT ey [T o des
i=1 1<i<j<n(N) =1 ( . )

with a normalization constant Z(N).

When X is a Polish space, let M(X) denote the set of all probability measures on X,
which becomes a Polish space with respect to weak topology. For p € M(R) let 3(u) be
Voiculescu’s free entropy (or the minus of the logarithmic energy) of u defined by

S(u) = / / log |z — y) du(z) dyu(y)

(see [16] and [9, §5.3]). In particular, when p is compactly supported, ¥(u) € [—o0, +00) is
well defined.

We first prove large deviation for the sequence of distributions (2.1) with slight modifica-
tions of notation.

Proposition 2.1. For each N € N consider the distribution

n(N) n(N)
]' K
m H T, (N)(l — xi))\(N) H (xz _ $j)2 H 1[071](3;1') dl‘i (2.2)
=1 1<i<j<n(N) -1

on [0,1]"N) with n(N) € N, &(N),A\(N) € [0,00) and a normalization constant Z(N).
Assume that n(N)/N — p, k(N)/N — k and A\(N)/N — X as N — oo for some p € (0, 00)
and Kk, X € [0,00). Then:

(1) The limit limy_o0 7 log Z(N) ezists and it equals p> B(k/p, A/ p), where

1 2 2 1 t 2 t2
B(s,t) := (—;5) log(1+ s) — % log s + (;)log(l +1) — ilogt
2 t)? 1 t)?
—H((y_)log(2+s+t) + (+82+)10g(1+5+t)
for s,t > 0.
(2) When (z1,..., 7)) is distributed under (2.2), the empirical measure
Irs + 4 G (23)

n(N)
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satisfies the large deviation principle in the scale 1/N? with the rate function

! A
I(p) == —p*S(p) — p/ (klogz + Aog(1 — z)) du(z) + pQB(,; p) (2.4)
0
Jor p € M(]0, ]) Moreover, there exists a unique minimizer py € M([0,1]) of I(u)
with I(ug) =

Proof. (1) The Selberg integral formula (see [11, §17.1]) gives

/01n(N)Hw (1 — ;)M H ) Hd‘”l

i=1 1§i<j§n(N)

Z(N)

_ ﬁ j+1 (j + K(N))T(j + A(N))
LG+ n(N)+s(N)+AN))

By using the Stirling formula7 under neglecting the small order o(N), we compute

1

1 n(N) n(N) n(N)
= NQ{ > dlogi+ Y (G +k(n)log(i + k(n)) + Y (7 + p(n)) log(j + p(n))
j=1 j=1 j=1

n(N)
(4 +n+r(n) + p(n))log(j + n + k(n) + p(n ))}
7=1

{i) ' M*g(néw <5 )os(im + )

J

*n( (n ) <n<§v>+2>

( .
A A
( 147 o+ )log<j+1—|—ﬁ+> .
o \n(N p n(N) p P
Therefore,
1
lim — log Z(N
NgnooN 8 ( )

1 1 1 A b
= p? /xlog:pdm—i—/ <x+ﬁ>log<x+ﬁ)dx+/ (:Jc—i—)log(:ﬂ—i—)dx
0 0 P P 0 p P
! A A
—/ (m—i—l—i-ﬁ—i-)log(:v—i-l—i-ﬁ—i-)d:r
0 PP p P

(2) Denote the distribution (2.2) by v,(y) and define the probability measure Py on

M([0,1]) by
Py (A) = vy ({2 € [0,1]"™) : pip € A})
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for Borel subsets A of M([0,1]), where p, denotes the empirical measure (2.3) for z =
(21, ., Tp(n)). Define the kernel functions on [0, 1]? as follows:

K A
F(z,y) = —log|z —y| — %(logx +logy) — %(log(l —z) +log(1 —y)),

Fr(z,y) == min{F(z,y),R} for R > 0.

Furthermore, for each N € N we define

~ k(N
Fx(e,g) = ~loglo ~ 1] = dusogn o loge +1og)

) (1og(1 — 2) + log(1 — v)),

—0x>05, )

ﬁN,R(:L“,y) = min{ﬁN(x,y),R} for R > 0,

where 0xs0 = 1 if K > 0, 0o = 0 if kK = 0, and §y>¢ is similar. Then we observe the
following:

(i) Fyrlz,y) < —loglz — y| — 5o (logz + logy) — muis (log(1 — z) + log(1 — 1)) for
all z,y € [0,1].

(ii) For any R > 0, ﬁNyR(x, y) converges to Fr(z,y) uniformly for z,y € [0,1] as N — oc.

In fact, (i) is obvious by definition of ﬁNyR(a;,y). For (ii) assume that x, A > 0 (the proof is
similar for other cases). For § > 0 set

Ts:={(z,y) €[0,1]?:6 <z <1-8,0<y<1—46|z—y >}

For any R > 0 there exist § > 0 and Ny € N such that F(z,y) > R and ﬁN(w,y) > R for all
(z,y) € [0,1]>\ Ts and N > Ny. Obviously, Fy(z,y) converges to F(z,y) uniformly on Tj as
N — o0, and the assertion follows.

According to general theory of large deviations ([6]), the stated large deviation is shown
when we prove the following two inequalities for every p € M([0, 1]):

HGlf[h]l\f[nj;pN log P ( )] < —p? //F(ﬂay) dp(z) dp(y) — C, (2.5)
inf [@Vrg inf . log PN(G)] >~ [ [ Fay) duo) duty) - €, (2.6)

where C := p?B(k/p, \/p) and G runs over neighborhoods of p.
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Proof of (2.5). For every neighborhood G of p € M([0,1]), setting G := {z € [0,1]*™)
pz € G}, by the above (i) we have

Py (G) = vy (@)

R A AN) .
Py /G H M1 ) I @-=) H

1<i<j<n(N)

1 " Ny A(N) /n(N
SN)/@E‘T"( () (1 _ ) M) /()
n{N)
X exp (—2 Z ﬁN,R(xi,xj)> H dz;
1<i<j<n(N) i=1
< 1! bR/ (] _ ANV g "
<7 /Ox (1—x) z

xexp< ulgg//FNRmydMUdu()m( >R>

Since the above fact (ii) implies that

lim<inf//FNnydu()du )—mf//FR:chdu x) dy'(y),
N—=oo\ p/eG wea

lgnooﬁlogPN( - ulréf(';//Fnyd,u x)dy'(y) — C

we get

thanks to (1). Furthermore, appealing to the continuity of p' — [[ Fr(z,y)du'(x) dp'(y),
we obtain

inf [hm sup 25 log PN(G)] <~¢* [ [ Puto.y) du(s) duty) - €

N—>xo

so that (2.5) follows by letting R — +oo0.

Proof of (2.6). If u has an atom at 0 or 1, then ffF z,Y) d ( )du(y) = +oo so that we
have nothing to do. Otherwise, letting dus(z) := p([6,1 = 6])  1151_g)(x) dp(z), we get

// (z,y) du(z) duly _hm// (2,y) dus(z) dps(y).

Also it is immediate to see that
p e M([0,1]) — inf{hm inf — log Px(G) : G is a neighborhood of M}

is upper semicontinuous. Hence we may assume that p is supported in [a,b] with 0 < a <
b < 1. For e > 0 let ¢. > 0 be a C-function supported in [—¢,¢] such that [ ¢.(z)dz = 1.
Then we get X(¢ge x ) > 3(u) (see [9, p. 216]) as well as

tiy [ log (g )(a) = [ loga du(a),
liy / log(1 — o) (g * 1) (z) = / log(1 — ) du(x)
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so that u may be assumed to have a continuous density. Furthermore, by the concavity of
Y(p), it suffices to prove (2.6) for (1 — e)p + em for each 0 < € < 1, where m is the uniform
measure on an interval including the support supp . After all, we can assume that u has a
continuous density f > 0 on supppy = [a,b] with 0 <a <b<1and § < f(z) <6 ! on [a,b]
for some § > 0.

For each N € N let

(N)

0 < a™ < o < g™

<bp U <ay < <ay iy <byy
be such that

NeY) ;1 BV .
' -2 ' - <i<
[ t@ar= [ e s 1<i<aw)
then 5
N g > <i<
b a, Z V)’ 1 <i<n(N)
Define
Any = {z = (@1, ma(wy) € 0,1 1 af™ <y <Y1 <i <m(iV)}.

For any neighborhood G of p, whenever N is large enough, we have

An(N) C G = {51; € [0, 1]n(N) DUz € G}

so that
Py (G) = vy (G)
1 g K(N) A(N) 2n(N)
> 7 )/A . z; (1 =) | H (i — ) H dxz;
n(N) =1 1<i<j<n(N) i=1
1 5\ M e ) (N) (V)2
> (o) ILE 0=y T @ -

i=1 1<i<j<n(N)
With ¢ : [0,1] — [a,b] being the inverse function of ¢ € [a,b] — fjf(:z:) dzx, since aZ(N) =
g((i—3)/n(N)) and BV = g(i/n(N)), we have

1
(N)
- R(V) S () _
dim S 3 ol = |

n(N) 1
. K(N) (N)
g = ;_1: log(1—b;"") = ﬂﬂ/o log(1 —g(t)) dt = pﬁ/log(l — x) dp(z),

1

log g(t) dt = pﬁ/logmdu(x),

2 (N) (N
Jm oy > dos(ay )
1<i<j<n(N)

= 2 (9] — S S = 2 .
_py //o<s<t<t<1lg(g“) g(s)) ds dt = p*(p1)

These estimates altogether imply (2.6).

The proof of the large deviation is now completed, and the existence of a unique minimizer
of the rate function is known as a general result on weighted logarithmic energy functionals
(see [13, 1.1.3]). O
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Now, the large deviation theorem for the random matrix P(N)Q(N)P(N) can be easily
shown from Proposition 2.1. Set

p:=min{w, 5,1 —a,1 — B},

C::pr(\a—ﬁl !a+6—1!)
p p

(meant zero if p = 0), and denote by M((0,1)) the set of all probability measures on [0, 1]
with no atoms at 0 and 1.

Theorem 2.2. The empirical eigenvalue density of P(N)Q(N)P(N) satisfies the large de-
viation principle in the scale 1/N? with the rate function I(ii) for i € M([0,1]) given as
follows: If

g = (1 —min{e, £})dp + max{a+ - 1,0}01 + pp
with p € M((0,1)), then

1
(@) == —p*S(w) - pla— 8l /0 log & dy()
1
—pla+ 4 -1 /0 log(1 — z) du(z) + C; (2.7)

otherwise I(fi) = +00. Moreover, a unique minimizer of 1(ji) is given by

(z —&)(n — =)
2rx(l — )

fo := (1 — min{a, B})do + max{a + 8 — 1,0}6; + Lepy(z) dz

(2.8)

where

Eni=a+f—2af £ /4aB(1 - a)(1 - f). (2.9)

In particular, when p = 0, I(i1) is identically +o0 except at only fig = (1 — min{a, £})dy +

max{a+ 5 —1,0}4;.

Proof. From the fact mentioned at the beginning of the section, the empirical eigenvalue

density of P(N)Q(N)P(N) is given by
= _noN) . m(N) . n(V)
Ry = N do + N 01 + N

where Ry := ﬁ(ézl + -+ 03, y,) and the joint distribution of (z1,...,zyn)) is (2.1).

RN7

First, assume that p > 0. Proposition 2.1 says that (Ry) satisfies the large deviation in the
scale 1/N? with the rate function I(p) for u € M([0,1]) given in (2.4) with k = |a — S|
and X := |a + 8 — 1|. We now proceed as in the proof of [9, 5.5.11]. Let Py and Py be the
distributions on M ([0,1]) of Ry and Ry, respectively; then

Py(A) = PN({H e M([0,1]) : nOELN)50 + m](VN) 01+ n(;[v)u € A})
for A C M([0,1]). Let D denote the set {podo + p161 + pu : p € M([0,1])}, where py =
1 — min{a, B} and py := max{a + 8 — 1,0}. If i ¢ D, then a({0}) < po or g({1}) < p1
so that letting 1({0}) < & < po (or a({1}) < & < p1) we have a neighborhood G = {y €
M([0,1]) : p'({0}) < e (or W/ ({1}) < &)} of p. Since Py(G) = 0 for large N, we get
limpy o0 % log ISN(é) = —oo. Next, assume that i € D and & = pgdg + p101 + pp- For any
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neighborhood G of i there exists a neighborhood G of  such that noj(\,N) do+ nlz(VN) h+ "(Jf,v) G C
G for large N and hence
1 ~ 1
e S Fminf o > _ .
1}\1};1;1; NE log Py (G) > 1}\1};151; NE log Pn(G) > —1(p)
On the other hand, for any neighborhood G of p there exists a neighborhood G of it such

that
( N A no(N)(so_nl(N)
n(N) n(N) n(N)

(51) NnM([0,1]) C G,

that is,

{M e M([0,1)) : ”OilN)aﬁ ”1;N)51+ ”(TJLV)M S é} cG

for large N. Therefore,

1 ~  ~ 1
inf [lim sup —; log PN(G)] < inf [lim sup — log PN(G)] < —I(p).
G Nooo T G Nooco T

Noting that X(u) = —oo if p € M([0,1]) has an atom at 0 or 1, we obtain the desired large

deviation for (Ry) when p > 0. The proof in the case p = 0 is similar to the above argument,
for i ¢ D.

Finally, the existence of a unique minimizer of I(fi) is already known by Proposition
2.1. To obtain the explicit form of the minimizer, we may apply a standard method in free
probability theory. In fact, by the asymptotic freeness due to Voiculescu [15, Theorem 3.11]
(see also [9, 4.3.5]), the joint distribution of (P(N), Q(N)) converges to that of (p,q) where
p and ¢ are free projections in a tracial W*-probability space (M, 7) with 7(p) = « and
7(q) = B. The computation by use of S-transform in [18] says that the measure (2.8) is the
distribution measure of pgp; hence it is the minimizer of I(j). O

Note that the rate function I(ji) is indeed lower semicontinuous and convex on M([0,1]),
which is of course a good rate function because of the compactness of M([0, 1]).

3. C*-ALGEBRA FORMULATION

The two-dimensional commutative C*-algebra C@®C = C*(Zs) is the universal C*-algebra
generated by a single orthogonal projection; hence the universal C*-algebra generated two
orthogonal projections is

(CoC)*x(CapC)=CZ*7)
with projection generators (1,0)’s in two components. As was pointed out in [3, p. 14], one
can see from the structure theorem for two projections ([14, pp. 306-308]) that C*(Z % Z) is
isomorphic to an algebra of My(C)-valued continuous functions on [0, 1], namely

A= {a € C([0,1); M2(C)) : a(0) and a(1) are diagonal},
where the corresponding two projection generators are represented as

o=y . =] gty ) s

We thus consider the above C*-algebra A with generators e, f as the universal C*-algebra
generated by two projections. We denote by T'S(.A) the set of all tracial states on A, which
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becomes a Polish space with respect to w*-topology. The following lemma is a concrete
description of T'S(.A), the details are left to the reader.

1

Lemma 3.1. For each 7 € TS(A) there exist a1y, a9, ap1, oo > 0 with Zi,j:o

e M((0,1)) such that

aij; <1 and

T(a) = Q1901 (0) + 0401612(0) + oznal(l) =+ Oé()()ag(l)
1 1
1= o tr(a(t)) dp(t)
(1= 350 f e

for all a € A with a(0) = Diag(a1(0),a2(0)) and a(1) = Diag(a1(1),a2(1)).

In this way, the set T'S(A) is parameterized by the set of all ({aij}}7j:0,u) of a;; > 0,

Z;’jzo a;; < 1and p € M((0,1)), and we write 7 = ({Oéij}%,j:m,u) under this parameteriza-

1

tion. But, note that p is irrelevant if > a;j = 1. For 7 = ({Oéij}zl,j:oaﬂ) we have

i,j=0
1

T(e) = 5(1 + a1 + a0 — a1 — apo), (3.1)
1

T(f) = 5(1+0411 — a0 + ap1 — ago)- (3.2)

Furthermore, let 7w, be the GNS representation of A associated with 7 and 7 be the normal
extension of 7 to 7-(A)”. Then, for p := n,(e) and g := m-(f) in 7,(A)"” we have

FpAg) =ai, FlpAgh) =aw, TP AQ =an, T A¢) = ag.
(3.3)

For any two projections p,q in a tracial W*-probability space (M, 7), the universality
property of A shows that there exists a (unique) *-homomorphism 4, , : A — M such that
Ppqle) = p and Py 4(f) = q. We simply write h(p,q) for i, 4(h) for each h € A, which
may be regarded as a sort of “noncommutative functional calculus.” Then a tracial state
Tp,q € T'S(A) is defined by 7, 4(h) := 7(h(p, q)) for h € A. In particular, for N x N projection
matrices P,Q, we have 7pg € T'S(A) given by tpg(h) = trx(h(P,Q)) for h € A. When
P, (@ are random projection matrices, 7p, is a random tracial state on A regarded as the
“noncommutative empirical measure” of the pair (P, Q). Its distribution measure on T'S(A)
is defined by

v(A) :=Prob({rpg € A})
for Borel subsets A C T'S(A), where Prob denotes probability measure of the underlying
probability space where P, () are defined.

We are now in a position to state our main large deviation result formulated on the tracial
state space T'S(A).

Theorem 3.2. For each N € N let (P(N),Q(N)) be a pair of independent and unitar-
ily invariant random projection matrices in My(C) such that rank(P(N))/N — o« and
rank(Q(N))/N — B as N — oo. Let vy be the distribution measure of the random tra-
cial state Tn = Tp(n),qn) on TS(A). Then (vn) satisfies the large deviation principle in
the scale 1/N? with rate function

1
T(r) = =20 = pla—p] [ logw du(o)

1
~pla+ =1/ [ log(l— ) du(o) + Cuy
0
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(Ll :
evaluated at T = ({vij}; j—o, 1) € TS(A) if

a1 = max{a + § — 1,0},
app = max{l — a — 3,0}, (3.4)
ajp = max{a - /670}7 .

ap1 = max{f — «,0},

otherwise (1) = +o0.

Moreover, the unique minimizer of I is the tracial state 1, 4 corresponding to a pair (p, q)
of free projections with trace values « and .

Proof. First we notice that all mixed moments of e, f with respect to 7 are listed as 7(e),
7(f) and

T((eN)*) =7((fe)*) = r((efe)*) = r((fef)F), k>1. (3.5)

Since the moments 7((efe)*), k > 1, determine the distribution of efe with respect to 7, one
can define an affine homeomorphism ¥ of T'S(.A) with w*-topology into [0, 1] x[0, 1] x M ([0, 1])
with product topology by ¥ (1) := (7(e), 7(f), 1) where i is the distribution measure of efe
with respect to 7. For each 7 = ({aij}}ﬁ-:o,u) € TS(A) let p := m;(e) and ¢ := 7.(f) in
(m-(A)",7), and let epqp(-) be the spectral measure of pgp. From the structure theorem for
two projections, we get

i({0}) = T(epgp({0})
= %%(1—pAq—p/\qL—pL/\q—PL/\qL)
+ip At +pt Ag+ptAgh)
= %(1—0111-1-01104-01014-0100)

and
i({1}) = T(epgp({1}) = 7(p A @) = an

thanks to (3.3). Hence it is straightforward to check that 7 satisfies (3.4) if and only the
following hold:

7(e) = o,
(f) =5,
p({0}) = 1 — min{e, 5},
A({1}) = max{a+ 8 —1,0}.

Furthermore, in this case we obviously have

\]

fo = (1 —min{e, 5})do + max{a+ 5 — 1,0}01 + pu,
where

1
pzmin{a,ﬁ,l—a,l—ﬁ}zé(l— ZaiJ)' (3.6)

i.j=0

Based on Theorem 2.2 together with these facts, to show the theorem, it suffices to prove the
following assertions:
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(i) If 7 € TS(A) and (7(e), 7(f)) # (o, ), then

1
iICl;f [lim SUD 5 log VN(G)] = —00.

N—oo
(ii) If 7 € TS(A) and ¥(7) = (o, 5, 1), then
el 1 o
Hcl;f [hm SUp 5 log VN(G)] < —I(p),

N—oo

Y P .
1gf [l}vnigéf N2 log VN(G)] > —1I(p),

where I(ji) is the rate function in Theorem 2.2 and G runs over neighborhoods of 7.

When (7(e), 7(f)) # (a, ), choose € > 0 such that € < |7(e) — | (or e < |7(f) — f]), and
set G:= {7 € TS(A) : |T'(e) —a|] < e (or |7'(f) — B| < ¢)}. Since 7n(e) = try(P(N)) =
E(N)/N — a and 7n(f) = try(Q(N)) = I(N)/N —  as N — oo, we get vy(G) = 0 for
large N so that (i) follows.

To prove (ii), assume that U(7) = (a, S, ). For any neighborhood G of fi, note that
T1([0,1] x [0,1] x G) is a neighborhood of 7 and

vn (10,1 x [0,1] x G)) = Prob({T(rp(ny.0(m)) € [0,1] x [0,1] x G})
= Prob({Ry € G}) = Py(G),

where Ry is the empirical eigenvalue distribution of P(N)Q(N)P(N) and Py is its distribu-
tion on M([0,1]) (see the proof of Theorem 2.2). Hence we have

ircl;f hj{rnjgop % log VN(G)] < i%f [li]{znjélop % log Pn(G)| < —1(fa)
by Theorem 2.2. On the other hand, for any neighborhood G of 7, one can choose € > 0 and
a neighborhood G of fi such that U—! ((a —g,ate)x(f—e,f+e)x CN}) C G, which implies
that

e 1

lim inf N2 log vy (G)

N—o0

P _ ~
Zl}\grilglofﬁlogyN(lf 1((04—5,0[4—5) X (B—e B+¢e)xG))

1 - -

= lim inf —; log Prob({|try (P(N)) — | < ¢, |trn (Q(N)) — B8] < &, Ry € G}).
Nooo N2

Since |[try(P(N)) — a| < e and |try(Q(N)) — f| < e for large N (as in the proof of (i)), we

have

1 1 ~ -
o S limi S i
lﬁloréf N2 logvn (G) > 1}\I]Ii>lglof N2 log Pn(G) > —1(f)

by Theorem 2.2, and hence (ii) is proven. Finally, Theorem 2.2 proves the assertion on the
minimizer as well (or this is a direct consequence of the asymptotic freeness of (P(N), Q(N))).
]

For N € N and k € {0,1,...,N} let P(N,k) denote the set of all N x N orthogonal
projection matrices of rank &, and yxj be the unitarily invariant measure on P(N, k). We
note that P(N,k) is identified with the homogeneous space U(N)/(U(k) ® U(N — k)) (or
the Grassmannian manifold G(N,k)) and yyj corresponds to the measure on that space
induced from the Haar probability measure on the unitary group U(N). In fact, an N x N
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unitarily invariant random projection matrix of rank k we have treated is standardly realized
by P € P(N, k) distributed under vy .

Let (p, q) be a pair of projections in a tracial W*-probability space (M, 7) and let o := 7(p)
and (3 := 7(q). The free entropy x(p, q) of (p, q) proposed in [17, 14.2] by Voiculescu is defined
as follows: Choose sequences k£(N) and [(N) such that £(N)/N — « and I{(N)/N — 3 as
N — oco. For each m € N and € > 0 set

F(p,q; E(N),I(N); N, m,s)
= {(P.Q) € PIV.K(N)) x PINLIN)) : [tr (Pr-- ) = 7(p1 = pun)| < &

for all (P;,p;) € {(P.p),(Q0)}, 1 <j <m},
and define

.. 1
X(p,q) == Jlim, Tim sup — log (yxk(v) @ i) (F(p, ¢;k(N),I[(N); N,m, 6))-
N0 N—o0 (37)

Let A be the C*-algebra with two projection generators e, f introduced in the previous
section. The free entropy of a tracial state 7 € T'S(A) is defined as x(w,(e),n,(f)) in the
tracial W*-probability space (7, (A)"”,7) obtained via the GNS construction associated with
T.

Next we identify the rate function in Theorem 3.2 as the free entropy x(7) (up to a sign).
Proposition 3.3. The rate function in Theorem 3.2 given for a = 7(e) and = 7(f) is

I(r) = —=x(7).
Moreover imsup can be replaced by lim in definition (3.7).
Proof. Let p := 7w,(e), ¢ := 7w-(f) and & be the distribution of efe with respect to 7. In view

of the form (3.5) of joint moments of e, f and the choices of k(IV),l[(N) as above, one can
easily see that for each m € Nand ¢ > 0

I'(p, g; k(N),L(N); N, 2m,€)
= {(P,Q) € P(N.K(N)) x P(N,U(N)) : [trn (PQP)") = 7((efe)")| <&, 1 <k <m]
whenever N is large enough. This implies that

(v vy © Yvaew)) (F(p, q; k(N),l(N); N,2m, 6)) = Py (G(m,e)),

where Py is the distribution on M ([0, 1]) mentioned in the proof of Theorem 3.2 and G(m, ¢)
is a neighborhood of i given by

Glom,e) = {if € M(0.1): \ [t aita) - [ o )

Now, as in the proof of [9, 5.6.2] we have the limit

<€,1§k§m}.

1
Jim 7 log (Y k() @ Yvav)) (F(p, ¢; k(N),l(N); N, 2m, 8))

N ISP
= lim FIOgPN(G(mag))a

N—xo

and the conclusion follows from Theorem 3.2 and its proof. O
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Theorem 3.2 implies that the free entropy x(p, ¢) of two projections p, ¢ admits a maximal
value, i.e., x(p,q) = 0 if and only if p, ¢ are free. Moreover, note by Proposition 3.3 that the
definition (3.7) of x(p, ¢) is independent of the choices of the sequences k(N) and [(N), but
this fact is easy to directly verify.

A further study of the free entropy x(p1, - .., pn) for general n-tuples of projections as well
as some related topics will be in a forthcoming paper [10].

4. APPLICATIONS OF THE CONTRACTION PRINCIPLE

Let (P(N),Q(N)) be as before, and let A be the C*-algebra of two projection generators
introduced in the previous section. Our large deviation in Theorem 3.2 is formulated on the
tracial state space of A. The aim of this section is to exemplify how Theorem 3.2 implies, via
the contraction principle, the large deviation for the empirical eigenvalue density of various
random matrices made from (P(N), Q(N)).

For each selfadjoint element h € A and 7 € T'S(A), let A\y(7) denote the distribution
measure of h with respect to 7. Fixing h we then have a map A, : TS(A) — M(R); in
fact, Ap(1) € M([=]||R]],||h]l]) for every 7 € TS(A). It is straightforward to see that Aj
is continuous with respect to w*-topology on T'S(A) and weak topology on M(R). Let
TN = Tp(n),Q(n) be the random tracial state on A induced by (P(N),Q(N)) and vy the
distribution on T'S(A) of 7x (see Section 3). We then notice that

vn o A, H(A) = Prob({ry € A; ' (A)}) = Prob({\(7n) € A})
for Borel sets A C M(R). Since

[ " () @) = (0 = (P, QU™ m e,

it follows that A (7x) is nothing but the empirical eigenvalue distribution of an N x N selfad-
joint random matrix A(P(N), Q(N)) (via “noncommutative functional calculus” mentioned
in Section 3). Therefore, by the contraction principle (see [6, 4.2.1]), Theorem 3.2 implies
the following:

Theorem 4.1. For every selfadjoint element h € A, the empirical eigenvalue distribution
of h(P(N),Q(N)) satisfies the large deviation principle in the scale 1/N? with the good rate
function

In(p) :=inf{Z(1) : 1 € TS(A), (1) = p}

for p € M(R), and ug := Ap(19) is a unique minimizer of I, where T and 1y are as in
Theorem 3.2.

Remark 4.2. For any unitary u € A define a map A, : T'S(A) — M(T), T being the
unit circle, by letting A\, (7) the distribution of w with respect to 7. Then a similar large
deviation is satisfied for the empirical eigenvalue distribution of the unitary random matrix
u(P(N),Q(N)) and the rate function I, is given in the same way as in Theorem 4.1.

In this way, for concrete applications, it remains only to find an explicit form of the rate
function Ij, (or I,) as well as that of the minimizer pg. We present a few examples in the
rest of the section.
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Example 4.3. Consider h =ef + fe € A and let 7 = ({ay;}} w) € TS(A) as in Section

4,j=07
3. Since e(t) f(t) + f(t)e(t) has the eigenvalues ¢ &+ /£, we get ’
T(plef + fe)) = (aw + a0 + ap)p(0) + a11p(2)
+<1 _ 21: ozi]) /1 Pt + V1) : o=V 4
i,j=0 0

for every continuous function ¢ on R. By this expression and (3.6), whenever 7 satisfies (3.4),
we have

Aeftfe(m) = max{la—p],1—-2a,1—-28}d0 + max{a+ £ —1}ds
+p(po ST+ po T, (4.1)

where S : (0,1) — (0,2) and T : (0,1) — [~1/4,0) are given by St := t+t/t and Tt := t—+/1.
Hence the empirical eigenvalue distribution of P(N)Q(N) + Q(N)P(N) satisfies the large
deviation in the scale 1/N? and the good rate function I(ji) for ji € M(R) is given by (2.7)
if fi is of the form in the right-hand side of (4.1) with p € M((0,1)); otherwise I(ji) = 4oc.
The minimizer of I(j) is the right-hand side of (4.1) with p = o, where ppg is the continuous
part of the measure (2.8).

Example 4.4. Consider h = ae+bf with a,b € R\{0}. Since ae(t)+bf(t) has the eigenvalues
(a+bx+/(a—0b)?+4abt), we get

T(plae +bf)) = awp(0)+ atop(a) + aorp(b) + ar1p(a + b)

+<1 _ i %> /01;<(p<a+b— (a2— b)2+4abt)

B0 +(P<a+b+ \/(“2—(’)2——4““)>du(t)

for every continuous function ¢ on R and 7 = ({aij}l{j:o,,u) € TS(A). Let A, B be the
first two smallest numbers of 0,a,b,a + b, and define S : (0,1) — (A,B) and T : (0,1) —
(a+b—B,a+b— A) by

_ —b24+4 — b2+ 4
St::a+b (a —b)? + abt7 Tt::a—l—b—l—\/(a2 b)2 + abt.

2
When 7 satisfies (3.4), the above expression shows that
Maetbf(T) = max{l —a — (,0}d + max{a — ,0}d,
+ max{f — a,0}dp + max{a+ S —1,0}dqp
+p(po St +poT ). (4.2)

Hence the empirical eigenvalue distribution of aP(N) + bQ(N) satisfies the large deviation
and the good rate function as well as its minimizer is determined similarly to the above
example.

Let us express the rate function I(f) and the minimizer jiy more explicitly. When p €
M((0,1)), the measure v := 1(poS 1+ poT 1) is supported in (4, B)U(a+b— B,a+b— A)
and symmetric at (a +b)/2 so that u = 2v0 S|4 gy = 2V 0 T| (44— B,a45—4)- Since St =z (or
Tt = z) implies t = (z — a)(z — b)/ab, we get

1 o [P Bt T e @b
/Ologtdu(t)—2/ log d()_z/a log dv(z)

A ab +b—B ab
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so that
(x —a)(x—0b)

1
/ logtdu(t) = / log ————= dv(x).
0 (A,B)U(a+b—B,a+b—A) ab

Similarly,

1 —
/ log(1 —t)du(t) = / log W dv(zx).
0 (A,B)U(a+b—B,a+b—A) a

On the other hand, we get

B B _ _ _ _
Y(p) = 4/ / log (@ a)(x b) — (y a)l()y b) dv(z) dv(y)
a
_ / / log x_a‘”f_x_ 9D | () di(y)
= — log |ab|.
Consequently, the rate function I(ji) is written as
i) = -20°S() —pla—f log (= — a) (& — b)) dv(z)
(A,B)U(a+b—B,a+b—A)
—pla+ 4 -1 log |z(a+b— z)|dv(z)

(A,B)U(a+b—B,a+b—A)
+C + pmax{a, 5,1 — a,1 — 8} log|ab]
if i € M(R) is of the form
g = max{l —a— 3,0}y + max{a — 3,0}d,
+ max{f — a,0}9, + max{a + S — 1,0}d414 + 2pv
with v € M((A,B)U (a +b— B,a+b— A)) symmetric at (a + b)/2; otherwise I(ji) = +oo.

Moreover, by transforming the continuous part of (2.8), the explicit form of the minimizer
1o can be easily computed as follows:

o = max{l—a—f,0}d + max{a — 3,0},
+max{f — a,0}d + max{a+ 5 —1,0}d41p
EX %H"\/—(m — Ap)(z — Bo)(x —a—b+ By)(zx —a— b+ Ay)

* (e —a)(z —b) (@ —a—1b)]
X1(A9,Bo)U(a+b—Bo,atb—Ag) (z) dz, (4.3)
where
a+b—+/(a—b)2+ daby a+b—+/(a—b)2+ 4ab¢
A() = 9 5 BO = 9

(or exchange Ay, By depending on the sign of ab) with £, 7 in (2.9). As is guaranteed by the
asymptotic freeness ([15]) of (P(N),Q(N)), the minimizer fip is equal to the distribution of
ap + bq where (p, q) is a pair of free projections in a tracial W*-probability space (M, 7) with
7(p) = a and 7(¢) = B. In fact, the distribution was computed in [1] by use of R-transform.

Although one can prove the large deviation result for the empirical eigenvalue density of
aP(N)+ bQ(N) (also P(N)Q(N) + Q(N)P(N)) based on the joint eigenvalue distributions
given in Corollary 1.3, our stress is that this is just a particular case of grand Theorem 4.1
(or Theorem 3.2).
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Example 4.5. For unitaries we consider a simple example u = el 17/ Since the eigen-
values of el™Me=1m/(t) are 2t — 1 4 21 /t(1 —t) = eF?®) where 0(t) := cos~!(2t — 1) for

t € (0,1), we get

T(p(u) = (o114 a)p(l) + (w0 + ao)e(-1)
1 L ,(eif®) e—i0(1)
+<1—Z%>/ a4 )+290( ) dutt)
i,j=0 0

for every continuous function ¢ on T and 7 = ({ai]'}zl7j:0’/1’) € TS(A). When 7 satisfies
(3.4), this implies that

)\u(T) = |Oé + 5 - 1|(51 + |Oé — 6|(5_1 —i—p(,u, 06! +po é71)7

where 6(t) := —6(t) for t € (0,1). For u € M((0,1)) let v := H(pob 1+ po 6~1), which is a
probability measure on T symmetric for the real axis. We then have

1
1 .
/ logtd,u(t):/log+Cosedy(e‘9)7
0 T 2

1 _ .
/ log(l—t)d,u(t):/loglcosedy(ela),
0 T 2

() = // log | cos 6 — cos | dv(el?) dv(el?) — log 2.
T2

Hence we see by Remark 4.2 that the empirical eigenvalue distribution of ¢! 7F(N)e—imQ(N)

satisfies the large deviation in the scale 1/N? and the rate function is given by
I() = —p? // log | cos 0 — cos 1| dv(e?) dv(e'?)

—pla —p| / log(1 + cos @) dv(e'?) — pla+ 5 — 1| / log(1 — cos 6) du(e'?)
T T
+C + pmax{a, f,1 —a,1 — f}log2

if i € M(T) is of the form g = |+ S — 1|61 + |a — B|d-1 + 2pv with v € M(T) having no
atoms at £1 and symmetric for the real axis; otherwise I(7) = +o00. The minimizer fig is
also easy to compute as

fo = |a+pB—101 +|a—plo-q
\/—(c0s9+1—2§)(cos9+1—2n) do
+ ’Sil’l 9| 1(91762)U(_027—01)(9) %7 (44)

where 0; := cos™'(2n — 1) and 6y := cos™'(2¢ — 1). This measure is the distribution of
e ™e~174 for free projections p,q sometimes mentioned above. It may be natural that this
distribution is rather different (except the same atomic parts) from that of e!"®=9 computed
from (4.3). In particular, when o = 8 = 1/2 so that £ = 0 and = 1, the minimizer (4.4) is
the uniform measure on T but (4.3) induces the arcsine law on the angular variable (—m, 7).
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