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1 Introduction and preliminary results

Let Uy, Us,... be independent copies of a random variable U uniformly distributed over the
interval [0, 1]. Let

1 n
F, = — < <t<
w() =3 HUp<t}, 0<t<1,
k=1
denote the empirical distribution function based on Uy, Us,...,U,, where 1 is the indicator

function. Let F; ! be the left-continuous inverse of F,,. We denote the empirical and quantile
processes over the interval [0, 1] by

an(t) = n'2(F,t)—t), 0<
Bu(t) = n'A(E7N(6)—1), 0O

DA

1,
<1,

IN

respectively. The sum
R, (t) := an(t) + Bu(t), 0<t <1,

of the empirical and quantile processes is known in the literature as the Bahadur—Kiefer process
(cf. Bahadur, 1966, Kiefer, 1967, 1970).

The Bahadur—Kiefer process enjoys some remarkable asymptotic properties, which are of in-
terest in statistical quantile data analysis (cf., e.g., Csorg8, 1983, Shorack and Wellner, 1986). We
summarize the most relevant results of Kiefer (1967, 1970) in this regard in the following theorem.
Throughout the paper, we use the notation log z := log max(z, e) and log, z := loglog z.

Theorem A For every fized t € (0,1), we have

nRu(t) —a (H1 =) NN, 0 oo, (L.1)
. ”1/4|Rn(t)| 1/4 25/4

where N and N are independent standard normal variables and —4 denotes convergence in distri-
bution. Also,

[ R

lim n'/*(logn) /2120 —1 a.s., (1.3)
n=ro0 (llowl[)1/2
where || f|| := supg<;<1 | f(t)| denotes the uniform sup-norm of f.

Theorem A is due to Kiefer (1967, 1970), except for (1.3), which he announced but proved
only convergence in probability (cf. Theorem 1A, and the two sentences right after, in Kiefer,
1970). The upper bound for the almost sure convergence in (1.3) was proved by Shorack (1982),
and the lower bound by Deheuvels and Mason (1990). For a review of these results and for further
developments along these lines we refer to Deheuvels and Mason (1992), Einmahl (1996), Csorgd
and Szyszkowicz (1998).

Via using the usual and the other laws of the iterated logarithm for «,, (1.3) immediately
implies

limsupn'/*(logn)~?(logyn) /4R, = 27'/4 a.s., (1.4)
n—oo
1/2

lim infn1/4(log n)_1/2(10g2 n)1/4||Rn|| = 7

imin W a.8., (15)



while a direct application of (1.3) together with the weak convergence of v, to a Brownian bridge
B gives

n'/*(logn) /|| Rul| =4 (IBI'?, n — oo (1.6)
Nevertheless, the following result, which one can immediately conclude also by combining (1.1)
with (1.6), is true, and it was first formulated and proved directly by Vervaat (1972b).
Theorem B (Vervaat, 1972b) The statement
anR, —qY, n — o0,
cannot hold true in the space D|0,1] (endowed with the Skorohod topology) for any sequence {ay}
of positive real numbers and any non-degenerate random element Y of D0, 1].

In view of Theorems A and B now, it is of interest to see the asymptotic behaviour of the
Bahadur—Kiefer process possibly in other norms as well. In this regard we quote

Theorem C (Csorg6é and Shi, 1998) For any p € [2,0), we have

: R ||
lim n1/4M = ¢o(p) a.s., (1.7)
AT ) 72

where

1/
co(p) s= (mip) = vE (FLEL DY, 19

1
N stands, as before, for a standard normal variable, and ||f||p := (fol |f ()P dt) /p, the L, norm

of f.

In particular, (1.7) yields L, versions of the laws of the iterated logarithm (LIL’s) for the
Bahadur—Kiefer process R,. We also note that (1.7) combined with the weak convergence of o,
to a Brownian bridge B implies that, for p € [2, 00),

n!/*|Rally =4 co(p)(|Bllg)'/?,  n — oo.

This, in combination with (1.6), yields Theorem B again.
Vervaat’s (1972b) proof of Theorem B was based, in a most crucial and elegant way, on the
following integrated Bahadur—Kiefer process

t
I,(t) ::/ Ry(s)ds, 0<t<l.
0

Concerning the latter process, he established the weak convergence of
Vi(t) := 20121, (t) (1.9)

to B2, the square of a Brownian bridge, as well as a functional LIL for V,,, via proving the following
theorem (for a discussion of related details we refer to Csorgé and Zitikis, 1999a, b).

Theorem D (Vervaat, 1972a, b) We have

(logyn) M|V — 2|l = 0 a.s. (1.10)

lim
n—o0

. 2 . . e
nlg{)loHVn ay] = 0 in probability. (1.11)



In particular, in the space C[0,1],

V, =4 B%, n— . (1.12)

For use of terminology, we call the process V;, of (1.9) the uniform Vervaat process. For further
references and elaboration on this terminology we refer to Section 1 of Zitikis (1998).

As a consequence of (1.12), Vervaat (1972b) concluded Theorem B. We also note that (1.10)
yields the LIL for V,, in sup-norm (cf. Corollary 1.1 (Vervaat 1972a, b) in Csorgd and Zitikis,
1999a, b).

2 The Vervaat error process, main results

Bahadur (1966) introduced R,, as the remainder term in the representation
Bn = —an+ Ry

of the quantile process 3, in terms of the empirical process «;,. As we have seen in Theorems A
and C, the remainder term R,, i.e., the Bahadur—Kiefer process, is asymptotically smaller than
the main term ay, i.e., the empirical process, in both the L, and sup-norm topologies.

In a similar vein, we can think of the process

Qn(t) :==Va(t) —i(t), 0<t<1, (2.1)

that appears in both statements (1.10) and (1.11) of Theorem D as the remainder term @, in the
following representation

Vo =0a2+Qn (2.2)

of the uniform Vervaat process V,, in terms of the square of the empirical process. It is well-known
(cf. Zitikis, 1998, for details and references) that the remainder term @,, in (2.2) is asymptotically
smaller than the main term o2. Thus, just like in the case of R,,, one may like to know how small
the remainder term @), is.

In view of Theorems A and C, one suspects that there should be substantial differences between
the asymptotic pointwise, sup- and Ly-norms behaviour of the process @),,. Indeed, Csorgd and
Zitikis (1999a) established the following strong convergence result for ||Qy ||, -

Theorem E (Cs6rgé and Zitikis, 1999a) For any p € [1,00), we have

lim n'/* 19nlly _ _ ico(p) a.s., (2.3)

n—eo (||an||3p/2)3/2 V3
where cy(p) is defined in (1.8).

For a comparison of this result to that of Theorem C, as well as for that of their consequences,
we refer to Csorgd and Zitikis (1999a), who have also conjectured that in sup-norm the analogue
statement of (2.3) should be of the following form:

a.s., (2.4)

where b, is a slowly varying function converging to 0 and c is a positive constant.

One of the aims of this exposition is to prove that this conjecture is true with b, = (log n)_l/ 2,
In addition, we also study the pointwise behaviour of the Vervaat error process @),,. We summarize
our results in the following theorem, which parallels Theorem A of Kiefer (1967, 1970) concerning
the process R,,.



Theorem 2.1 For every fized t € (0,1), we have

n4Qu(t) —a (4/3)2t1 =)' N(ND??, n— o, (2.5)
n'/*Qn(t)] 34 211 /431/

limsup ————+ = (t(1—1)) =5/

.S. 2.6
n—o00 (10g2 n)5/4 a-8., ( )

where N and N are independent standard normal variables. Also,

lim n'/*(log n)_l/QM = (4/3)'/? a.s. (2.7
o Teall? ~ %/

As a consequence of this theorem, as well as that of Theorem E combined with (2.7), we have
the following corollary, which confirms Conjecture 2.1 of Csorgd and Zitikis (1999a).

Corollary 2.1 The statement
0nQn =4 Y, n— o0,

cannot hold true in the space DI[0,1] for any sequence {a,} of positive real numbers and for any
non-degenerate random element Y of the space DI[0,1].

Another consequence via (2.7) is the following corollary.

Corollary 2.2 We have

21/4
limsupn'/*(logn) ~?(logy n) 3/4|Qn| = =+ a.s., (2.8)
n—00 31/2
N 1/4 —1/2 3/4 m3/2
liminfn'/“(logn)™(logyn)™"||Qull = s as, (2.9)
n'/*(logn)™?|Qull —a (4/3)2|BI*?, n - oo, (2.10)

where B is a standard Brownian bridge.

We note that (2.8) and (2.9) follow from (2.7) by means of the usual and the other LIL’s for
ay. As to (2.10), it results from a direct application of (2.7) together with the weak convergence
of «;, to a Brownian bridge B.

Remark 2.1 In the literature we also find general forms of the Vervaat process that are based on
random variables X1, X», ... replacing the uniform [0,1] random variables Uy, Us, ... In particular,
such a general Vervaat process first appeared and was put to good use in Csorg6 and Zitikis (1996).
We refer to Zitikis (1998) for a detailed survey on this subject. For related though rather different
limit theorems for the general Vervaat process, we refer to Csorgé and Zitikis (1998). It is obvious
that the results of this paper can be generalized in such a way that they would cover general forms
of the Vervaat process as well. However, a solution of this problem under reasonably optimal
assumptions may constitute a rather challenging mathematical task which is definitely not within
the scope of the present paper. For a recent review of Vervaat and Vervaat error processes we refer
to Csorgd and Zitikis (1999b). O



3 The Vervaat error process in terms of a Kiefer process

We introduce some two-parameter Gaussian processes. Let {W(z,y), z > 0, y > 0} be a Wiener
(Brownian) sheet, i.e., a two-parameter Gaussian process with EW (z,y) = 0 and covariance
function

EW (z1,y1) W(z2,y2) = (21 A 22)(y1 A y2).-
Next we define a Kiefer process {K(z,y), 0 <z <1,y >0} by

K(‘Tay) = W(‘T,y) - .’EW(l,y),

where W (z,y) is a Wiener sheet. A Kiefer process K(z,y) can be characterized as a mean zero
Gaussian process with covariance function

EK (z1,y1) K(22,y2) = (1 A 22 — 2172)(y1 A 92).

Remark 3.1 In this paper we define, without loss of generality, all Kiefer processes K (z,y) and
Brownian bridges B(z) to be equal to zero if z < 0 or z > 1. O

Concerning the uniform empirical process «y,, Komlds et al. (1975) established the following
fundamental embedding theorem.

Theorem F (Komlés, Major and Tusnddy, 1975) On a suitable probability space, the uniform
empirical process {ag(z), 0 <z <1,k =1,2,...} and a Kiefer process {K(z,k),0 <z <1,k =
1,2,...} can be so constructed that, as n — oo,

2
_ =12 _ (log n)
11;11?%(71 021;21 lag(z) —n~/*K(z, k)| = O < 172 a.s.

Combining (1.4) with Theorem F, we arrive at (cf. Csorgé and Révész, 1975):

Proposition A On the probability space of Theorem F for the uniform quantile process { (), 0 <
z <1 k=12,...} with the Kiefer process {K(z,k),0 <z <1, k=1,2,...} of Theorem F, as
n — oo, we have

1/2() 1/4
—~1/2 _ (logn)*/*(logy n)
llgll%xn 021;13)1 |Bk(z) +n *K(z, k)| =0O ( 1 a.s. (3.1)

We note in passing (cf. Deheuvels, 1998 and references therein) that the almost sure rate of
convergence in (3.1) cannot be improved even when approximating the uniform quantile process
by any other Kiefer process.

For further use we quote the following two results of A.H.C. Chan (1977) (cf. Theorem 1.15.2,
and Theorems S.1.14.2 and S.1.15.1, respectively, in Csorgs and Révész, 1981).

Theorem G (Chan, 1977) Let K(-,-) be a Kiefer process, and let {h,} be a non-increasing
sequence of positive numbers such that lim,,_,(log ﬁ)/logQ n = oco. Then

K(t — K(t
b s sup VK5 K(n)

=1 a.s.
N0 041 hy 0<s<hn  (21hy log(1/hy)) /2




Theorem H (Chan, 1977) Let 0 < ey < %, 0 < ar < T be functions of T such that er and
ar/T are non-increasing and ar is non-decreasing. Define K ((z1,z2],t) = K(z9,t) — K(z1,1)
(0 <z <z9 <1). Then almost surely,
limsup  sup sup sup sup Br|K((z,z+s],t+z) — K((z,z + s, t)]
T—ooo 0<t<T—ar 0<z<ar 0<z<l—er 0<s<ler
= limsup sup sup /3T|K(($7$+5T]a t+aT) _K(($a$+€T]a t)| =1,
T—oo 0<t<T—ar 0<z<l—ep

where

~1/2
Br = <2aTsT(1 —er) (log + log, T>> .
T

If in addition, limp_, o (log T—)/logQT = 00, then limsup can be replaced by

—a lim .
T T—o0 T—oo

erar

The main result of this section is the following strong approximation of the Vervaat error
process @, (t) defined in (2.1) via a Kiefer process.

Theorem 3.1 On the probability space of Theorem F, using the there constructed Kiefer process
K(-,-), Qn(-) can be approzimated as follows. As n — oo we have

sup |Qn(t) — Zn(t)| = O(n */3(logn)**(logy n)*/®)  ass., (3.2)
0<t<1
where {Z,(t),0 <t <1, n=1,2,...} is defined by
K 1 K
Zn(t) == 2%/0 (K (t — sy,n) — K(t,n)) ds. (3.3)

The proof of this theorem is based on the next two lemmas, which are of interest on their own.

Lemma 3.1 Let

t
An(t) = 2n1/2/ () —an(®)du, 0<t<l n=12,... (3.4)
Fi()
Then
Qn(t) = An(t) — RL(1), (3.5)
and, consequently, as n — oo,
sup |Qn(t) — An(t)] = O(n"%(logn)(logyn)/?)  as. (3.6)
o<t

Proof. We have the following easy-to-check representation

Va(t) = —an(t)Bn(t) + An(t) — (an(t) + Bu(t))Bn(t)

for allt € (0,1) and n = 1,2,... (cf., Vervaat, 1972a, Shorack and Wellner, 1986, Zitikis, 1998).
By (2.1), Qu(t) = Vu(t) — a2 (t) = An(t) — RZ(t), yielding (3.5). The conclusion (3.6) follows from
(3.5) and (1.4). O

Remark 3.2 While in this paper we are yet to study the stochastic process @ (t) in terms of
Ap(t), it is interesting to note that, as a result of the representation (3.5), we already know the
best possible stochastic behaviour of their difference A,,(t) — @, (t) = R2(t). Moreover, on account
of having (1.1)—(1.8), we can immediately write down exact analogues for the difference process

An(t) — Qn(t) via R2(t). O



Lemma 3.2 On the probability space of Theorem F, using the there constructed Kiefer process
K(-,-), the stochastic process Ay (t) of Lemma 3.1 can be approzimated such that when n — oo,

sup |4y (t) = Zn(t)] = O(n*/®(logn)**(logy n)*®)  as.,

0<t<1

where Zy,(t) is as in Theorem 3.1.
(t)) =t + sn /26, (t) in (3.4), we have

Ap(t) = =26,(¢) /01 (an (t + slj;(/tz)) - an(t)) ds.

The usual LIL for 3, confirms that || 3, = O((log, n)'/?) almost surely (when n — co). Therefore,

Proof. By a change of variables u =t — s(t — F,, !

by Theorem F, when n — oo,
1
A (t) = —2n_1/2ﬁn(t)/ (K (t+sﬂ’§(/’;),n) —K(t,n)) ds
0 n

+0 (n_l/Q(logn)Q(logQ n)1/2) , (3.7

a.s.,

uniformly in ¢ € (0,1).
For all ¢,s € (0,1), we have

‘K (t—i—sinl(/i),n) - K (t—s@,n)‘

= |K(u+v,n) — K(u,n)|
sup |K(u+wv,n)— K(u,n)|,

< sup
0<u<1 0<v<hn
where Kt . Kt
wmtm KO, (Bl Kl
nl/ n

n
and, on account of Proposition A, h, = O(n=3/*(logn)'/?(logyn)/*) (n — o0), almost surely.
Thus, according to Theorem G, almost surely, when n — oo,

Bt K(t,n
K (t + Snnl—(/Q)’n> —K (t — s%,n) =0 (nl/S(logn)3/4(log2 n)l/s) ’
uniformly in ¢,s € (0,1). Inserting this into (3.7) and using again the LIL for 3, we arrive at:

A () = —2n7Y%8,(1) /01 (K (t—s@,n) —K(t,n)) ds

+0(n=3/8(log n)3/*(log, n)*/#) a.s. (3.8)
According to Proposition A,
1/2 1/4
n n3/4

almost surely and uniformly in ¢ € (0,1). On the other hand, applying Theorem G to the integrand
(3.9) with h, = O(n""/?(log,n)'/?), we obtain:
1 K(t
/ (K (t — s%,n) — K(t,n)) ds =0 <n1/4(log n)'/?(log, n)1/4) ,
0

8



almost surely and uniformly in ¢ € (0,1). Plugging this and (3.9) into (3.8) yields that almost
surely, when n — oo,

An(t) = Z,(t) + O (GOgn)Slo/g; n)1/2> n O(n_S/S(logn)3/4(log2 n)5/8)’

uniformly in ¢ € (0,1). This yields Lemma 3.2. O
Proof of Theorem 3.1. Follows from Lemmas 3.1 and 3.2. O

We mention that the process Z,(t) was put to use in Csorgd and Zitikis (1999a) in their study
of Qn(t) in L, norm. Moreover, they also remarked that their conjecture as stated in (2.4) is
equivalent to stating it in terms of Z,, instead of @),,. Likewise, in view of Theorem 3.1 now, the
proof of Theorem 2.1 can, and will, be based on proving the statements (2.5)—(2.7) with the process
Zn(t) replacing Qn(t) in all of them. The latter goal in turn will be achieved via using the next
simple, though essential, observation that is borrowed from Einmahl (1996).

Proposition B Let {K(z,y), 0 <z <1,y > 0} be a Kiefer process. For any fired 0 <u <v <1,
the process

{K(U+ (v —u)z,y) —zK(v,y) — (1 — 2)K(u,y)
Jo—u

is a Kiefer process that is independent of {K(s,y), s € [0,u], y > 0} and {K(s,y), s € [v,1], y >
0}.

Based on Theorem 3.1 and this crucial observation, the respective proofs of the pointwise
statements of (2.5)—(2.6) and the proof of the uniform property as in (2.7) of the process @, will

take different routes. Hence, our next Section 4 is devoted to proving (2.5)—(2.6), while Section 5
will be on establishing the almost sure ratio statement of (2.7).

,wE[Oal],yZO}

4 Pointwise behaviour of the Vervaat error process

This section is devoted to the proof of (2.5) and (2.6) of Theorem 2.1, concerning the pointwise
asymptotics of Q,(t). We first establish a strong approximation of Z,(t) of (3.3) for any fixed
t € (0,1) by a process in n, which is an integral of a Wiener sheet in its first parameter over a
random interval that is independent of this Wiener sheet in hand.

Lemma 4.1 Given Z,(t) as in (3.3), then for any fized t € (0,1) one can define a Wiener sheet
W*(-,-) such that, as n — oo, we have

|K(t.n)|/n 1/2
Zn(t) = 2/0 W*(y,n)dy + O <(10g n) " log, n) a.s., (4.1)

nl/2

where {W*(y,n), y>0,n=1,2,...} is independent of {K(t,n), n=1,2,...}.

Proof. Using Proposition B with w = 0, v = ¢, and writing 1 — x instead of x, we see that

K(t(l—=z),n)— (1 —xz)K(t,n)
t1/2 ?

Ki(z,n) := 0<z<1, (4.2)



is a Kiefer process, independent of K(t,-). Likewise, letting u = ¢, v = 1, we see that

Kit+(1—-t)z,n) —(1—z)K(tn)

Kj(z,n) = (1= 012 ;

0<z<1,

is also a Kiefer process, independent of K (¢,-). Moreover, K;(-,-) and K;(-,-) are independent.
Consequently, the components of the vector

(K(t7 ')7 Kik('a')a Kg(a)) (43)

are independent processes.
Defining z via

K(t,n)

(I1—2z)t = t—s - if K(t,n) >0,
K(t
t+(1-t)z = t—s¥ if K(t,n) <0,

in the integral in the definition of Z,(¢) of (3.3), we arrive at the following representation of the
latter process for each fixed :

Zn(t) = T1 (n)1{K (t,n) > 0} — Tr(n)1{K (t,n) < 0}, (4.4)

where

K(t,n)/(nt)
Ti(n) = 2t/0 (K(t(1 — z),n) — K(t,n)) d,

/—K(t,m/(nu—t»

To(n) = 2(1—1) (K(t+ (1 —t)z,n) — K(t,n)) dz.

0

Considering 7 (n), and remembering that this is the case when K (¢,n) > 0, using the definition
(4.2) of Kj(-,-), we obtain: almost surely as n — oo,

gy [EER)/(1) K(t,n)/(nt)
Ti(n) = 2t / Ki(z,n) dx—ZtK(t,n)/ zdx
0 0
K(t,n)/(nt) t(K(t n))3
_ 3/2 * WAL e
2t /0 Ki(z,n)dz 23
K(t,n)/(nt) 3/2
= 232 / Ki(z,n)dz + O <%> , (4.5)
0 n

the last line following from the LIL for the Kiefer process with fixed ¢. Since K (-,-) is a Kiefer
process independent of K (¢,-), we can use the representation

Kf(.’L‘,’I’L) = Wl*(xaln’) - .’L‘Wf(].,’l’b),

where W7(-,-) is a Wiener sheet, independent of K (¢,-). This independence property will be crucial
in our use later on.
Observe that

K(t;n)/(nt) K(t,n)/(nt) K2 ‘(1
/ Ki(z,n)dz =/ Wz, n) do — B BWIWTn)
0 0 22 2

10



By the LIL for the Kiefer process K and the Wiener process Wi (1,-), we have, when n — oo,
K2(t,n) Wi (1,n) = O(n®?(log, n)3/?) almost surely. Going back to (4.5), we obtain: as n — oo,
almost surely

K(t,n)/(nt) 1 3/2
Ti(n) = 2t3/2/0 Wi(z,n)dz + O (%)

K(tn)/n 3/2
- 2/ t1/2Wf(%,n) dy + O <M> . (4.6)
0

nl/2

Similarly, in the case K(t,n) < 0, we can show that as n — oo, for Zy(n) of (4.4) we have,
almost surely,

—K(t,n)/n 3/2
Iy(n) = 2/ (1- t)l/ZW*( ,n)dy + O (%) ) (4.7)
0

where, just like W (-,-) of (4.6), the Wiener sheet W5(-,-) of (4.7) is also independent of K(t,)
(cf. (4.3)).
Combining (4.6) and (4.7) with (4.4) yields that, for each fixed t € (0,1), as n — oo,

|K(t,n)|/n 1 1 1/2
Zn(t) :2/ W*(y,n)dy + O ((oan)(ogn) ) a.s.,
0

ni/2
where
W*(y,n) :== tl/QWl*(%,n)l{K(t,n) >0 —(1—- )I/QW*( ,n)1{K(t,n) < 0}.
Since W*(-,-) is a Wiener sheet, independent of K (¢,-), this yields Lemma 4.1. O

The rest of this section is devoted to the proof of (2.5) and (2.6) in Theorem 2.1. For the sake
of clarity, they are proved separately.
Proof of (2.5). For each fixed n and T, 1?21/;3 73 fo *(y,m) dy is a standard normal variable.

Thus, by conditioning, if T" is a random variable independent of W*(-,n), then 1?21/Ts 73 fOT WH*(y,n)dy

is a standard normal variable, independent of T'. Tn view of the independence of K(t (t,-) and W*(-, ),
we have, for each fixed n and ¢, (taking 7" := |K(¢,n)|/n)

|K (tn)|/n
2 [ W dy
0

4\ 1/2 (t(l—t))3/4 n1/2|T| 3/2 41/2 T
N (5) nl/4 ((t(l—t))l/Q) <n1/2T3/2/0 W*(y,n) dy>

— (3" - my,

where “=;” denotes identity in distribution, and N and N are independent standard normal

random variables. This, in light of (3.2) and (4.1), yields (2.5). O
Proof of (2.6). Fix again ¢t € (0,1). Define

K(t,n)
Wi(n) = a0’ n>1,
Wie,y) = (1 — 1) AW (m@ L 220,420

11



Clearly, W, is a Wiener process (restricted on N*), and W;(-,-) is a Wiener sheet, independent of
{K(t,n), n=1,2,...}, thus of W; as well. We also observe that

K@tm)l/m
/0 W*(y,n)dy

(11— 1yy3/ (Plog2 ) /'Wt(n)'/@"logz R P (2B 12, )
nl/4 0 n1/4(2 log, n)3/4

du.

By Theorem 1.1 of Deheuvels and Mason (1992), as n — oo, the set of limit points of

{( Wi(n) W:@(”’%W,n)) e 1]}
( 7 3

2nlog,n)t/2’  nl/4(2log,yn)3/4

is almost surely equal to

D :={(c, f) : f absolutely continuous with respect to the Lebesgue measure,

] € (0,1), £(0)=0, &+ [°(f'(u))?du < 1}. (4.8)

Consequently, with probability one,

nl/4

5
vy (logy m)

|K(t,n)|/n e
4/ W*(y,n)dy = 2>/*(¢(1 — 1))3/* sup / f(u) du.
5/4 Jo (c.f)eD 0

We now determine the value of the “sup” expression on the right hand side. Integrating by parts,
using the Cauchy—Schwarz inequality and (4.8), we get, for each (c, f) € D,

g g ,
[ rwdu= [ (el = w)f' () du

Ic| 1/2 B 1/2 03 _02 1/2
< ([ ([Crwra) < (FEED) T

Since |¢[3(1 — ¢?) < 2 x 3%/2/55/2 for any ¢ € [~1,1], this yields
sup /C| flu)du < w. (4.9)
(e.p)ep Jo 55/
Choosing

91/2g1/4 5l/4
_ 1/2 - 2
c=(3/5)Y%  f(u)= si/a 4T Hijpga s

it is seen that in (4.9) we have, in fact, an equality. Accordingly, with probability one,

n1/4 27/431/4

|K(t,n)|/n
. * 1 3/4
hrrlnsupi(logﬂb)m/0 W*(y,n)dy = (t(1 — 1)) 5574

This yields (2.6) in view of (4.1) and (3.2). O

12



5 Uniform behaviour of the Vervaat error process

This section is devoted to establishing the uniform property (2.7) in Theorem 2.1. In view of
Theorems 3.1 and F it suffices to show that

. n | Zn| (4)1”
1 < — .S. 5.1
S g ) 2 K m)F? = \3 s (5
o a iz 1\ 12
e e eape 2 () 2

where || Zy | := supg<i<1 |Zn(t)] and [ K (-, n)|| := supo<i<t [K(E,1)]-

Proof of (5.1). Recall that (cf. (3.3)), by definition,

Zn(t) = 2M/01 (K (t—sw,n> —K(t,n)) ds

K(t,n)/n
_ 9 / (K(t— z,m) — K(t,n)) dz. (5.3)
0
Let
N = N(n) := |n'/*(logy n)™*], (5.4)

and let t; = t;(n) := i/N (for 0 < i < N). Define, for u € [0,1],

N1/2 U
Bin(w) 1=y (K (8 1) — uKti1,m) = (1= 0K (tim) )

It follows from Proposition B that for each fixed n,
{Bi,(), i=0,1,...,N -1}

are independent Brownian bridges, and independent of {K (¢;,n), 1 =0,1,...,N —1}.
Let t € [tiati—f—l]- Then

K(tm)/n  K(tn)/n
Zo(t) = 2 / +/ (K(t— z,n) — K(t,n)) dz.
0 K(t;n)/n

By Theorem G, when n — oo,

|K(ta n) - K(tlan)l _ (log n)1/2

On the other hand, by the LIL for the Kiefer process and Theorem G,

K(t—zn) - K(t,n) = O (n*/4(logn)*/*(log, n)/*)  a.s,

uniformly in 0 <¢ < N — 1, t € [t;,ti41] and z € [K (t;,n)/n, K(t,n)/n]. Therefore,

/K(t,n)/n(K(t —z,n) —K(t,n))dz=0 <(10g n)(log, n)1/4> a.s.

K(tin)/n N1/2p1/4

13



As a consequence, for ¢ € [t;,t;+1], we have, almost surely when n — oo,

K(ts;n)/n o 1) (log, n)1/4
Zn(t) = 2 /0 O K= 2m) — K2, n))dz+(’)<(l gN)l(/IQ 53/4) ) (5.5)

where O is uniform ini =0,1,...,N — 1 and t € [t;, t;11]-
Let 7 be such that K(t;,n) < 0. If t € [t;,ti11], then t = ¢; + v/N for some v € [0,1].
Accordingly, by writing A; := N|K(t;,n)|/n,

K(t;yn)/n
/ (K(t— 2,n) — K(t,n)) dz
0

n1/2 A; « * K{(t; , T - K t"n Ai
= e [ Brato ) - B dy - TR R [Ty g,

N3/2

Since fOAi ydy = N2K?(t;,n)/2n?, an application of the LIL for the Kiefer process and Theorem
G yields that with probability one,

K(ti,n)/n
/ (K(t—2,n) — K(t,n)) d2
0

nl/2 A N1/2(logn)/? logyn
= 5 ) (Biaw+y) = Biuw)dy+0 et DG
uniformly in ¢ =0,1,...,N — 1.
Note that B, can be represented as
where (for each fixed n) {W/,,7 =0,1,..., N — 1} are independent Wiener processes which are
also independent of {K(t;,n), i =0,1,..., N — 1}. Hence, almost surely,
A;
| B+ ) = B ay
A; Aj
= = [T Wi+ ) = Wi dy + Wi [y
Ai . N2(logn)'/?logyn
= —/0 (Wip(v+y) =W, ())dy-l—(?( ( ; 27, (5.7)

the last equality following from the LIL for the Kiefer process and the fact that almost surely,
supg<;<n—1 |Win(1)| = O((log n)1/2). This last fact can be easily checked using the usual estimate
for Gaussian tails and the Borel-Cantelli lemma, regardless of the dependency structure of the
standard normal variables {W},(1),7=0,1,...,N-1;n=1,2,... }.

Putting (5.5), (5.6) and (5.7) together, and taking into account the definition of N in (5.4), we
obtain:

2nt/?

Zn(t) = N3z

ogn)i/?
/0 (Win(o + ) — Wiy (v)) dy + O <%> (5.8)

nt/4log, n

fort=t;+v/N,0<v <1, K(tj,n) <0.
If K(t;,n) > 0, then by introducing the Kiefer process K¢ (t,n) := K(1 — t,n), we can write

2/0 BN K = 2m) — K (t ) de

t;,n)/n
— 2/ (KS(1—t +2,n) — K (1 — t,n)) dz,
0

14



and, similarly to the argument leading to (5.8), we can find independent Wiener processes {W5,, i =
0,1,...,N — 1} which are also independent of {K(t¢;,n), 7 = 0,1,..., N — 1}, such that almost
surely,

2n1/2

Zn(t) = NIz

@ ogn)'/?
/ MW+ y) - W) dy + O (M> (5.9)

ni/4logyn

fort=t;+v/N,0<v <1, K(t;,n) > 0.
Combining (5.8) and (5.9), we see that with probability one, for ¢t = ¢; + v/N, v € [0, 1],

2n'/? (logn)'/?
N3/2/ (Win(v+y) — W, (u))dy+(’)<7nl/4log2n ) (5.10)

where
Win(:) == Wi, () 1{K (ti,n) <0} + W5, (-)1{K (t;;n) > 0},

1=0,1,...,N — 1, are Wiener processes, independent of {K(t;,n),i=0,1,...,N—1}. Note that
we do not claim that the Wiener processes {W,, i = 0,1,..., N — 1} are independent between
themselves.

For each n, we split {0,1,..., N — 1} into two (random) parts:

Ji=T1(n) = {i:|K(t;,n)| <n'’?(logyn)',0<i< N—1},
Jo=To(n) = {i:|K(t;,n)>n"?(logy,n) 1, 0<i<N—1}.

If i € J1, then on applying the LIL for the Kiefer process and Theorem G we conclude

K(ti,n)/n (log n)1/2

uniformly in i € J7. In view of (5.5), we obtain: when — oo,

(logn)'/?
Znt)| =0 | =—7——7 8. 5.11
B e, 20 (n1/4(10g2 ) (5.11)
For 7 € J>, we consider the variables
31/2 A;
Xin == —375 Sup / (Win(v+y) — Win(v))dy| .
A7 0<v<t |Jo

According to (5.10), almost surely when n — oo,

2||K (-, 3/2 1 1/2
max sup |Z,(t)] < %max‘){m—k@ (172& )
€T2 ety tig] 3t%n i€J2 nt/4log,n

which, combined with (5.11), yields

2||K (-, n)|*2 (logn)'/?

< — -_— .S. .

||Zn|| — 31/27’1, I;Iel%);XZ'n_i—o n1/410g2n a.8 (5 12)

We now show that the variables X ,, ¢ € J> have Gaussian-like tails. To this end, we fix A > 0
and introduce the mean zero Gaussian process

31/2
X(v) = W/o (W +y)—W)dy, velo,1].
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It is straightforward to compute its covariance:

1— 3|v u| lv—ul? if _ul< A
BX(X@) = {7 s 619

and therefore

A

E (X (v) — X (u)) 9 if |v—ul > A.

p— —_ 3 :
z:{M—'”A—? if |v—ul <A, (5.14)

According to a well-known inequality of Fernique (1964), for any = > 0,

[ee]
P< sup | X (v)| >w<a +4/ ds)) §4p2/ e 512 gs,
0<v<1 x

where p > 2 is arbitrary, and ¢ and ¢ are such that
E(X()?<0?  E(X(v) - X(u)’ <¢*(v—u).
In view of (5.13) and (5.14), we can choose ¢ = 1 and @(h) = (3h/A)'/2. Since
/ oy ds < V2 / (—(slogp)/2 g _ _ 2V3
VA logp’

this leads to:

8v/3 2/00 —5%/2
P X(v)| > <4 /2 4. 5.15
(Oggl\ (v)\_w< \/_logp>)_ pe e s (5.15)

Recall that W;,, is independent of K (t;,n). Therefore, applying (5.15) to W = W;,, and A = A;
(for i € J2) we obtain:

log, n)? =
P(Xi,>z(1+ M < 4p2/ e 5’2 ds,
/P logp z

where, with N as in (5.4), we used the fact that A; > (log, n) 6 for all i € J.
Let € € (0,1). We choose p = £ 2(logon)® and ng = ng(e) such that for all n > nyg,
8v/3 (logyn)3//p logp < €. Thus for any z > 0 and n > ny,

4(logyn)*? (o 4(log, n)'2 e—*/2
P(X;n>(1+¢e)z) < M/ =12 gs < (logyn)*“e |
€ T

which yields

(1+e)x ) < AN (logy n)'2e=2"/2 < 4n'/?(log, n)86_$2/2.

4 4

P<ma,xXZn2 <
etx e*x

1€J2

Taking z := (1 + €)(logn)'/2, we obtain:

) < 4(logy m)®

P (mame > (1+¢) (IOgn)l/Q ~ et(1+¢)(log n)l/QnE.

1€J:
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Let ny = |k*/¢]. By the Borel-Cantelli lemma and (5.12), almost surely when k — oo,

2(1 + €)2(log ng) /2 | K (-, ng)||3/2 log n)1/?
Nk ny, logs ny
Let ng <n < ngy1. Note that ngy —ng = (’)(n,lc_g/Q), k — oc. By (5.3),
K(tm)/n
Zu0) = Zu, O] < 2 [ Arnelz)dz
K(t,;n)/n
2 [ (K- 2 - K () |
K(tvnk)/nk

where Ay, 4(z) := K(t — z,n) — K(t — z,n) — K(t,n) + K(t,nt). According to Theorem H and
the LIL for the Kiefer process, when k& — oo,

Apni(2) =0 (nél_g)/4(log nk)l/Q(logQ nk)1/4) a.s.,

uniformly in ¢ € (0,1), z € [0, K(¢,n)/n| and ny < n < ngyq1. Thus, by the LIL for the Kiefer
process,

K(tn)/n (14e
/0 Appi(z)dz =0 (nk (14 )/4(log nk)1/2(log2 nk)3/4) a.s.,

uniformly in ¢ € (0,1) and nx < n < ngyq.
On the other hand, by the LIL for the Kiefer process and Theorem G,

K(t = 2m) = K(t;mg) = O (" (logmy) ' *(logymp)'/*) - as.

uniformly in ¢ € (0,1), z € [K(t,ng)/ng, K(t,n)/n] and ny < n < ngy1. Since Corollary 1.12.4 of
Csorgd and Révész (1981) implies that

sup |K(t,n) — K(t,ng)| = O (n,lc/2_6/4(log nk)l/Q) a.s., (5.17)
0<t<1

uniformly in ngy < n < ng41, it follows that

K(t,n) Kt ng)

n Nk

max  sup

—0 —1/2—€/4 1 1/2 S
nEp<n<ng41 tE[O,l] (nk ( og nk) ) a.s

Therefore, almost surely when k& — oo,
K(t,n)/n _
/K iy, (= 28) = K (b)) dz = O (9" (log i) (logy i) 1) ,
k) /[T

uniformly in ¢ € [0,1] and ng < n < ngy1. We have therefore proved that

max  ||Z, — Zy, || = O (n;(1+8)/4(10g ng) (logs nk)1/4) , a.s.

N <N<Np41
Going back to (5.16) and taking (5.17) into account, we obtain, when n — oo,
2(1 +¢)? (logn)'/? 3/2 (logn)'/?
< . AN
1Znll < 3172, K (- n)[|** +O n1/410g2n

2(1 + €)% (logn)!
31/2n

/2
= (1+0(1)) IEC )P as,
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where in the last line we used the other LIL for the Kiefer process (Kuelbs, 1979, Mogulskii, 1979):

M) e

(K Cm)) =0 ( T (5.18)

This also completes the proof of (5.1). O

Proof of (5.2). Let N and ¢;, i =0, 1,..., N be as before (cf. (5.4)). Combining Theorem G with

-1
( sup K(t,n)) =0 (:i?) a.s. (5.19)

0<t<1

(cf. Csdki and Shi, 1998), we conclude

i maXOSiSN—l K(ti, n) _
n—oo  supg<<q K (2, 1)

a.s. (5.20)

Let t§ = t§(w,n) be such that K(tf,n) = maxo<ij<n—1 K(t,n) and consider the set of indices
T = {i: ty —hy, <t; <t + hy}, where h, = (logn)~*. Fix ¢ € (0,1). For i € T,,, we obtain
from Theorem G, (5.19) and (5.20) that when 7 is sufficiently large,

K(ti,n) > K(tf,n) — O ((nhnlog(1/hn))"/?)
> (1-¢)K(tf,n) > 0. (5.21)

Hence, for i € 7,,, we can apply (5.9) to ¢t = ¢; and v = 0 to see that when n — oo,

anl/2 pNK(tin)/n 1 1/2
Ze) = 2 | Wi;(y)dyw(M)

N3/2 nl/4logyn
= 2 (K)o [ dem) n)'/? (5.22)
- 312n B bl n'/4logyn |’ )
where, for each n, {W;;L, i =20,1,...,N — 1} are independent Wiener processes which are also

independent of {K(t;,n),i =0,1,...,N — 1}, and

31/2n3/2 1 NK(ti,n)/n .

Yin = N3/2 (K (t;,n))32 Jo

For each n, {Y;,, i € Z,} are independent standard normal variables. Since #(Z,,) > N/(logn)*,
we have, by the usual estimate for Gaussian tails,

P (m%x Yinl < (1 E)1/2(10gn)1/2>
1€Ly

4
o (i 2P+ g\ teen)
= (1 — )/2(rlogn) /2 n(1-o)/2

o[ 212 + o(1) N/(logn)*
PN M o) 2 (nlogn) 2 pli-o)/2

( 21/2 4 o(1) ne/? )
= eXp _( 7

IN

1 — &)Y/271/2 (logn)%/2(logy n)4
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which is summable. By the Borel-Cantelli lemma, almost surely for all large n,

max |V | > (1 — €)'/2(logn)/2.
1€L,

Inserting this into (5.22) and (5.21) yields that, almost surely,

L 209008 s e ( (log )/ )

31/2 nt/4logyn
3/2
2(1 — )% (logn)*/? (logn)'/?
> K(t Ol —F—
= 3177 o2 K™ |+ O Ciiogym )

where in the last inequality we used (5.20). This also holds true for —info<;<; K(¢,n) in place
of supy<;<y K(t,n), by means of a similar argument with K(t$,n) replaced by —K(ty,n) =
—ming<;<n—1 K (t;,n). Consequently,

2(1 —¢)’(logn)'/? 3/2 (logn)'/?
Znll > K( +0 | —F—— a.s.

In light of (5.18), this yields (5.2). O
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