
���������	� 
������������������������������� �"!#���������"�%$'&��)( ���"���*��+�,��"���
���	��$-�����"�%
.�/��,0���%�������*�1�"�����"�2��34�5�6
.�������0�����������

7'8:9�;=<?>A@CBEDGFIH
J2KMLON�PRQTS2PVUXWZY	[\U^]�_�Y`_�aE_�bdceL#fhge_�i^bVjkge_�YmlR]Cn�o	aEUEpXgeN�YqgeUrJ�lCgsQEbVjAW4ceL�tZlVYmbVU^lRbR]Cn�uva^Q^gew bR]�_Cnyx{z}|�z~u'z��C���Zn
o	���C���e�^n^o	aEUEpXgeN�W�z6�*��jkgeY`K�gsQEQ�N�bR]�]��"lR]�ge��Y��2N�bVU�W�Y�z i�a
��F�DG�O��@�>A@C��;e�����
tZl�i^cZcsK^ceL�fhge_�i^bVjkge_�YmlR]6geU^Q�t�_�ge_�Ym]�_�YmlR]Cn��ygeN�KmbV_�csU��2UEY`��bVN�]�Y`_\W�n����C�� ��vcsKmcsU^bVK^uvW�¡�N�Y`��b�nX|2_�_�gR¢yg�n�|2U�_�geN�YmcEn
�ygeU�gsQ^g¤£¤��t¥ su���z¦�"��jkgeY`K{gsQEQ�N�bR]�]C�"j�lR]�csN�p�cX�2jkge_�iGz~lCgeN�KmbV_�csUGz~lCg
§ 85¨C��8�F�©«ªy�5�O9{<�@C¬
¡'bVw�geN�_�j�bVUX_AceLyf�ge_�i^bVjkge_�YmlR]�n{�vcsK`KmbVp�b¤ceL�t�_�ge_�bVU«[]�KqgeU^Q®n{�v��¯�°¤n ��±�²�²�³2YmlV_�csN�W�u´K`��Q®z`n{t�_�ge_�bVU«[]�KqgeU^Q®n
¯�bV¢µ°6csN��h�C²����V�^n���z}t5z~J�zE�*��jkgeY`K�gsQEQ�N�bR]�]C��L¶csKmQEbR]·�2jkgeY`K�z~lR]�Y�z~lVaEUXW�z~bRQ�a
¸�B^�´¹�º�»5ºX@C¼ 1[\U^]�_�Y`_�aE_�LO½EN´t�_�ge_�Ym]�_�Y`��aEU^Q�¾¿geiEN�]�l�i^bVY`UEK`Yml�iE��bVY`_�]�_�i^bRcsN�Ymb�n^À{bRl�iEUEYm]�l�i^b	�2UEY`��bVN�]�Y`_�Áe_"¾�YmbVUGn�¾�YmbRQ�U^bVN¦o'geaEwE_/�
]�_�N�gs]�]�b#±=���C²�ÂZ�C²��-J����C²e�X²¤³2YmbVUEU�g�n^J2a^]�_�N�Yqg�z¦�"��jkgeY`K{gsQEQ�N�bR]�]C�"N�bV��bR]�ÃRw��2N�bVUXWZY�z iXa

Ä�Å�ÆsÇ¶È�É�ÊIÅ�Æ¥Ê�Ë1ÊOÌ�ÅAÍkÅ·Í�ËsÎÐÏ�Ë/ÑÓÒ�É�ÔÕÊIÅ·Î'Ö´ÌXÇOÔ×Ç}Ø�Ø

ÙAÚ5ÛÐÜ�ÝRÞ�ß�Ü
à�á�â
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ξ(k, n) − ξ(0, n)
éÕð�â\áÐï\ê�ì´æCë{èAö?é×áÐð�á�ï
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� � �2��� �������G�5�����0�����0������� �5�"+����/�5+
� bV_

Xi
n
i = 1, 2, . . .

n��5b"Y�z Y�z~Q®z{N�geU^QEcsj �sgeN�Yqg��EKmbR]{¢�Y`_�iA_�i^b´Q�Ym]�_�N�Y��EaE_�YmcsU
P (Xi = 1) = P (Xi = −1) = 1/2geU^Q«wEaE_

S0 := 0, Si := X1 + . . . + Xi, i = 1, 2, . . .
z¥¡'b
	^U^b1_�i^b�KmcZlCgeK6_�Y`j�b1wEN�c�lRbR]�]�ceL�_�iEYm]�]�Y`j¤wEKmb

]�WZj¤j�bV_�N�Yml�N�geU^QEcsj ¢ygeK`����W

ξ(k, n) := #{i : 1 ≤ i ≤ n, Si = k}, k = 0,±1,±2, . . . , n = 1, 2, . . . � ��z`��
¾«b�lCgeU geKm]�c�Y`UX_�bVN�wEN�bV_

ξ(k, n)
gs]�_�i^b'UXaEj��5bVN�ceL*b7�ElVaEN�]�YmcsU^]�gR¢vgCW LON�csj

k
lRcsj¤wEKmbV_�bRQ��5b·L csN�b

n
z

¾«b�U^c�¢ QEb
	^U^b#]�csj�b#N�bVKqge_�bRQ��Xa�geU�_�Y`_�YmbR]�L csNyLOaEN�_�i^bVN	a^]�b�z � bV_
ρ0 := 0

geU^Q

ρi := min{j > ρi−1 : Sj = 0}, i = 1, 2, . . . , � ��z ��
Y�z~b�z`n

ρi
Ym]�_�i^bA_�Y`j�b�ceL¦_�i^b

i
��_�idN�bV_�aEN�U�_�c�ÃCbVN�cEn5csNCn�Y`U�cs_�i^bVN2¢vcsN�QE]Cn�_�i^bAbVU^Q�w csY`UX_�ceL"_�i^b

i
��_�i�b7��lVaEN�]�YmcsU

gR¢ygRW�L¶N�csj
0
z{¾«b´]ÐgRW'_�i�ge_

(Sa, Sa+1, . . . , Sb)
Ym]�geU�b7�ElVaEN�]�YmcsU¤gR¢vgCW�L¶N�csj

k
neYML

Sa = Sb = k, Si 6= k, a <
i < b

z¦ÀyiEYm]�b7�ElVaEN�]�YmcsU¥¢�Y`K`K�� b�lCgeK`KmbRQ¥aEwX¢ygeN�QÓYML
Si > k, a < i < b

geU^Q¥QEc�¢�UX¢ygeN�QdYML
Si < k, a < i < b

z
¡'b
	^U^b

ρ+
i

gs]{_�i^b�bVU^Q�w csY`UX_¦ceL�_�i^b
i
��_�i¤aEw�¢vgeN�Q�b7�ElVaEN�]�YmcsU�gR¢ygRW�LON�csj

0
nXgeU^Q�KmbV_

ξ(k, n, ↑) �5bv_�i^bvUXaEj��5bVNceL¦aEwX¢ygeN�Qhb7��lVaEN�]�YmcsU^]�gC¢vgRWÓLON�csj
k
lRcsj¤wEKmbV_�bRQ�aEw _�ck_�Y`j�b

n
z�t�Y`j¤Y`KqgeN�K`W�n�KmbV_

ξ(k, n, ↓) � b#_�i^b�UXaEj��5bVNceL"QEcC¢�UX¢ygeN�Q b7�ElVaEN�]�YmcsU^]�gR¢vgCW LON�csj
k
lRcsj¤wEKmbV_�bRQdaEwÓ_�c-_�Y`j�b

n
z

� bV_ {W (t), t ≥ 0} � bdg?]�_�geU^Q^geN�Q4¾�YmbVU^bVN1wEN�c�lRbR]�]�geU^Q4lRcsU^]�YmQEbVN1Y`_�]�_I¢vce��w�geN�gej�bV_�bVN¥Kmc�lCgeK	_�Y`j�b
wEN�cZlRbR]�] {η(x, t), x ∈ R, t ≥ 0} ]�ge_�Ym]/L¶W�Y`UEp

∫

A
η(x, t) dx = λ{s : 0 ≤ s ≤ t, W (s) ∈ A} � ��z ��

L csN�geU�W
t ≥ 0

geU^QhuycsN�bVK¦]�bV_
A ⊂ R

n ¢�i^bVN�b
λ(·) Ym]'_/i^b � b�� bR]�p�a^b-j�bCgs]�aEN�b�z�[IUh_�i^b-]�b���a^bVK*¢´b¤]�Y`j¤wEK`W

lCgeK`K
η(·, ·) g-]�_�geU^Q^geN�QÓuvN�cC¢�UEYqgeU Kmc�lCgeKG_�Y`j�b�z
Àyi^b�]�_�a^Q�W�ceLG_�i^b'gs]�W�j¤wE_�cs_�Yml�� bVi�gR�ZYmcsaENyceLG_�i^b�lRbVUX_�bVN�bRQ�KmcZlCgeK�_�Y`j�b�wEN�cZlRbR]�]�bR]

ξ(k, n)− ξ(0, n)
geU^Q

η(x, t) − η(0, t)
i�gs]�wEKqgCW�bRQ g-]�Y`p�UEY�	�lCgeU�_	N�csKmb'Y`UÓ_�i^b�QEbV��bVKmcswEj�bVU�_�ceL*_�i^b�KmcZlCgeK®_�Y`j�b�_�i^bRcsN�W¥ceL�N�geU^QEcsj

¢vgeK`��]-geU^Q¿_�i�ge_-ceL	uvN�cC¢�UEYqgeUTgeU^Q¿Y`_�bVN�ge_�bRQ uvN�cC¢�UEYqgeU j�cs_�YmcsU^]Cz Àyi^b�	^N�]�_�ceL�_�iEYm]A�ZY`U^Q ceL�N�bR]�aEK`_�]A¢vb
i�gR��b'Y`U j¤Y`U^Q Ym]�Q�a^b�_�c¤¡'c��EN�a^]�iEY`U��`�����Iz"¯'gej�bVK`W�n�Y`U�_�iEYm]�KqgeU^Q�jkgeN��1w�gew bVNCnEg�]�w5bRlVYqgeKGlCgs]�b'ceL*csU^b�ceL�iEYm]
_�i^bRcsN�bVj�]�L csN	gsQEQ�Y`_�Y`��b�L¶aEU^lV_�YmcsU�geKm]	ceL¦g-]�Y`j¤wEKmb#]�W�j¤j�bV_�N�Yml�N�geU^QEcsj ¢vgeK`� N�bCgsQE]2gs]yL csK`KmcC¢�]�z
��� <! �;=<#" §�$&% ËsÎAÉ�'^Ï

k = 1, 2, . . .

ξ(k, n) − ξ(0, n)

(4k − 2)1/2n1/4
→d U

√
|V |, n → ∞, � ��z �(

�*Ì�Å·Î�Å
U

É�'�Æ
V

ÉsÎ�Å�Ê �6ËkÇ)'�ÆXÅIØEÅ�'�ÆXÅ
'�Ê �·Ê�É*'�Æ�ÉsÎ�Æ+'�ËsÎ·Í¤É�Ô�,=ÉsÎ·Ç¶É!-VÔ`Å,� z
o�bVN�b#geU^Q¥Y`UÓ_�i^b�]�b���a^bVK →d

QEbVU^cs_�bR]2lRcsUX��bVN�p�bVU^lRb�Y`UÓQ�Ym]�_�N�Y��EaE_�YmcsUGz
|2U _�i^b¥cs_�i^bVN¤i�geU^Q®nvlRcsU^lRbVN�UEY`UEp«U^cC¢ lRbVU�_�bVN�bRQ4uvN�cC¢�UEYqgeU4Kmc�lCgeKy_�Y`j�bR]Cnyg�]�w5bRlVYqgeK�lCgs]�b�ceL�g�j�csN�b

p�bVU^bVN�geK�LOaEU^Q^gej�bVU�_�geKZ_�i^bRcsN�bVj�ceL5t���csN�cs�Zi^c�Q-geU^Q�t�Kmc�� c�QEbVU�W�aE�+� �e���In=_�i�ge_�Ym]*geU�geU�geKmcsp�a^bvceL�¡�c��EN�a^]�iEY`U/.~]
_�i^bRcsN�bVj gs]�Y`U0�`�����InEW�YmbVKmQE]�_�i^b'L¶csK`Kmc�¢�Y`UEp�N�bR]�aEK`_Cz
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��� <! �;=<#"�� $ % ËsÎ�É�'^Ï
x > 0

η(x, t) − η(0, t)

2x1/2t1/4
→d U

√
|V |, t → ∞, � ��z  �

�*Ì�Å·Î�Å
U

É�'�Æ
V

ÉsÎ�Å�Ê �6ËkÇ)'�ÆXÅIØEÅ�'�ÆXÅ
'�Ê �·Ê�É*'�Æ�ÉsÎ�Æ+'�ËsÎ·Í¤É�Ô�,=ÉsÎ·Ç¶É!-VÔ`Å,� z
¾riEY`Kmbk_�i^bR]�bk_\¢´ch_�i^bRcsN�bVj�]�geN�b�]�Y`j¤Y`KqgeNCn*¢´b lCgeK`K�ge_�_�bVUX_�YmcsU _�c _�i^bVY`N�Y`U�_�N�Y`p�aEY`UEp«Q�Y�� bVN�bVU^lRb�Y`U _�i^bVY`N

]�lCgeK`Y`UEpÓlRcsU^]�_�geU�_�]Cz �^csN#b7�^gej¤wEKmb�nG_�i^b-N�bR]�w bRlV_�Y`��b�]�lCgeK`Y`UEpÓlRcsU^]�_�geUX_�L csN
k = x = 1

Ym]
21/2 Y`U«Àyi^bRcsN�bVj

J��#geU^Q¥Y`_�Ym]
2
Y`UÓÀyi^bRcsN�bVj u'��z

¡'c��EN�a^]�iEY`U/.~]�N�bR]�aEK`_'gs]	Y`U �`�����{¢vgs]'b7��_�bVU^QEbRQÓaEU^QEbVN��sgeN�Ymcsa^]�lRcsU^Q�Y`_�YmcsU^] �XWd£�bR]�_�bVU0� �� ��In t���csN�cs��i^cZQ
geU^Qdt�Kmc�� c�QEbVU�W�aE� � �� ��In^£#gs]�gei�geN�g � �����In�� �e�*�{geU^Q¥uycsN�c�Q�Y`U �  ��Iz��^csN�]�csj�bAQEbV_�geY`Km]�csU¥_�i^b�U�ge_�aEN�b#ceL�_�i^bR]�b
b7��_�bVU^]�YmcsU^]�¢´b#N�b·L¶bVN�_�c-_�i^bA[IU�_�N�c�Q�a^lV_�YmcsU Y`U��`�����Iz

[\U lRcsUEU^bRlV_�YmcsU ¢�Y`_�i _�i^b geU�geKmcsp�a^b¥ceL � ��z �(�gs]¤]�w5bVK`KmbRQ csaE_-Y`U � ��z  �·n"L csNAL¶aEN�_�i^bVN�b7��_�bVU^]�YmcsU^]�geKmcsUEp_�i^bR]�b�K`Y`U^bR]'¢´b�N�b·L¶bVN'_�c�x�gew�geUEYmlRcsKqgscsa bV_�geK�z � �����In [\��bRQ^g�geU^Q ¾¿ge_�geU�g�� b&� ���
�"geU^Q�_�i^b�]�aEN���bVWÓw�gew bVN'ceL
uycsN�c�Q�Y`U0� ���Iz]�^csN	]�csj�b#QEbV_�geY`Km]	¢´bAgepXgeY`UdN�b·L¶bVN�_�c��`���
�Iz

Àyi^b�w�gew bVN�]�j�bVU�_�YmcsU^bRQdY`U¥_�i^b�wEN�bV�ZYmcsa^]�_\¢´c�w�geN�gep�N�gewEi^]�n^Y`U¥p�bVU^bVN�geK�n�geN�bAlRcsU^lRbVN�U^bRQ¥¢�Y`_�id]�_�a^Q�WZY`UEp
gsQEQ�Y`_�Y`��b1LOaEU^lV_�YmcsU�geKm]¤ceL�_�i^b1L csN�j

An :=
∑n

i=1 f(Si)
n´geU^Q¿_�i^bVY`N�Y`UX_�bVp�N�geKyL csN�j�]

It :=
∫ t
0 g(W (s)) ds

n
¢�i^bVN�b

f(x), x ∈ R
n*geU^Q

g(x), x ∈ R
n*geN�bkN�bCgeK´�sgeK`a^bRQ«LOaEU^lV_�YmcsU^]�]�ge_�Ym]/L¶WZY`UEp�gewEwEN�cswEN�Yqge_�b�lRcsU^Q�Y`_�YmcsU^]Cz

[\U w�geN�_�YmlVaEKqgeNCn��v]��e��Y�bV_1geK�z �`���
�	QEbCgeKm]�¢�Y`_�i4]�_�N�csUEp gewEwEN�c���Y`jkge_�YmcsU^]1ceL'_�i^bR]�b¥_\¢´c?_\W�w bR]�ceL#gsQEQ�Y`_�Y`��b
L¶aEU^lV_�YmcsU�geKm]CnE_�csp�bV_�i^bVN	¢�Y`_�i¥_�i^bVY`N	¢´bCge�ÓgeU^QÓ]�_�N�csUEpklRcsU���bVN�p�bVU^lRbAY`j¤wEK`YmlCge_�YmcsU^]�z

[\Ud�ZYmbV¢�ceL � ��z �(2geU^Q � ��z  �2g��5c���b�n�¢vbAU^c�¢�j�bVU�_�YmcsU?]�csj�b�lRcsN�N�bR]�w5csU^Q�Y`UEp�Y`_�bVN�ge_�bRQdKmcspXgeN�Y`_�iEj�KqgC¢�]Cz
�^csN	b7�^gej¤wEKmb�n � �^z`�Cg�yceL6�v]��e�ZYGbV_2geK�z �`�����GWZYmbVKmQE]
��� <! �;=<#" > $ % ËsÎ

k = 1, 2, . . .
�´Å'ÌZÉ*,eÅ

lim sup
n→∞

ξ(k, n) − ξ(0, n)

(4k − 2)1/2n1/4(log log n)3/4
=

2

3
61/4 a.s. � ��z ��

¾riEY`Kmb1]�_�a^Q�W�Y`UEph_�i^b1Kmc�lCgeKv_�Y`j�b�wEN�c�lRbR]�]�ceL�g ]�WZj¤j�bV_�N�YmlkN�geU^QEcsj ¢vgeK`� ]�_�geU^Q^geN�Q�Y`ÃCbRQ �XW¿Y`_�]AKmcZlCgeK
_�Y`j�bAge_�ÃCbVN�cEn��v]�	sN�p�
kgeU^QÓS	PV��PR]�Ã��`�C���{bR]�_�g��EK`Ym]�i^bRQ¥_�i^b'U^b7��_�N�bR]�aEK`_Cz
��� <! �;=<#" >� % ËsÎ

k = 1, 2, . . .
�´Å'ÌZÉ*,eÅ

lim sup
n→∞

ξ(k, n) − ξ(0, n)

(4k − 2)1/2(ξ(0, n) log log n)1/2
= 21/2 a.s. � ��z}�*

f�csN�bRcC��bVNCn�Àyi^bRcsN�bVj �#ceL6�v]��e��Y:geU^Q ��	sKmQEbR]��`�C���GW�YmbVKmQE]�_�i^b�U^b7�Z_�w�geY`N2ceL*Àyi^bRcsN�bVj�]Cz
��� <! �;=<#"�� $ % ËsÎ

x > 0
�´Å�ÌZÉ�,eÅ

lim sup
t→∞

η(x, t) − η(0, t)

2x1/2t1/4(log log t)3/4
=

2

3
61/4 a.s. � ��z ±�

�



geU^Q
��� <! �;=<#"�� � % ËsÎ

x > 0
�´Å�ÌZÉ�,eÅ

lim sup
t→∞

η(x, t) − η(0, t)

2x1/2(η(0, t) log log t)1/2
= 21/2 a.s. � ��z ��

¾riEY`Kmb6_�i^bR]�b´_\¢´c�w�geY`N�]"ceL^_�i^bRcsN�bVj�]¦geN�by]�Y`j¤Y`KqgeNCn � a^]�_{K`Y`��b´Y`U¤lCgs]�bvceL � ��z �(:geU^Q � ��z  �·ns¢vbvlCgeK`K^ge_�_�bVU�_�YmcsU_�c-_�i^bVY`N�Y`U�_�N�Y`p�aEY`UEp�Q�Y��®bVN�bVU^lRb�Y`U¥_�i^bVY`N	]�lCgeK`Y`UEp1lRcsU^]�_�geUX_�]Cz
[\U¥��YmbV¢.ceL"Àyi^bRcsN�bVj�]��y�¤geU^QÓ¡���n�¢´bA]�_�ge_�b'_�i^b�U^b7�Z_�_\¢´ckN�bR]�aEK`_�]Cz

��� <! �;=<#" § � % ËsÎ
k = 1, 2, . . .

�´Å#ÌZÉ�,sÅ

ξ(k, n) − ξ(0, n)

(4k − 2)1/2(ξ(0, n))1/2
→d U, n → ∞, � ��z`�C²�

�*Ì�Å·Î�Å
U

Ç �AÉ �·Ê�É�'�ÆXÉsÎ/Æ+'�Ë�ÎÐÍ�ÉsÔ®Î�É�'�Æ�Ë�Í ,=ÉsÎ·Ç¶É(-·Ô`Å��
��� <! �;=<#"�� � % ËsÎ

x > 0
�´Å#ÌZÉ�,eÅ

η(x, t) − η(0, t)

2x1/2(η(0, t))1/2
→d U, t → ∞, � ��z`����

�*Ì�Å·Î�Å
U

Ç �AÉ �·Ê�É�'�ÆXÉsÎ/Æ+'�Ë�ÎÐÍ�ÉsÔ®Î�É�'�Æ�Ë�Í ,=ÉsÎ·Ç¶É(-·Ô`Å z
Àyi^bRcsN�bVj�J���Ym]�geN�p�a^bRQ Ç)'�Ê���Ç¶Ê¶Ç),eÅ·ÔÕÏ csU�wGz ��²kceLv�v] 	sN�p�
�geU^Q S	PV��PR]�Ã��`�C���In geU^QÓY`_'lCgeU�� b#N�Y`p�csN�csa^]�K`W

��gs]�bRQÓcsU csaEN�N�bR]�aEK`_�]�Y`Uh�v]��e��YGbV_�geK�z �`�����InE¢�iEY`KmbAÀyi^bRcsN�bVj u��-Ym]�]�_�ge_�bRQ gs]	csU^b#ceL*_�i^bAlRcsU^]�b���a^bVU^lRbR]	ceL
csaEN�N�bR]�aEK`_�]�Y`U �v]��e��YGbV_�geK�z �`�C²��Iz

Àyi^b�U^b7��_�¢´bCge�¥lRcsU���bVN�p�bVU^lRbAN�bR]�aEK`_yL csN 	 �EbRQ
k
L¶csK`Kmc�¢�]�L¶N�csj £#gs]�gei�geN�g&� �����Iz

��� <! �;=<#" 7 % ËsÎ
k = 1, 2, . . .

�´Å�Ì�É�,eÅ

ξ(k, [λt]) − ξ(0, [λt])

(4k − 2)1/2λ1/4
→w W (η̃(0, t)), λ → ∞,

�*Ì�Å·Î�Å
η̃(·, ·) Ç �AÉ �·Ê�É�'5Æ�ÉsÎ�Æ���Î�Ë�� '^Ç É�' Ô`ËCÈ�É�Ô{Ê¶ÇOÍ�Å	�¦Ç '�Æ�ÅIØEÅ
'�Æ�Å
'�ÊyË/Ñ#ÊOÌ�Å Ò Ç Å�'5Å·ÎyØ�Î�ËCÈ�Å7�8�

W (·) �o�bVN�b#geU^Q¥Y`U¥_�i^b�]�b���a^bVK →w
QEbVU^cs_�bR]	¢´bCge�¥lRcsUX��bVN�p�bVU^lRbAY`U¥_�i^b�N�bR]�w bRlV_�Y`��b�LOaEU^lV_�YmcsUd]�w�gslRbR]�Y`U¥i�geU^Q

� i^bVN�b D[0,∞)
·z

f�csN�bRcC��bVNCnZL csN 	 ��bRQ
x
_�i^b�U^b7�Z_v¢´bCge� lRcsUX��bVN�p�bVU^lRb�N�bR]�aEK`_´Y`U

C[0,∞)
L¶csK`Kmc�¢�]vLON�csj x*gew�geUEYmlRcsKqgscsadbV_

geK�z � �����Iz
��� <! �;=<#" ª % ËsÎ

x > 0
�´Å�Ì�É�,eÅ

η(x, λt) − η(0, λt)

2x1/2λ1/4
→w W (η̃(0, t)), λ → ∞,

�*Ì�Å·Î�Å
η̃(0, t)

Çp�#É��#Ç ' Àyi^bRcsN�bVj ��z

�



¾ri^bVU csaEN1w�gew bVN �`���
�'csU ]�_�N�csUEpTgewEwEN�c���Y`jkge_�YmcsU^]ÓceL�gsQEQ�Y`_�Y`��b L¶aEU^lV_�YmcsU�geKm] Ym]�Y`UX_�bVN�wEN�bV_�bRQ Y`UµcsaEN
wEN�bR]�bVU�_	lRcsUX_�b7��_CnEY`_�]�p�bVU^bVN�geKGN�bR]�aEK`_�]	geKm]�c�Y`j¤wEK`W¥]�_�N�csUEpkgewEwEN�c���Y`jkge_�YmcsU^]�L csN

ξ(k, n) − ξ(0, n)
¢�i^bVU

k
Ym]

	 �EbRQ®n^gs]�]�w bVK`KmbRQÓcsaE_�Y`UÓ_�i^b�U^b7��_�_�i^bRcsN�bVjÓz
��� <! �;=<#" � � 'µÉ�'rÉÐØXØ�Î/Ë·Ø�ÎÐÇ É�ÊIÅ-Ø�Î�Ë!-�É!-·ÇOÔÕÇOÊ¶Ï �IØ�É�È�ÅAÑRËsÎÓÉ �·Ç�Í2Ø�ÔmÅ �ÐÏsÍ-ÍkÅVÊ¶Î·Ç¶ÈÓÎ/É�'5Æ�ËsÍ �6ÉsÔ�� {Si, i =
0, 1, . . .} �6ÑRËsÎÓÉ�'^Ï k = 1, 2, . . .

� �´ÅÓÈ�É�' È�Ë�'?�·Ê¶Î	��ÈRÊ-É �VÊ�É�'�Æ�É�Î/Æ�Ò Ç Å�'5Å·Î�Ø�Î�ËCÈ�Å,�,� {W (t), t ≥ 0} É�'�Æ �
Ç)'�ÆXÅIØEÅ�'�ÆXÅ
'�Ê¶ÔÕÏ Ë/Ñ¤ÊOÌ�Å¤ÔMÉ�Ê ÊIÅ·Î �'É �·Ê�É*'�Æ�ÉsÎ�Æ ��Î�Ë�� '^Ç É�'¿Ô`ËCÈ�ÉsÔ´Ê¶Ç�ÍkÅ {η̃(0, t), t ≥ 0} � �EÈ·Ì?ÊOÌZÉ�Ê �2É��

n → ∞ �
�"Ç¶ÊOÌ �	���4ÈVÇ�Å
'�Ê¶ÔÕÏ �·Í¤É�Ô�Ô

ε > 0
�´Å#ÌZÉ�,eÅ

ξ(k, n) − ξ(0, n) = (4k − 2)1/2W (η̃(0, n)) + O(n1/4−ε) a.s. � ��z`�C��
É�'�Æ

ξ(0, n) − η̃(0, n) = O(n1/2−ε) a.s. � ��z`�C��

�^csK`Kmc�¢�Y`UEp¤_�i^b�j�bV_�i^c�Q�ceL:wEN�cZceL{ceL:Àyi^bRcsN�bVj �#Y`UÓtZbRlV_�YmcsUÓ�AceL �`���
�InZcsU^b�lCgeUÓgeKm]�c�bR]�_�g��EK`Ym]�i�_�i^b2U^b7��_
_�i^bRcsN�bVjÓn�¢�iEYml�i Ym]ygeKm]�c-gAlRcsU^]�b���a^bVU^lRb'ceL{csaENyÀyi^bRcsN�bVj Y`U �`�C²��In�_�i�ge_yYm] ��a^cs_�bRQ��5bVKmc�¢ � l·L�z"Àyi^bRcsN�bVj �(·z
��� <! �;=<#" � � ' É�' ÉÐØXØ�Î/Ë·Ø�ÎÐÇ É�ÊIÅ�Ø�Î/Ë(-�É!-·ÇOÔ×Ç¶Ê¶ÏO��ØEÉ�È�Å�ÑVËsÎ�ÊOÌ�Å �VÊ�É�'�Æ�ÉsÎ�Æ ��Î/Ë�� '^Ç¶É*'.ÔMË�È�ÉsÔ�Ê¶Ç�ÍkÅkØ5Î/ËCÈÐÅ,�8�
{η(x, t), x ∈ R, t ≥ 0} Ë/ÑAÉ �·Ê�É�'5Æ�ÉsÎ�Æ ��Î/Ë�� '^Ç¶É*' Í�Ë�Ê¶Ç Ë�' �EÑRËsÎAÉ�'^Ï

x > 0
���´ÅAÈ�É*'hÈ�Ë*' �·Ê¶Î	��ÈCÊyÉ �·Ê�É�'5Æ�ÉsÎ�Æ

Ò Ç�Å
'5Å·Î-Ø5Î/ËCÈÐÅ,�8� {W (t), t ≥ 0} É�'5Æ ��Ç)'�ÆXÅIØ^Å
'�ÆXÅ
'�Ê¶Ô×Ï Ë/ÑÓÊOÌ�ÅdÔ`É�Ê ÊIÅ·Î ��Él�·Ê�É*'�Æ�ÉsÎ�Æ ��Î�Ë�� '^Ç É�'µÔMË�È�ÉsÔ2Ê¶ÇOÍkÅ
{η̃(0, t), t ≥ 0} � �EÈ·ÌÓÊOÌZÉ�Ê �´É��

t → ∞ �]�"Ç¶ÊOÌ �	���4ÈVÇ�Å
'�Ê¶ÔÕÏ �·Í�ÉsÔ�Ô
ε > 0

�´Å�ÌZÉ�,sÅ

η(x, t) − η(0, t) = 2x1/2W (η̃(0, t)) + O(t1/4−ε) a.s. � ��z`�V�(
É�'�Æ

η(0, t) − η̃(0, t) = O(t1/2−ε) a.s. � ��z`�C �

J�lRcsj¤j�csU¿wEN�csw bVN�_IW ceLy_�i^b1g��5c���b ��a^cs_�bRQ«_�i^bRcsN�bVj�]�Ym]#_�i�ge_A_�i^bVW?_�N�bCge_�_�i^b¤_I¢vce��_�Y`j�b�w�geN�gej�bV_�bVN
wEN�cZlRbR]�]�bR]

ξ(k, n)
geU^Q

η(x, t)
L csN

k
n"N�bR]�w bRlV_�Y`��bVK`W

x
n 	 �EbRQ®n"Y�z~b�z`n6gs]-YML	_�i^bVW¿¢´bVN�b¥csU^b·��_�Y`j�b w�geN�gej�bV_�bVN

]�_�cZl�i�gs]�_�YmlAwEN�c�lRbR]�]�bR]Cz � [\U � ��z`�C��·n�N�bR]�wGz � ��z`�V�(·n �5cs_�i W
geU^Qd_�i^b

O
_�bVN�j)jkgRWÓQEbVw bVU^Q csU

k
n�N�bR]�wGz

x
z 

�´KmbCgeN�K`W�n:]�_�a^Q�W�Y`UEpÓ_�i^bVj gs]'_I¢´ce��_�Y`j�b1w�geN�gej�bV_�bVNAwEN�cZlRbR]�]�bR]'Ym]AceLylCgeN�Q�Y`U�geK¦Y`U�_�bVN�bR]�_Cz�J ]�Y`p�UEY�	�lCgeUX_�	^N�]�_
]�_�bVw geKmcsUEp�_�i^bR]�b�K`Y`U^bR]v¢vgs]vjkgsQEb��XW¤°6csN � ��±��In�¢�i^c�bR]�_�g��EK`Ym]�i^bRQk_�i^b	L¶csK`Kmc�¢�Y`UEp-¢´bCge�klRcsU���bVN�p�bVU^lRb'N�bR]�aEK`_Cz
��� <! �;=<#"��
	U�

λ → ∞ n
(

1

λ
W (λ2t),

1

λ
η(x, λ2t),

1

2
√

λ
(η(x, λ2t) − η(0, λ2t))

)

→w (W (t), η(x, t),W ∗(x, η(0, t))),
�*Ì�Å·Î�Å

W ∗(·, ·) Çp�1ÉµÒ Ç�Å
'5Å·Î ��Ì�Å�ÅVÊ ��Ç '�Æ�ÅIØEÅ
'�Æ�Å
'�Ê#Ë/Ñ�ÊOÌ�Å �·Ê�É�'5Æ�ÉsÎ�Æ Ò Ç Å�'5Å·Î�Ø5Î/ËCÈÐÅ,�8�
W (·) � η(·, ·) Çp�kÊOÌ�Å

Ô`ËCÈ�ÉsÔ�Ê¶ÇOÍ�Å Ë�Ñ
W (·) �AÉ�'5Æ →w

Æ�Å
'�Ë�ÊIÅ,� �´Å�É��?È�Ë�' ,eÅVÎ�XÅ�'�È�Å�Ë�,eÅ·Î¥ÊOÌ�Å ��Ø�É�ÈÐÅÓË/Ñ ÉsÔ�ÔyÈ�Ë�'�Ê¶Ç)' �EË �H�2Ñ	�('�ÈCÊ¶Ç¶Ë�'?�
Ñ·Î/ËsÍ

R2
+

Ê�Ë
R3 �vÅ
'5Æ�Ë��´Å�Æ �"Ç¶ÊOÌ ÊOÌ�Å�Ê�ËÐØEËsÔMË��sÏ Ë�ÑAÈ�ËsÍ2Ø�É�ÈRÊ �#'^Ç ÑVËsÎ·Í È�Ë*' ,eÅ·Î��XÅ
'�ÈÐÅ �

 



uvW¥g�¾�YmbVU^bVN	]�i^bRbV_�¢´b�j�bCgeU�g�_I¢´ce��w�geN�gej�bV_�bVN'��gea^]�]�YqgeU¥wEN�c�lRbR]�]

{W (x, y), x ≥ 0, y ≥ 0}
¢�Y`_�iÓj�bCgeU

0
geU^QÓlRc��sgeN�YqgeU^lRb#LOaEU^lV_�YmcsU

EW (x1, y1)W (x2, y2) = (x1 ∧ x2)(y1 ∧ y2)

� l·L�z`nEb�z p^z`n�tZbRlV_�YmcsU¿��z`����Y`U��v]�	sN�p�
kgeU^Q¥S	PV��PR]�Ã��`�C ��)·z
[\Uh�v]��e�ZY{bV_�geK�z �`�C²���¢vbAwEN�c���bRQ _�i^bAL csK`KmcC¢�Y`UEp¥]�_�N�csUEp¥gewEwEN�c���Y`jkge_�YmcsU«ceL6u´N�c�¢�UEYqgeUhKmc�lCgeK�_�Y`j�b���W g

¾rYmbVU^bVN	]�i^bRbV_Cz
��� <! �;=<#" � � '�É�' ÉÐØ�Ø�Î�ËÐØ�Î·Ç¶É�ÊIÅ Ø5Î/Ë!-�É!-·ÇOÔ×Ç¶Ê¶Ï �IØ�É�È�ÅkÑRËsÎ«ÊOÌ�Å �·Ê�É�'�ÆXÉsÎ/Æ ��Î/Ë�� '�Ç¶É�' Ô`ËCÈ�ÉsÔAÊ¶ÇOÍkÅ�Ø5Î/ËCÈÐÅ,�8�
{η(x, t), x ∈ R, t ≥ 0} Ë/ÑAÉ �·Ê�É*'�Æ�ÉsÎ�Æ ��Î�Ë�� '^Ç É�' Í�Ë�Ê¶Ç Ë�' �<�´Å�È�É�'?È�Ë�' �VÊ¶Î �EÈRÊyÉ¿Ò Ç�Å
'5ÅVÎ2��Ì�Å�ÅRÊ {W (x, u),
x, u ≥ 0} É*'�Æ �{Ç)'�ÆXÅ\ØEÅ
'�ÆXÅ�'�Ê¶Ô×Ï¤Ë/Ñ	ÊOÌEÅ2ÔMÉ�Ê ÊIÅVÎ �"É �·Ê�É�'�ÆXÉsÎ/Æ ��Î�Ë�� '^Ç É�' ÔMËCÈ�ÉsÔ5Ê¶ÇOÍkÅ {η̃(0, t), t ≥ 0} � �EÈ·ÌkÊOÌZÉ�Ê �
É��

t → ∞ �^ÑVËsÎ2�	���4ÈRÇ Å
'�Ê¶Ô×Ï �ÐÍ�ÉsÔOÔ
ε > 0

ÊOÌ�Å·Î�Å�Å��sÇ �VÊe�
δ > 0

ÑRËsÎ0�*ÌXÇ È·Ì �´Å#ÌZÉ*,eÅ

sup
0≤x≤tδ

|η(x, t) − η(0, t) − 2W (x, η̃(0, t))| = O(t1/4−ε) a.s.

É�'�Æ
η(0, t) − η̃(0, t) = O(t1/2−ε) a.s.

[\U¥�v]��e��Y bV_ygeK�z �`�C²��5¢vb'geKm]�cAwEN�c���bRQ _�i^b�geU�geKmcsp�a^b�ceL{Àyi^bRcsN�bVj ��L csN
t
N�bVwEKqgslRbRQ���Wk_�i^b2Y`UX��bVN�]�b�KmcZlCgeK

_�Y`j�b
α(·) QEb
	^U^bRQ��XW

α(u) := inf{t ≥ 0 : η(0, t) ≥ u}.
¸#;� ��  �@�F�¨�F) �8 § � ' É*' ÉÐØ�Ø�Î�ËÐØ�Î·Ç¶É�ÊIÅ1Ø�Î�Ë!-�É!-VÇ�ÔÕÇOÊ¶ÏO�IØ�É�È�Å¤ÑVË�Î ÊOÌ�Å �VÊ�É�'�Æ�É�Î/Æ ��Î�Ë�� '^Ç É�'.Ô`ËCÈ�ÉsÔ�Ê¶ÇOÍ�Å�Ø5Î/Ë��
È�Å,�,�

η(x, t), x ∈ R, t ≥ 0} Ë/Ñ«É �·Ê�É�'�ÆXÉsÎ/Æ ��Î/Ë�� '�Ç¶É�'�Í�Ë�Ê¶Ç¶Ë*' � �´Å¿È�É�' È�Ë�' �VÊ¶Î �EÈRÊ É Ò Ç�Å
'5Å·Î ��ÌEÅ�ÅVÊ
{W (x, u), x, u ≥ 0} É�'5Æ �	Ç)'�ÆXÅIØEÅ�'�ÆXÅ
'�Ê¶ÔÕÏ?Ë/ÑkÊOÌ�ÅkÔ`É�Ê ÊIÅ·Î �'É�' Ç)' ,eÅ·Î,�RÅkÔ`ËCÈ�ÉsÔyÊ¶Ç�ÍkÅ'Ø�Î�ËCÈ�Å,�,� {α̃(u), u ≥ 0}� �EÈ·ÌÓÊOÌZÉ�Ê�ÑVË�Î2� � �4ÈVÇ Å�'�Ê¶Ô×Ï �ÐÍ�ÉsÔOÔ

ε > 0
ÊOÌ�Å·Î�Å¤Å��sÇp�·Êe�

δ > 0
ÑRËsÎ0�*ÌXÇ È·ÌdÉ��

u → ∞ ���´Å#ÌZÉ�,sÅ

sup
0≤x≤uδ

|η(x, α(u)) − u − 2W (x, u)| = O(u1/2−ε) a.s.

É�'�Æ
α(u) − α̃(u) = O(u2−ε) a.s.

�vcsU^lRbVN�UEY`UEp¥¢vbCge��lRcsU���bVN�p�bVU^lRb¤ceL´Y`U^lVN�bVj�bVUX_�]AceL6N�geU^QEcsj ¢vgeK`� Kmc�lCgeK*_�Y`j�b�n®�"Ym]�bVU(��geaEj �`� ���"bR]�_�g����
K`Ym]�i^bRQ�g�_\¢´ce��w�geN�gej�bV_�bVNvN�bR]�aEK`_*L¶csN¦]�W�j¤j�bV_�N�Yml�fhgeN���cC�¤l�i�geY`U^]´ge_"Y`UX��bVN�]�b�KmcZlCgeKE_�Y`j�bR]CnX¢�iEYml�i¤L csN¦g']�Y`j¤wEKmb
]�WZj¤j�bV_�N�Yml�N�geU^QEcsj ¢ygeK`��N�bCgsQE]�gs]yL csK`KmcC¢�]Cz
¸#;� ��  �@�F�¨�F) �8 � 	U�

λ → ∞ �
ξ(k, ρ[λt]) − [λt]√

λ
→w G(k, t),

�



�*Ì�Å·Î�Å {G(k, t), k = 1, 2, . . . , t ≥ 0} Çp�AÉ�ÍkÅ�É�'��=Å·Î/Ë���É �H�8�·Ç¶É*'�Ø�Î�ËCÈ�Å7�8�'�"Ç¶ÊOÌ¥È�Ë�,=ÉsÎ·Ç¶É*'�È�Å

EG(k, s)G(`, t) = (s ∧ t)(4(k ∧ `) − 1{k=`} − 1),

�*Ì�Å·Î�Å �´Å�É��kÈ�Ë*' ,eÅ·Î��XÅ
'�ÈÐÅ¤Çp��ÍkÅ�É*'�ÊvË*'�ÊOÌ�Å6Ñ	�('5ÈRÊ¶Ç¶Ë*' �IØ�É�È�Å
D

ÊOÌZÉ�Ê´Çp��ÆXÅ�� '5Å�Æ�Ç)'�� Å�ÈRÊ¶Ç¶Ë*' ��z`� -�Å·Ô`Ë�� �
[\U«�ZYmbV¢ ceL�Àyi^bRcsN�bVj �hgeU^Q«x"N�csw c�]�Y`_�YmcsU^]�J�nGu�_�i^bkwEN�bR]�bVUX_�w�gew bVNAbR]�_�g��EK`Ym]�i^bR]�]�bV��bVN�geK´]�_�N�csUEp gew��

wEN�c���Y`jkge_�YmcsU�N�bR]�aEK`_�]	Y`U�g�]�Y`j¤Y`KqgeN2��bVY`UÓL csN�N�geU^QEcsj ¢ygeK`�¥Kmc�lCgeK{_�Y`j�bR]Cn�gewEwEN�cswEN�Yqge_�bVK`WdaEUEYML¶csN�j¤K`W¥Y`U
k
n^Y`U

� cs_�iÓceL�_�i^b#lCgs]�bR]�¢�i^bVUÓ_�i^b�_�Y`j�b�Ym]yN�geU^QEcsj)csN�QEbV_�bVN�j¤Y`UEYm]�_�Yml�z
[\UA_�i^b´U^b7�Z_�_�iEN�bRbv_�i^bRcsN�bVj�]�¢´by]�_�a^Q�W�_�i^bygs]�W�j¤wE_�cs_�Yml ��gea^]�]�YqgeU�� bVi�gR�ZYmcsaEN*ceL�_�i^b´lRbVU�_�bVN�bRQ�_I¢´ce��_�Y`j�b

w�geN�gej�bV_�bVNAKmcZlCgeK"_�Y`j�b¤wEN�cZlRbR]�] {ξ(k, n) − ξ(0, n), k = 0, 1, . . . , n = 1, 2, . . .} ��Yqg¥gewEwEN�cswEN�Yqge_�b1]�_�N�csUEp
gewEwEN�c���Y`jkge_�YmcsU^]2Y`UÓ_�bVN�j�]�ceL¦g-¾�YmbVU^bVN�]�i^bRbV_2geU^Qdg-]�_�geU^Q^geN�QÓuvN�c�¢�UEYqgeUdj�cs_�YmcsUGz
��� <! �;=<#" $�� $ � 'ÓÉ�'¥ÉÐØ�Ø5Î/ËÐØ5ÎÐÇ É�ÊIÅ"Ø�Î�Ë!-�É!-·ÇOÔÕÇOÊ¶Ï ��Ø�ÉXÈ�Å{ÑVË�Î	É0�·ÏeÍ-ÍkÅVÊ¶Î·Ç¶È	Î�É�'�Æ�ËsÍ �6ÉsÔ�� {Sj , j = 0, 1, . . .} ��´Å�È�É�'«È�Ë�' �VÊ¶Î �EÈRÊ�É Ò Ç Å
' Å·Î2��Ì�Å�ÅVÊ {W (x, y)

�
x ≥ 0, y ≥ 0} É�'5Æ �"Ç '�Æ�ÅIØEÅ
'�Æ�Å
'�Ê¶ÔÕÏ �yÉ �VÊ�É�'�Æ�ÉsÎ�Æ ��Î�Ë�� '^Ç É�'

Í�Ë�Ê¶Ç Ë�' {W ∗(y), y ≥ 0} �	��ÈVÌ¥ÊOÌ�É�Ê �´É��
n → ∞ �]�"ÇOÊOÌ

ε > 0
�´Å�ÌZÉ�,eÅ

ξ(k, n) − ξ(0, n) = G(k, ξ(0, n)) + O(k5/4n1/8+5ε/8) a.s. � ��z`�C��
�*Ì�Å·Î�Å ��ÑRËsÎAÉ �sÇ),eÅ
'

ε > 0
�´ÊOÌEÅ

O(·) ÊIÅ·Î·Í Çp� �#'^Ç ÑVË�ÎÐÍ Ç)'
k ∈ [1, n1/6−ε]

É*'�Æ

G(x, y) := W (x, y) + W (x − 1, y) − W ∗(y), x ≥ 1, y ≥ 0. � ��z`���*
Àyi^b � a^]�_'Y`UX_�N�cZQ�a^lRbRQ«U^cs_�ge_�YmcsU«Y`U � ��z`���*	L csN G(·, ·) ¢�Y`K`K � b�a^]�bRQh_�iEN�csaEp�i^csaE_A_�iEYm]�b7��w5c�]�Y`_�YmcsUGz�¾«b

U^cs_�b-_�i�ge_�Y`_�Ym]'Y`UhL�gslV_�_�i^b¤]�gej�b-wEN�c�lRbR]�]#gs]'_�i�ge_#ceLyx"N�csw c�]�Y`_�YmcsU¿u'n5Y�z~b�z`n®_�i^b-_\¢´c �#gea^]�]�YqgeUhwEN�c�lRbR]�]�bR]
gep�N�bRb1Y`U Q�Ym]�_�N�Y��EaE_�YmcsUGn �EaE_�i^bVN�b

G(·, ·) Ym]A_�c��5b1lRcsU^]�_�N�a^lV_�bRQ ceL	lRcsaEN�]�b�n*geU^Q ]�cd_�i�ge_A¢´b�]�i^csaEKmQ i�gR��b
� ��z`�C��vi^csKmQ�Y`UEp�_�N�a^b�z[\_�¢�Y`K`K � bÓ]�bRbVU���Yqg«csaEN1lRcsU^]�_�N�a^lV_�YmcsUµceL

W (·, ·) geU^Q
W ∗(·) L csNkbR]�_�g��EK`Ym]�iEY`UEp � ��z`�C��¤_�i�ge_ ξ(0, n)lCgeUEU^cs_ � b�Y`U^QEbVw bVU^QEbVUX_yceL5_�i^b	Kqge_�_�bVNh��gea^]�]�YqgeU�wEN�cZlRbR]�]�bR]Cz�ÀyiEYm]Cn�Y`U1_�aEN�UGn�K`Y`j¤Y`_�]´Y`_�]"Y`j¤j�bRQ�Yqge_�b2a^]�b�z<�^csN

_�i^bk]Ðge��b�ceL�jkge��Y`UEp Y`_#j�csN�b1gslRlRbR]�]�Y��EKmb¤L csN�gewEwEK`YmlCge_�YmcsU^]Cn*¢´b�geKm]�cÓbR]�_�g��EK`Ym]�i¿_�i^b�U^b7��_#_\¢´c�lRcsj¤w�geUEYmcsU
lRcsU^lVK`a^]�YmcsU^]	_�c¤Àyi^bRcsN�bVj ��z`��z

�^csN2L¶aEN�_�i^bVN2a^]�bA¢´b�Y`UX_�N�cZQ�a^lRbA_�i^b�U^cs_�ge_�YmcsU
=d

L csN2QEbR]�Y`p�U�ge_�Y`UEp¥b���a�geK`Y`_IWÓY`U�Q�Ym]�_�N�Y��EaE_�YmcsU?ceL´gewEwEN�ce�
wEN�Yqge_�bVK`W Y`U^Q�YmlCge_�bRQd]�_�cZl�i�gs]�_�Yml'wEN�c�lRbR]�]�bR]Cz
��� <! �;=<#" $�� �	�:Ì�Å�Ø5Î/Ë!-�É!-·ÇOÔ×Ç¶Ê¶Ïl�IØ�É�È�ÅhË/Ñ Àyi^bRcsN�bVj ��z`� È�É*' -�Å?Å���ÊIÅ
'�ÆXÅ�Æ Ê�Ë¿É�È�È�ËsÍ-Í¤Ë�Æ�É�ÊIÅ?É¿Î/É*'�Æ�ËsÍ
�6ÉsÔ��¤ÔMËCÈ�ÉsÔ{Ê¶ÇOÍkÅ

ξ̃(0, n)
� �EÈ·ÌÓÊOÌZÉ�Ê

� Y  {ξ̃(0, n), n = 1, 2, . . .} =d {ξ(0, n), n = 1, 2, . . .},

� Y`Y  ξ̃(0, ·) Ç �'Ç)'�ÆXÅIØEÅ�'�ÆXÅ
'�Ê�Ë/Ñ
G(·, ·)

É�'�Æ �´É��
n → ∞ ���"ÇOÊOÌ

ε > 0
�´Å#ÌZÉ�,eÅ6ÑRËsÎ2�VËsÍkÅ

δ > 0

� Y`Y`Y  ξ(0, n) − ξ̃(0, n) = O(n1/2−δ) a.s.,

�



� Y`�  ξ(k, n) − ξ(0, n) = G(k, ξ̃(0, n))

+O(k5/4n1/8+5ε/8 + kn1/6+ε/4 + k1/2n1/4−δ) a.s.,

�*Ì�Å·Î�Å ��ÑRËsÎAÉ �sÇ),eÅ
'
ε > 0

�´ÊOÌEÅ#Ô`É�Ê ÊIÅ·Î
O(·) ÊIÅ·Î·Í Çp� �('^Ç ÑRËsÎÐÍ Ç '

k ∈ [1, n1/6−ε]
�

��� <! �;=<#" $���� �:Ì�Å#Ø�Î�Ë!-�É!-·ÇOÔÕÇOÊ¶Ï ��ØEÉ�È�Å¥Ë/Ñ Àyi^bRcsN�bVj0��z`� È�É*' -�ÅÓÅ���ÊIÅ�'�ÆXÅ�Æ¿Ê�Ë?É�È�È�ËsÍ-Í�ËCÆ�É�ÊIÅÓÉ �·Ê�É�'5Æ�ÉsÎ�Æ
��Î/Ë�� '�Ç¶É�'�Ô`ËCÈ�ÉsÔ�Ê¶Ç�ÍkÅyØ�Î/Ë�È�Å,�8� {η(0, t), t ≥ 0} � �EÈ·ÌÓÊOÌZÉ�Ê

� Y  η(0, ·) Ç ��Ç)'�ÆXÅIØEÅ�'�ÆXÅ
'�ÊyË/Ñ
G(·, ·)

É�'�Æ �´É��
n → ∞ ���"ÇOÊOÌ

ε > 0
�´Å#ÌZÉ�,eÅ6ÑRËsÎ2�VËsÍkÅ

δ > 0

� Y`Y  ξ(0, n) − η(0, n) = O(n1/2−δ) a.s.,

� Y`Y`Y  ξ(k, n) − ξ(0, n) = G(k, η(0, n))

+O(k5/4n1/8+5ε/8 + kn1/6+ε/4 + k1/2n1/4−δ) a.s.,

�*Ì�Å·Î�Å ��ÑRËsÎAÉ �sÇ),eÅ
'
ε > 0

�´ÊOÌEÅ#Ô`É�Ê ÊIÅ·Î
O(·) ÊIÅ·Î·Í Çp� �('^Ç ÑRËsÎÐÍ Ç '

k ∈ [1, n1/6−ε]
�

Àyi^b�wEN�cZceL ]�ceL�_�i^bAg�� cC��b#_�i^bRcsN�bVj�]�¢�Y`K`K/� b ��gs]�bRQÓcsU¥_�i^b'L csK`KmcC¢�Y`UEp1wEN�csw5c�]�Y`_�YmcsU^]Cz
¸#;� ��  �@�F�¨�F) �8 $ �)$ � ' É*'µÉÐØXØ�Î/Ë·Ø�ÎÐÇ É�ÊIÅ¤Ø�Î�Ë!-�É!-VÇ�ÔÕÇOÊ¶Ï ��ØEÉ�È�Å�ÑRËsÎdÊOÌ�Å��ÐÏsÍ-ÍkÅVÊ¶Î·Ç¶ÈdÎ/É*'�Æ�ËsÍ �6ÉsÔ � {Sk, k =
1, 2, . . .} Ë�' Å�È�É�'«È�Ë�' �VÊ¶Î �EÈRÊ�É¿Ò Ç�Å
'5ÅVÎ0��Ì�Å�ÅVÊ {W (·, ·)} �	��È·ÌÓÊOÌZÉ�Ê´É��

N → ∞ ���"Ç¶ÊOÌ
ε > 0

�´Å#ÌZÉ�,eÅ

ξ(k, ρ+
N , ↑) − ξ(0, ρ+

N , ↑) = W (k, 2N) + O(k5/4N1/4+ε/2) a.s., � ��z`�C±�
�*Ì�Å·Î�Å ��ÑRËsÎAÉ �sÇ),eÅ
'

ε > 0
�´ÊOÌEÅ

O
ÊIÅ·Î·Í Çp� �('^Ç ÑRËsÎÐÍ Ç '

k ∈ [1, N 1/3−ε)
�

¸#;� ��  �@�F�¨�F) �8 $ � �	�:Ì�Å6Ø�Î�Ë!-�É(-·Ç�ÔÕÇ¶Ê¶Ï ��Ø�É�ÈÐÅAË/Ñ x"N�csw c�]�Y`_�YmcsU?��z`� È�É�' -�ÅU�RËkÅ���ÊIÅ
'5ÆXÅ�Æ1ÊOÌZÉ�Ê¦É��
N → ∞ �<�"ÇOÊOÌ

ε > 0
É�'�Æ

G(·, ·) É��'Ç)' Àyi^bRcsN�bVj ��z`� �´Å#ÌZÉ*,eÅ

ξ(k, ρ+
N ) − ξ(0, ρ+

N ) = G(k, 2N) + O(k5/4N1/4+ε/2) a.s., � ��z`� ��
�*Ì�Å·Î�Å ��ÑRËsÎAÉ �sÇ),eÅ
'

ε > 0
�´ÊOÌEÅ

O
ÊIÅ·Î·Í Çp� �('^Ç ÑRËsÎÐÍ Ç '

k ∈ [1, N 1/3−ε)
�

¸#;� ��  �@�F�¨�F) �8 $ ��� � '�ÊOÌ�Å�Ø�Î�Ë!-�É(-·Ç�ÔÕÇ¶Ê¶Ï �IØ�É�È�Å-Ë/Ñ x¦N�csw5c�]�Y`_�YmcsU ��z`� �vÉ��
N → ∞ ���"Ç¶ÊOÌ

ε > 0
�´Å�Ì�É�,eÅ

ξ(k, ρN ) − ξ(0, ρN ) = G(k,N) + O(k5/4N1/4+ε/2) a.s., � ��z ��²�
�*Ì�Å·Î�Å´ÑRËsÎAÉ ��Ç ,eÅ�'

ε > 0
�6ÊOÌ�Å

O
ÊIÅ·ÎÐÍ Ç � �#'^Ç ÑRËsÎ·Í Ç)'

k ∈ [1, N 1/3−ε)
�

�EN�csj U^c�¢ csUh_�i^b¤csaE_�K`Y`U^b¤ceLv_�iEYm]'w�gew bVN�Ym]#gs]�L csK`KmcC¢�]Cz�[IU¿tZbRlV_�YmcsU¿��¢vb-j�bVUX_�YmcsU geU^QhwEN�c���b¤]�csj�b
lRcsU^]�b���a^bVU^lRbR]kceL#csaEN � a^]�_�]�_�ge_�bRQ _�i^bRcsN�bVj�] geU^Q wEN�csw c�]�Y`_�YmcsU^]Czr[IU�tZbRlV_�YmcsUµ�h¢´b lRcsK`KmbRlV_�wEN�bVK`Y`j¤Y`U�geN�W
N�bR]�aEK`_�]�_�i�ge_�geN�b¤U^bRbRQEbRQ?_�c¥wEN�c���b¤_�i^bR]�b¤_�i^bRcsN�bVj�]�geU^Q?wEN�csw5c�]�Y`_�YmcsU^]Cz�Àyi^bRcsN�bVj ��z`�kgeU^Q¿x"N�csw5c�]�Y`_�YmcsU^]
��z`�·����z ��geN�b�wEN�c���bRQÓY`U tZbRlV_�YmcsUÓ�^n^¢�iEY`Kmb#Àyi^bRcsN�bVj�]A��z ��geU^Q¿��z ��Y`U�tZbRlV_�YmcsU  �z

±



� � �	��+���� ���"���{�"+
o�bVN�b"¢´bvbR]�_�g��EK`Ym]�i�g�L¶bV¢ lRcsU^]�b��Xa^bVU^lRbR]�ceL^csaEN:_�i^bRcsN�bVj�]*geU^Q#wEN�csw c�]�Y`_�YmcsU^]CnslRcsU^lRbVN�UEY`UEp�¢´bCge�#lRcsUX��bVN�p�bVU^lRb
geU^Q¥KqgC¢�]�ceL�_�i^b#Y`_�bVN�ge_�bRQÓKmcspXgeN�Y`_�iEjÓz

����� 	�
������������
�����
����

¾«bd]�_�geN�_k¢�Y`_�i�lRcsU���bVUEYmbVUX_Ó]�_�N�csUEp gewEwEN�c���Y`jkge_�YmcsU^]�L¶csN1_�i^bd]�ge��b ceL#lRcsU^lVK`a^Q�Y`UEp lRcsN�N�bR]�w5csU^Q�Y`UEp ¢´bCge�
lRcsUX��bVN�p�bVU^lRb�z
��� <! �;=<#" � � $�� ÅVÊ

ξ(·, ·) � η(·, ·) ��É�'�Æ G(·, ·) -�Å-É���Ç)' Àyi^bRcsN�bVj ��z � � 	U�
λ → ∞ ���´Å'ÌZÉ*,eÅ

max
1≤k≤K

sup
0≤t≤T

∣∣∣∣
ξ(k, [λt]) − ξ(0, [λt])

λ1/4
− G(k, η(0, λt))

λ1/4

∣∣∣∣→ 0 a.s. � ��z`��

É�'�Æ
max

1≤k≤K
sup

0≤t≤T

∣∣∣∣∣
ξ(k, ρ[λt]) − λt

λ1/2
− G(k, λt)

λ1/2

∣∣∣∣∣→ 0 a.s. � ��z ��
ÑRËsÎAÉsÔOÔ � �XÅ�Æ1Ç)'�ÊIÅ��XÅ·Î

K ≥ 1
É�'�Æ

T > 0
�

¸#;� � � � [\Uk�ZYmbV¢rceL:Àyi^bRcsN�bVj ��z ��geU^Q1x"N�csw c�]�Y`_�YmcsUh��z �#_�i^b2N�bR]�w bRlV_�Y`��b2]�_�ge_�bVj�bVUX_�]�ceL � ��z`��´geU^Q � ��z ��´geN�b]�bRbVU¥_�c � b'_�N�a^b�z
2� bV_

N+ := [1, 2, . . .)
n�geU^QÓQEb
	^U^b�_�i^b#]�w�gslRb�ceL�N�bCgeKG��geK`a^bRQ&�EY`��geN�Yqge_�b'L¶aEU^lV_�YmcsU^]

f(k, t) ∈ D := D(N+ × [0,∞))

_�i�ge_2geN�b�lCgsQ�Kqgep1Y`U
t ∈ [0,∞)

z6¡'b
	^U^bAgeKm]�c

∆ = ∆(f1, f2) = max
1≤k≤K

sup
0≤t≤T

|f1(k, t) − f2(k, t)|

¢�Y`_�i4geUXW0	 �EbRQ
(K,T ) ∈ N+ × [0,∞)

nvgeU^Q _�i^b j�bCgs]�aEN�g��EKmbÓ]�w�gslRb
(D,D)

n¦¢�i^bVN�b D Ym]-_�i^b
σ
� 	�bVKmQ

p�bVU^bVN�ge_�bRQ���W1_�i^b
∆
�Icsw5bVU&��geK`Km]2ceL

D
z

|2U gslRlRcsaEU�_2ceL*i�gR�ZY`UEp¤L csN�bCgsl�i
λ > 0

{
G(k, η(0, λt))

λ1/4
, (k, t) ∈ N+ × [0,∞)

}
=d {G(k, η(0, t)), (k, t) ∈ N+ × [0,∞)}

geU^Q
{

G(k, λt)

λ1/2
, (k, t) ∈ N+ × [0,∞)

}
=d {G(k, t), (k, t) ∈ N+ × [0,∞)},

Àyi^bRcsN�bVj ��z`��WZYmbVKmQE]�_�i^b'L csK`KmcC¢�Y`UEp1¢´bCge�¥lRcsUX��bVN�p�bVU^lRbAN�bR]�aEK`_�]Cz

�



>� �;� ��¶�O©E;�� � �)$ � ÅRÊ
ξ(·, ·) � η(·, ·) ��É�'�Æ G(·, ·) -�Å-É��'Ç)' Àyi^bRcsN�bVj ��z � � 	U�

λ → ∞ ���´Å'Ì�É�,eÅ

h

(
ξ(k, [λt]) − ξ(0, [λt])

λ1/4

)
→d h(G(k, η(0, t)))

É�'�Æ
h

(
ξ(k, ρ[λt]) − λt

λ1/2

)
→d h(G(k, t))

ÑRËsÎ�ÉsÔOÔ
h : D → R

ÊOÌZÉ�Ê�ÉsÎ�Å
(D,D)

ÍkÅ�É�� �ZÎ�É!-·ÔmÅkÉ�'5Æ
∆
�È�Ë�'�Ê¶Ç ' �EË �H� ��ËsÎ

∆
�/È�Ë�'�Ê¶Ç)' �EË � ��Å���È�Å\Ø5Ê	É�Ê:Ø�ËsÇ)'�Êe�

ÑRËsÎÐÍ-Ç)' �kÉ �CÅVÊ´Ë/ÑAÍ�Å�É�� �ZÎ�Å �=Å·Î�Ë�Ë*'
(D,D)

�"Ç¶ÊOÌ Î�Å,�IØEÅ�ÈRÊ�Ê�Ë
G(·, ·) �yË�,eÅVÎ�ÉsÔOÔ{È�ËsÍ2Ø�É�ÈCÊ �CÅVÊe��Ç ' D �

��� � � ��� �����
	 
��� 
������ 
���� � ��������
	��

��� <! �;=<#" � � � � ÅVÊ
K = K(t), t ≥ 0

-�ÅdÉ�'TÇ)'�ÊIÅ��XÅ·Î ,=É�Ô �^Å�Æ '�Ë�' �/ÆXÅ�ÈVÎ�Å�É��·Ç ' �1Ñ	�('5ÈRÊ¶Ç¶Ë*'4Ë/Ñ
t
� �EÈ·Ì ÊOÌ�É�Ê

K(t) ≥ 1
É�'�Æ

lim
α→1

lim
`→∞

K(α`)

K(α`−1)
= 1.

��Ñ
K(N) ≤ N 1/3−ε ÑRËsÎ2�VË�Í�Å ε > 0

�6ÊOÌEÅ
'

lim sup
N→∞

sup1≤k≤K |ξ(k, ρN ) − N |
(4K − 2)1/2(N log log N)1/2

= 21/2 a.s. � ��z ��

��Ñ ��Ì�Ë��´Å
,eÅ·Î �
K(n) ≤ n1/6−ε ÑRËsÎ2�VË�Í�Å ε > 0

�vÊOÌ�Å
'

lim sup
n→∞

sup1≤k≤K |ξ(k, n) − ξ(0, n)|
(4K − 2)1/2n1/4(log log n)3/4

=
2

3
61/4 a.s. � ��z �(

Àyi^b�wEN�cZceL"ceL*Àyi^bRcsN�bVj ��z �¤Ym] ��gs]�bRQÓcsU¥_�i^b'L csK`KmcC¢�Y`UEp1N�bR]�aEK`_Cz
�¦<#" "¿© � � $ % ËsÎAÉ�'^Ï

α > 1
�
K ≥ 1

�
t > 0

�´Å#ÌZÉ�,eÅ�ÊOÌ�Å¦ÑRËsÔ�Ô`Ë��"Ç)' �kÇ '5Å�� ��É�Ô×Ç¶Ê¶Ç Å7���

P

(
max

1≤k≤K
sup

0≤s≤t
|G(k, s)| > u

)
� ��z  �

≤ C exp

(
− u2

2αt(4K − 2)

)
, u > 0,

P

(
max

1≤k≤K
sup

0≤s≤η(0,t)
|G(k, s)| > u

)
� ��z ��

≤ C exp

(
− 3u4/3

25/3αt1/3(4K − 2)2/3

)
, u > 0

�"Ç¶ÊOÌ¥É�È�Å·ÎVÊ�ÉsÇ)'kØEË��ÐÇ¶Ê¶Ç ,sÅ�È�Ë�' �·Ê�É*'�Ê
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¸#;� � � � �vcsU^]�YmQEbVN�_�i^b1wEN�cZlRbR]�] {Y (s) = max1≤k≤K G(k, s), s ≥ 0} z Y (s)
Ym]-gd]�a �EjkgeN�_�Y`UEpXgeKmb�¢�Y`_�i

N�bR]�w bRlV_�_�c Fs
nE_�i^b#]�Y`p�jkg�geK`p�b��EN�g�p�bVU^bVN�ge_�bRQ���W

G(k, u)
n
1 ≤ k ≤ K, 0 ≤ u ≤ s

nE]�Y`U^lRb�YML
k0

Ym]2QEb
	^U^bRQ
�XW

G(k0, s) = max1≤k≤K G(k, s)
nE_�i^bVU c��X�ZYmcsa^]�K`W

E(G(k0, t) | Fs) = G(k0, s)

geU^Q
E(Y (t) | Fs) ≥ E(G(k0, t) | Fs) = G(k0, s) = Y (s).

�vcsU^]�b���a^bVUX_�K`W�n
{

sup
0≤s≤t

max
1≤k≤K

G(k, s), t ≥ 0

}

geU^Q L csN
λ > 0 {

sup
0≤s≤t

max
1≤k≤K

exp(λG(k, s)), t ≥ 0

}

geN�b�]�a �EjkgeN�_�Y`UEpXgeKmbR]Cz´�2]�Y`UEp�¡�cZc��ÓY`U^b���a�geK`Y`_�YmbR] � _\¢�YmlRb�y¢´b#p�bV_

P

(
sup

0≤s≤t
max

1≤k≤K
G(k, s) ≥ u

)

= P

(
sup

0≤s≤t
max

1≤k≤K
exp(λG(k, s)) ≥ exp(λu)

)

≤ e−λuE

(
max

1≤k≤K
exp(λG(k, t)

)

≤
(

α̂

α̂ − 1

)α̂

e−λuE(exp(α̂λG(K, t))) � ��z}�*

L csN	geUXW
α̂ > 1

z
G(K, t)

i�gs]�U^csN�jkgeK:Q�Ym]�_�N�Y��EaE_�YmcsU ¢�Y`_�iÓj�bCgeUÓÃCbVN�c�geU^Q¥��geN�YqgeU^lRb
(4K − 2)t

nEi^bVU^lRb

E(exp(α̂λG(K, t))) = exp

(
λ2α̂2

2
(4K − 2)t

)

geU^Q¥wEaE_�_�Y`UEp
λ =

u

α̂2(4K − 2)t
, α = α̂2

Y`UX_�c � ��z}�*·nE¢´b�p�bV_ � ��z  �·z|2UÓ_�i^b�cs_�i^bVN	i�geU^Q®nEYML
η(0, ·) Ym]	g-uvN�cC¢�UEYqgeU Kmc�lCgeK®_�Y`j�b�n^Y`U^QEbVw5bVU^QEbVU�_�ceL

G(·, ·) n�¢´b�p�bV_�L¶N�csj � ��z}�*

P

(
sup

0≤s≤η(0,t)
max

1≤k≤K
G(k, s) ≥ u

)
≤ Ce−λuE(exp(α̃λG(K, η(0, t)))).

���



uvaE_
G(K, η(0, t))

(4K − 2)1/2t1/4
=d N1|N2|1/2,

¢�i^bVN�b N1
geU^Q N2

geN�b�Y`U^QEbVw bVU^QEbVUX_�]�_�geU^Q^geN�Q¥U^csN�jkgeKG��geN�Yqg��EKmbR]Cz¦o�bVU^lRb

P

(
max

1≤k≤K
sup

0≤s≤η(0,t)
G(k, s) ≥ u

)
≤ Ce−λuE

(
α̃2λ2

2
|N2|(4K − 2)t1/2

)

≤ 2Ce−λuE

(
α̃2λ2

2
N2(4K − 2)t1/2

)
= 2Ce−λu exp

(
α̃4λ4

8
(4K − 2)2t

)
.

x"aE_�_�Y`UEp
λ = (2u)1/3α̃−4/3(4K − 2)−2/3t−1/3 n α = α̃4/3 n�¢vb�p�bV_ � ��z ��·z 2¸#;� � �  � ��� <! �;=<#" � � � � � bV_

t` = α`, α > 1
z¦x¦aE_�_�Y`UEp

u = (2α2(4K(t`) − 2)t` log log t`)
1/2, t = t`,K = K(t`)

Y`UX_�c � ��z  �·n a^]�Y`UEp¥uycsN�bVKM��ygeUX_�bVK`K`Y6KmbVj¤jkg�geU^Q�Y`U�_�bVN�w5csKqge_�Y`UEp�� bV_I¢vbRbVU
t`−1

geU^Q
t`
n�_�i^b�a^]�a�geK*wEN�cZlRbRQ�aEN�b

p�Y`��bR]yL csN	geK`KGKqgeN�p�b
t

max
1≤k≤K

|G(k, t)| ≤ α3/2(2(4K − 2)t log log t)1/2. � ��z ±�
uvW�x¦N�csw5c�]�Y`_�YmcsU ��z �-¢´bAgeKm]�c-i�gR��b�L csN�KqgeN�p�b

N

max
1≤k≤K

|ξ(k, ρN ) − N | ≤ α3/2(2(4K − 2)N log log N)1/2 + O(K5/4N1/4+5ε/8).

t�Y`U^lRb
lim

N→∞
K5/4N1/4+ε/2

(KN log log N)1/2
= 0,

YML
K ≤ N1/3−ε n^geU^Q α > 1

Ym]2geN �EY`_�N�geN�W�n^¢´b#i�gR��b�geU¥aEwEw bVN � csaEU^Q¥Y`U � ��z ��·zÀyi^b�aEwEw bVN � csaEU^Q¥Y`U � ��z �(vYm]�]�Y`j¤Y`KqgeNCz6x"aE_

u = 25/43−3/4α3/2(4K − 2)1/2t1/4(log log t)3/4

Y`UX_�c � ��z ��·z¦Àyi^bVUGn�gs] � b·L¶csN�b�n^¢´b#lRcsU^lVK`a^QEb�_�i�ge_�geK`j�c�]�_	]�aEN�bVK`W

max
1≤k≤K

|G(k, η(0, t))| ≤ α225/43−3/4(4K − 2)1/2t1/4(log log t)3/4

L csN
t
KqgeN�p�b#bVU^csaEp�iGz´t�Y`U^lRb

α > 1
Ym]	geN �EY`_�N�geN�W�n^a^]�Y`UEp�Àyi^bRcsN�bVj ��z ��n�¢´bAp�bV_	geUÓaEwEw5bVN � csaEU^Q¥Y`U � ��z �(·zÀ{c¤wEN�cC��bA_�i^b'KmcC¢´bVN��5csaEU^QÓY`U � ��z ��·n�L csN 0 < δ < 1

QEb
	^U^b#_�i^b#bV��bVUX_�]

A` = {G(K`, t`) − G(K`, t`−1) ≥ (1 − δ)(2(4K` − 2)t` log log t`)
1/2},

�C�



` = 1, 2, . . .
nZ¢�i^bVN�b

t` = δ−` geU^Q K` = K(t`)
z6t�Y`U^lRb

G(K`, t`) −G(K`, t`−1)
i�gs]�U^csN�jkgeKGQ�Ym]�_�N�Y��EaE_�YmcsU

¢�Y`_�iÓj�bCgeUÓÃCbVN�c1geU^Q �sgeN�YqgeU^lRb
(4K` − 2)(t` − t`−1)

n^geUdbCgs]�W lCgeKmlVaEKqge_�YmcsU ]�i^c�¢�]

P (A`) ≥
C

(log t`)1−δ
=

C

`1−δ
.

t�Y`U^lRb
A`

geN�b#Y`U^QEbVw5bVU^QEbVU�_Cn�uycsN�bVKM��ygeUX_�bVK`K`Y�KmbVj¤jkg-Y`j¤wEK`YmbR]
P (A` i.o.) = 1

z"uvaE_

G(K`, t`−1) ≤ (1 + δ)(4K` − 2)1/2(2t` log log t`)
1/2δ1/2

L csN	geK`KGKqgeN�p�b
`
n�¢vb�i�gR��b�geKm]�c

G(K`, t`) ≥ ((1 − δ) − (1 + δ)δ1/2)(2(4K` − 2)t` log log t`)
1/2

Y`U 	^UEY`_�bVK`W¥ceLO_�bVUd¢�Y`_�i¥wEN�c���g��EY`K`Y`_IW¿��z6t�Y`U^lRb
δ > 0

Ym]	geN �EY`_�N�geN�W�n^¢´bAlRcsU^lVK`a^QEb

lim sup
t→∞

G(K, t)

(2(4K − 2)t log log t)1/2
≥ 1.

��]�Y`UEp�x"N�csw c�]�Y`_�YmcsU¿��z ��nE_�iEYm]	geKm]�c¤p�Y`��bR]	g-Kmc�¢´bVN � csaEU^Q Y`U � ��z ��·zÀ{c¥]�i^cC¢ _�i^b-Kmc�¢´bVN � csaEU^QhY`U � ��z �(·nG¢vb�L¶csK`Kmc�¢ uvaEN�Q�ÃRW � ±��¦¢�Y`_�i«]�csj�b-j�c�Q�Y�	�lCge_�YmcsU^]Cz-¡'b
	^U^b
t` =

exp(` log `)
n^geU^Q¥_�i^b#bV��bVUX_�]

A
(1)
` = {(1 − δ)a` ≤ η(t`) ≤ 2(1 − δ)a`}

geU^Q
A

(2)
` = { inf

s∈I`

G(K`, s) − G(K`, γa`) ≥ (1 − 2β)(4K` − 2)1/2u`},
¢�i^bVN�b

K` = K(t`)
n
η(t`) = η(0, t`)

n

a` =

(
2

3
t` log log t`

)1/2

,

u` =
2

31/2
((1 − 2δ)a` log log a`)

1/2,

I` = [(1 − 2δ)a`, 3(1 − 2δ)a`],

geU^Q
β, δ, γ

geN�b�lRbVN�_�geY`U ]�jkgeK`KvlRcsU^]�_�geUX_�]-_�c �5b�l�i^cZc�]�bVU Kqge_�bVN-csUGz?|��X�ZYmcsa^]�K`W�n"_�i^b�bV��bVUX_�] {A(1)
` , ` =

1, 2, . . .} geU^Q {A(2)
` , ` = 1, 2, . . .} geN�b�Y`U^QEbVw bVU^QEbVUX_Cz � bV_

A` = A
(1)
` A

(2)
` .

¾«b�]�i^c�¢._�i�ge_�L csN�lRbVN�_�geY`Ud��geK`a^bR]�ceL�_�i^b�g��5c���b#lRcsU^]�_�geUX_�]�n
P (A` i.o.) = 1

z

�C�



t�Y`U^lRb
t
−1/2
` η(t`)

Ym]1Q�Ym]�_�N�Y��EaE_�bRQ.gs]k_�i^bhg��^]�csK`aE_�b��sgeK`a^b�ceL�g¿]�_�geU^Q^geN�QrU^csN�jkgeK���geN�Yqg��EKmb�n2geUµbCgs]�W
lCgeKmlVaEKqge_�YmcsU ]�i^cC¢�]

P (A
(1)
` ) ≥ C

(log t`)(1−δ)/3

¢�Y`_�id]�csj�b
C > 0

z
�vcsU���bVN�_�Y`UEp�_�i^b	Y`U^b��Xa�geK`Y`_\WkceL � bVj¤jkg���Y`U1uvaEN�Q�ÃRW�� ±���LON�csj ]�jkgeK`K�_�Y`j�b2_�c�KqgeN�p�b2_�Y`j�b�nX_�i^b�L¶csK`Kmc�¢�Y`UEp

Y`U^b���a�geK`Y`_IW¥lCgeU�� b�lRcsU^lVK`a^QEbRQ¥L csN�KqgeN�p�b#bVU^csaEp�i
u
�

P ( inf
s∈[u,3u]

W (s) − W (γu) ≥ (1 − 2β)(2/31/2)(u log log u)1/2)

≥ (log u)(−2/3)(1−β)/(1−γ) ,
¢�i^bVN�b

W (·) Ym]�g¤]�_�geU^Q^geN�Q¥¾rYmbVU^bVN�wEN�cZlRbR]�]Cz]�EN�csj _�iEYm]�¢´bAp�bV_

P (A
(2)
` ) ≥ C

(log u`)2(1−β)/(3(1−γ))

¢�Y`_�i
C > 0

z
¾«b2lCgeU�l�i^c�c�]�b2_�i^b	lRcsU^]�_�geUX_�]

β, γ, δ
gewEwEN�cswEN�Yqge_�bVK`W1_�c#i�gR��b ∑

` P (A`) =
∑

` P (A
(1)
` )P (A

(2)
` ) = ∞ z

Àyi^b-bV��bVUX_�]
A`

i^c�¢´bV��bVN�geN�b-U^cs_'Y`U^QEbVw bVU^QEbVUX_Cz�¯2b7��_'¢´b¤]�i^c�¢
P (AjA`) ≤ CP (Aj)P (A`)

¢�Y`_�ih]�csj�b
lRcsU^]�_�geU�_

C
z [I_¥lCgeU � b?]�bRbVUµ_�i�ge_¥L¶csN KqgeN�p�b

`
¢´bhi�gC��b

3(1 − 2δ)a` ≤ γa`+1
n�_�i^bVN�b·L¶csN�b

A
(2)
`

geN�b
Y`U^QEbVw bVU^QEbVUX_2bV��bVU�_�]�L csN

` ≥ `0
¢�Y`_�i g-lRbVN�_�geY`U

`0
z*¾«b�i�gC��b

P (AjA`) = P (A
(1)
j A

(1)
` )P (A

(2)
j )P (A

(2
` ).

[\_�]�a��klRbR]�_�c�]�i^cC¢ _�i�ge_
P (A

(1)
j A

(1)
` ) ≤ CP (A

(1)
j )P (A

(1)
` )

z ��csN�_�iEYm]�wEaEN�w c�]�bkY`_�Ym]�j�csN�b1lRcsU���bVUEYmbVUX_
_�c ¢´csN��h¢�Y`_�i

M(t)
nG_�i^b¤]�aEwEN�bVjAaEj ceLy_�i^b-¾rYmbVU^bVN�wEN�c�lRbR]�]�nG]�Y`U^lRb�gslRlRcsN�Q�Y`UEpd_�c � PV��W .~]�_�i^bRcsN�bVjÓnG_�i^b

wEN�cZlRbR]�] {η(0, t), t ≥ 0} Ym]'YmQEbVUX_�YmlCgeK¦Y`U«Q�Ym]�_�N�Y��EaE_�YmcsU?¢�Y`_�i {M(t), t ≥ 0} z-tZc�KmbV_ {Ŵ (t), t ≥ 0} �5b¤g
]�_�geU^Q^geN�Q ¾�YmbVU^bVN2wEN�c�lRbR]�]2geU^Q

M(t) = sup0≤s≤t Ŵ (s)
z�¡'bVU^cs_�b ��W

gt(y)
_�i^b�QEbVU^]�Y`_IWÓceL

M(t)
geU^Q��XW

gt1,t2(y1, y2)
_�i^b � csY`UX_	QEbVU^]�Y`_IW¥ceL

M(t1),M(t2)
z"[\_�Ym]�¢´bVK`KG�ZU^cC¢�Ud_�i�ge_

gt(y) =
2√
2πt

exp

(
−y2

2t

)
.

Àyi^bVUÓ¢�Y`_�i
h(t1, z)

nE_�i^b � csY`U�_	QEbVU^]�Y`_IW¥ceL
M(t1)

geU^Q
Ŵ (t1)

n�¢´b#lCgeUÓ¢�N�Y`_�b�L¶csN
t1 < t2

n

gt1 ,t2(y1, y2) =

∫ y1

−∞
h(t1, z)gt2−t1(y2 − z) dz.

[\_�lCgeU&�5b#]�bRbVU¥_�i�ge_�L¶csN
z ≤ y1

gt2−t1(y2 − z) ≤
√

t2
t2 − t1

gt2(y2) exp

(
y1y2

t2 − t1

)
.

�V�



o�bVU^lRb

gt1,t2(y1, y2) ≤ gt1(y1)gt2(y2)

√
t2

t2 − t1
exp

(
y1y2

t2 − t1

)
.

S	bV_�aEN�UEY`UEpk_�c-_�i^b�wEN�c���g��EY`K`Y`_IWÓceL*_�i^b#bV��bVUX_�]
A(1) n�¢vb�i�gR��b�L¶csN j < `

P (A
(1)
j A

(1)
` ) ≤

√
t`

t` − tj
exp

(
4(1 − δ)2aja`

t` − tj

)
P (A

(1)
j )P (A

(1)
` )

≤ CP (A
(1)
j )P (A

(1)
` ),

¢�i^bVN�b
C > 1

lCgeU+�5b2l�i^cZc�]�bVU geN �EY`_�N�geN�Y`K`W1lVKmc�]�b�_�c
1
��W�l�i^cZc�]�Y`UEp

`− j
]�a��klVYmbVU�_�K`W�KqgeN�p�b�z"o�bVU^lRb�L csNvgeUXW

ε > 0
_�i^bVN�bAb7�ZYm]�_�]

m0
]�a^l�id_�i�ge_

P (AjA`) ≤ (1 + ε)P (Aj)P (A`)

YML
` − j ≥ m0

z"[\_yL¶csK`Kmc�¢�]�_�i�ge_

n∑

`=1

∑̀

j=1

P (AjA`) ≤ (1 + ε)
n∑

`=1

`−m0∑

j=1

P (Aj)P (A`) + m0

n∑

`=1

P (A`).

uvW¥uvcsN�bVKM��ygeU�_�bVK`K`Y*KmbVj¤jkg � l·L�z�� �����In�wGzv�����* P (A` i.o.) ≥ 1/(1 + ε)
z	t�Y`U^lRb

ε > 0
Ym]2geN �EY`_�N�geN�W�n5¢vb�geKm]�c

i�gR��b
P (A` i.o.) = 1

z
A

(1)
`

Y`j¤wEK`YmbR]

η(t`) ∈ [(1 − δ)a`, 2(1 − δ)a`] ⊂ I`,

lRcsU^]�b���a^bVUX_�K`W�n�YML � cs_�i
A

(1)
`

geU^Q
A

(2)
`

cZlRlVaENCnE_�i^bVU

G(K`, η(t`))

≥ (1 − 2β)(4K` − 2)1/22((1 − 2δ)a` log log a`)
1/2/31/2 + G(K`, γa`).[\_yL¶csK`Kmc�¢�]�L¶N�csj � ��z ±�v_�i�ge_

G(K`, γa`) ≥ −(4K` − 2)1/2(γa` log log a`)
1/2

L csN	geK`KGKqgeN�p�b
`
¢�Y`_�i¥wEN�c���g��EY`K`Y`_\W¿��n�Y�z~b�z

lim sup
`→∞

G(K`, η(t`))

(4K` − 2)1/2(a` log log a`)1/2
≥ (1 − 2β)(1 − 2δ)1/22/31/2 − γ1/2.

uvaE_
lim
`→∞

a` log log a`

t
1/2
` (log log t`)3/2

= (2/3)1/2,

�C 



Y`j¤wEK`WZY`UEp

lim sup
t→∞

max1≤k≤K G(k, η(0, t))

(4K − 2)1/2t1/4(log log t)3/4

≥ 25/43−3/4(1 − 2β)(1 − 2δ)1/2 − 21/43−1/4γ1/2 a.s.
t�Y`U^lRb�Y`_"Ym]"w c�]�]�Y��EKmby_�c�l�i^c�c�]�b

β, δ, γ
geN �EY`_�N�geN�Y`K`W�]�jkgeK`K�n�lRcsj��EY`UEY`UEp�_�iEYm]¦¢�Y`_�i�Àyi^bRcsN�bVj)��z ��n�p�Y`��bR]´g�Kmc�¢´bVN

� csaEU^Q¥Y`U � ��z �(·z 2

� � � �"������������� ���"+

[\U?_�iEYm]�tZbRlV_�YmcsU«¢´bklRcsK`KmbRlV_A_�i^b-N�bR]�aEK`_�]AU^bRbRQEbRQ?_�c wEN�cC��b1csaEN#_�i^bRcsN�bVj�]�geU^Q?wEN�csw c�]�Y`_�YmcsU^]Cz¤Àyi^b�wEN�c�ceL ]
¢�Y`K`K®a^]�b'_�i^b �EN�geU^l�iEY`UEp�wEN�csw5bVN�_\W � S2gRW��I£'UEY`p�iX_2QEbR]�lVN�Y`wE_�YmcsU�yceL*_�i^b'N�geU^QEcsj ¢vgeK`��Kmc�lCgeK®_�Y`j�b�z �^csN�j�csN�b
QEbV_�geY`Km]�Y`U¥_�iEYm]�N�bR]�w5bRlV_	¢´b�N�b·L bVN�_�c�£'UEY`p�iX_ � �����In^¡�¢vgs]�]��`�C±��In^S	csp�bVN�] � �����*geU^Q¥À��s_�i � �����Iz

[\UX_�N�cZQ�a^lRb�_�i^b'L csK`KmcC¢�Y`UEp1U^cs_�ge_�YmcsU^]�L csN
k = 1, 2, . . . , i = 1, 2, . . .

z

τ
(k)
i := min{j > τ

(k)
i−1 : Sj−1 = k, Sj = k − 1}, � ��z`��

¢�Y`_�i
τ

(k)
0 := 0

n
T

(k)
i := ξ(k, τ

(k)
i ) − ξ(k, τ

(k)
i−1). � ��z ��

¾rY`_�iTwEN�c���g��EY`K`Y`_IW ��nv_�i^bVN�b¥Ym]1]�a^l�iµg?QEcsa �EKmbÓY`U 	^UEY`_�b ]�b���a^bVU^lRbÓceL
τ

(k)
i

geU^QTi^bVU^lRb geKm]�c«ceL
T

(k)
i , i =

1, 2, . . . , k = 1, 2, . . .

�¦<#" "¿© � � $ �:Ì�Å�Î/É*'�Æ�ËsÍ ,=É�ÎÐÇ É!-·ÔmÅ,� {T (k)
i , k = 1, 2, . . . , i = 1, 2, . . .} ÉsÎ�Å	È�Ë�Í	Ø5Ô`ÅVÊIÅVÔ×Ï#Ç)'�ÆXÅ\ØEÅ
'�ÆXÅ�'�Ê{É�'5Æ

ÆsÇp�·Ê¶Î·Ç - �ZÊIÅ�Æ É��
P (T

(k)
i = j) =

1

2j
, j = 1, 2, . . . , � ��z ��

E(T
(k)
i ) = 2, V ar(T

(k)
i ) = 2. � ��z �(

¸#;� � � � |�����Ymcsa^]Cz
[\UX_�N�cZQ�a^lRb

U (k)(j) := T
(k)
1 + . . . + T

(k)
j − 2j, k = 1, 2, . . . , j = 1, 2, . . . . � ��z  �

�^csN	_�i^b'L¶csK`Kmc�¢�Y`UEp�Y`U^b���a�geK`Y`_IW¥¢´b#N�b·L¶bVN�_�c�À��s_�i0� �����Iz
�¦<#" "¿© � � �

P

(
max
1≤i≤n

|U (k)(i)| > z

)
≤ 2 exp

(
− z2

8n

)
, 0 < z < a0n

ÑRËsÎ2�VËsÍkÅ
a0 > 0

�

¾«b2U^bRbRQ1o�cZb � Q�Y`UEp .~]´Y`U^b��Xa�geK`Y`_\W � ��²��5L¶csN �EY`U^csj¤YqgeK®Q�Ym]�_�N�Y��EaE_�YmcsU � l·L/z"geKm]�c¤t�i^csN�gsl��1geU^Q1¾«bVK`K`U^bVN � �����In
wEwGz"���X²�·z

�C�



�¦<#" "¿© � ��� � ÅVÊ
νN

ÌZÉ*,eÅ -·Ç)'�ËsÍ-Ç¶É�Ô®Æ�Ç �VÊ¶ÎÐÇ -	��Ê¶Ç¶Ë�' �"Ç¶ÊOÌAØ�É�Î/ÉsÍkÅVÊIÅVÎ8�
(N, 1/2)

� �:Ì�Å
'

P (|2νN − N | ≥ u) ≤ 2 exp

(
− u2

2N

)
, 0 < u.

À{c�bR]�_�g��EK`Ym]�i�csaENyN�bR]�aEK`_�]�nX¢vb2jkge��b�a^]�b�ceL:csU^b'ceLG_�i^b'lRbVKmb��EN�ge_�bRQ�£�f�Àµ]�_�N�csUEp�Y`UX��geN�YqgeU^lRb'wEN�Y`U^lVY`wEKmbR]
� l·L�z"£	csj¤K ��]	bV_�geK�z � ��±��)·z
�¦<#" "¿© � � � � ÅVÊ {Yi}∞i=1

-�Å¤Ç �mÇ ��Æ �¤Î/É�'5Æ�ËsÍ ,=ÉsÎ·Ç¶É(-·Ô`Å7� �"Ç¶ÊOÌhÅ��ÐØ^Å�ÈRÊ�É�Ê¶Ç Ë�' ��Å·Î�Ë � ,=ÉsÎ·Ç É�'�È�Å
σ2 É�'�Æ�ÌZÉ*,CÇ ' �

Í�ËsÍkÅ
'�Ê �XÅ
'5ÅVÎ/É�Ê¶Ç)' ��Ñ	�('5ÈRÊ¶Ç¶Ë*' Ç)' É�' Å·Ç �sÌ -�Ë �ZÎ�Ì�ËCËCÆ¿Ë�Ñ ��Å·Î�Ë � � 'TÉ�' ÉÐØ�Ø5Î/ËÐØ5ÎÐÇ É�ÊIÅAØ�Î�Ë!-�É(-·Ç�ÔÕÇ¶Ê¶Ï �IØ�É�È�Å¥Ë*'5Å
È�É�'«È�Ë*' �·Ê¶Î	��ÈCÊ {Yi}∞i=1

É�'�Æ�É Ò Ç Å
' Å·ÎvØ�Î�ËCÈ�Å,�,� {W (t), t ≥ 0} � �EÈ·ÌÓÊOÌZÉ�Ê�ÑRËsÎAÉsÔOÔ
x > 0

É*'�Æ
n = 1, 2, . . .

P


max

1≤i≤n

∣∣∣∣∣∣

i∑

j=1

Yj − W (iσ2)

∣∣∣∣∣∣
> C1 log n + x


 ≤ C2e

−C3x,

�*Ì�Å·Î�Å
C1, C2, C3

ÉsÎ�Å1Ø�Ë��ÐÇ¶Ê¶Ç),eÅhÈ�Ë�' �VÊ�É�'�Êe� ��É*'�Æ
C3

È�É*' -�Å?È·Ì�ËCË��RÅ�' ÉsÎ�-VÇOÊ¶Î�ÉsÎ·Ç�ÔÕÏ Ô`ÉsÎ��XÅ�-·Ï È·ÌZË�Ë��ÐÇ)' �
C1� � �4ÈVÇ�Å
'�Ê¶ÔÕÏ�Ô`ÉsÎ��Å �

Àyi^bVN�b'geN�b	]�bV��bVN�geK5w�gew bVN�]´csU�]�_�N�csUEp�Y`U��sgeN�YqgeU^lRb2wEN�Y`U^lVY`wEKmbR]´L¶csN´Kmc�lCgeK�_�Y`j�bR]CnZY`UEY`_�Yqge_�bRQ ��W�S	PV��PR]�Ã � ��²��In
geU^QALOaEN�_�i^bVN*QEbV��bVKmcsw5bRQ ��WAuycsN�c�Q�Y`U �  ��In � ���Insuygs]�]�geU^Q�£'i^c�]�iEU^bV�ZYm]�geU�� ���InsgeU^Q�cs_�i^bVN�]Cn�gs]{Y`U�_�i^b´N�b·L bVN�bVU^lRbR]
ceL"_�i^bR]�b�w�gew bVN�]CzyÀyi^b � bR]�_�N�ge_�bA��Yqg¤S2PV��PR]�Ã�.~]�t���csN�cs�Zi^cZQÓ_IWZw b#lRcsU^]�_�N�a^lV_�YmcsU�¢vgs]2p�Y`��bVU��XWd�v] 	sN�p�
�geU^Q
o�csN�� �e_�i��`�V�*�Iz
�¦<#" "¿© � ��� � ' ÉÓÎ·Ç¶ÈVÌ¿Å�'�Ë � �eÌ�Ø�Î/Ë(-�É!-·ÇOÔ×Ç¶Ê¶Ï ��Ø�É�ÈÐÅ Ë�'5Å�È�É�'TÆXÅ � '5ÅkÉ �·Ç�Í2Ø�ÔmÅ �·ÏsÍ�ÍkÅVÊ¶Î·Ç È�Î�É�'�Æ�Ë�Í �6ÉsÔ��
�"Ç¶ÊOÌ�Ô`ËCÈ�ÉsÔ�Ê¶Ç�ÍkÅ

ξ(·, ·) É�'�Æ�É �VÊ�É�'�Æ�É�Î/Æ ��Î/Ë�� '�Ç¶É�'�Ô`ËCÈ�ÉsÔ�Ê¶Ç�ÍkÅ
η(·, ·) �	��ÈVÌ¥ÊOÌ�É�Ê´É��

n → ∞

sup
k∈Z

|ξ(k, n) − η(k, n)| = O(n1/4(log n)1/2(log log n)1/4) a.s. � ��z ��

¾«b�U^cs_�b�Y`U�w�gs]�]�Y`UEp#_�i�ge_´i�gR�ZY`UEp � ��z ��*¢�Y`_�i O(n1/4(log log n)3/4)
Ym] � bR]�_"w c�]�]�Y��EKmbyL csN6geUXW�lRcsU^]�_�N�a^l·�

_�YmcsU � l·L�z¦�v] 	sN�p�
-geU^Qko�csN�� �e_�i �`�V�*�)·n�Y�z~b�z`nZcsUEK`W¤_�i^b (log n)1/2 _�bVN�j�ceL � ��z ��¦lRcsaEKmQ �5b2l�i�geUEp�bRQ®nEgeU^Q1csUEK`W_�c
(log log n)1/2 n!��W1geUXWkcs_�i^bVNylRcsU^]�_�N�a^lV_�YmcsUGz¦[\_6N�bVjkgeY`U^]�geU csw5bVU1wEN�c��EKmbVj�_�c 	^U^Q�]�a^l�i¥g#lRcsU^]�_�N�a^lV_�YmcsU

_�i�ge_�¢vcsaEKmQdgsl�iEYmbV��bA_�iEYm] � bR]�_yw5c�]�]�Y��EKmb'j¤Y`UEY`jkgeK:pXgeY`UGz
�¦<#" "¿© � ��� � ÅVÊ {Wi(·), i = 1, . . . , k} -�Å�Ç)'�ÆXÅ\ØEÅ
'�ÆXÅ�'�Ê�Ò Ç�Å
'5Å·Î�Ø�Î�ËCÈ�Å7�8�RÅ7�1É�'�Æ

t > 0
� �:Ì�ÅvÑRËsÔ�Ô`Ë��"Ç)' �

Ç)'5Å � �EÉsÔÕÇOÊ¶ÏkÌZËsÔ`Æ�� �

P

(
sup

0≤ti≤t, i=1,...,k

∣∣∣∣∣
k∑

i=1

Wi(ti)

∣∣∣∣∣ ≥ z

)
≤ 2ke−z2/(2k2t), 0 < z.

���



¸#;� � � � t�Y`U^lRb
sup

0≤ti≤t, i=1,...,k

∣∣∣∣∣
k∑

i=1

Wi(ti)

∣∣∣∣∣ ≤ k max
1≤i≤k

sup
0≤ti≤t

|Wi(ti)| ,
¢´b#i�gR��b

P

(
sup

0≤ti≤t, i=1,...,k

∣∣∣∣∣
k∑

i=1

Wi(ti)

∣∣∣∣∣ ≥ z

)
≤ P

(
max
1≤i≤k

sup
0≤ti≤t

|Wi(ti)| ≥ z/k

)

≤ kP

(
sup

0≤s≤t
|W (s)| ≥ z/k

)
≤ 2ke−z2/(2k2t).

2

�¦<#" "¿© � ��� �:Ì�Å¦ÑRËsÔ�Ô`Ë��"Ç)' �kÇ¶ÆXÅ�'�Ê¶ÇOÊ¶Ç�Å,�'ÌZËsÔ`Æ �

ξ(k, ρ+
N ) = U (k)(ξ(k − 1, ρ+

N , ↑)) + 2ξ(k − 1, ρ+
N , ↑), � ��z}�*

ξ(k, ρ+
N , ↑) =

ξ(k−1,ρ+
N ,↑)∑

i=1

(T
(k)
i − 1), � ��z ±�

ξ(k, ρ+
N , ↓) = ξ(k − 1, ρ+

N , ↑). � ��z ��
¸#;� � � � |�����Ymcsa^]Cz

� ��a�ge_�YmcsU � ��z ±�#gej�csaEUX_�]�_�c ]�gRWZY`UEp _�i�ge_
ξ(k, ρ+

N , ↑), k = 0, 1, . . .
Ym]-g¥lVN�Y`_�YmlCgeK �EN�geU^l�iEY`UEphwEN�c�lRbR]�]

¢�Y`_�iÓp�bRcsj�bV_�N�Yml�c � ]�wEN�Y`UEp�Q�Ym]�_�N�Y��EaE_�YmcsUGz
�¦<#" "¿© � ��� % ËsÎ

K ≥ 1

P ( max
1≤k≤K

ξ(k, ρ+
N ) ≥ 5N) ≤ K exp

(
− N

4K

)
� ��z`�C²�

¸#;� � � � �^csN	_�i^b�Q�Ym]�_�N�Y��EaE_�YmcsU ceL
ξ(k, ρ+

1 )
¢´b#i�gR��b � l·L�z"S	PV��PR]�Ã�� �����)

P (ξ(k, ρ+
1 ) = m) =





1 − 1
k if m = 0,

1
2k2

(
1 − 1

2k

)m−1
if m = 1, 2, . . .

� ��z`����

o�bVU^lRb�L¶csN�_�i^b'j�csj�bVU�_	p�bVU^bVN�ge_�Y`UEpkLOaEU^lV_�YmcsUÓ¢vb�i�gR��b

g(k, t) = E
(
etξ(k,ρ+

1 )
)

=
1 − (2k − 2)(1 − e−t)

1 − 2k(1 − e−t)
≤ 1 +

2t

1 − 2kt
.

tZbVKmbRlV_�Y`UEp
t = 1/(4K)

n�¢´bAgeN�N�Y`��bAge_

g(k, t) ≤ 1 +
1

2K − k
≤ 1 +

1

K
≤ e1/K .

�C±



t�Y`U^lRb
E
(
etξ(k,ρ+

N
)
)

= (g(k, t))N ,
¢´b#i�gR��b ��W fhgeN���cC� .~]�Y`U^b���a�geK`Y`_IW

P (ξ(k, ρ+
N ) ≥ 5N) ≤

(
g(k, t)e−5t

)N
≤ e(

1
K
− 5

4K )N = e−N/(4K).

2 ¾«bAU^bRbRQÓY`U^b���a�geK`Y`_�YmbR]�L csN	Y`U^lVN�bVj�bVU�_�]�ceL"_�i^bA¾�YmbVU^bVN2wEN�c�lRbR]�] � �v] 	sN�p�
�geU^QdS	PV��PR]�Ã �`�C ��)·n�uvN�c�¢�UEYqgeU
KmcZlCgeK®_�Y`j�b � �v]��e�ZYGbV_2geK�z � ���)·n^geU^Q¥N�geU^QEcsj ¢vgeK`� Kmc�lCgeK®_�Y`j�b � �v]��e��Y:geU^Q ��	sKmQEbR]��`�C���)·z
�¦<#" "¿© � ��� Ò Ç¶ÊOÌ¥É*'^Ï1È�Ë�'?�·Ê�É�'�Ê

C2 < 1/2
É*'�Æ �RËsÍkÅ

C1 > 0
�´Å#ÌZÉ*,eÅ

P

(
sup

0≤s≤T−h
sup

0≤t≤h
|W (s + t) − W (s)| ≥ v

√
h

)
≤ C1T

h
e−C2v2

,

P

(
sup

0≤s≤t−h
(η(0, h + s) − η(0, s)) ≥ x

√
h

)
≤ C1

(
t

h

)1/2

e−C2x2
,

É�'�Æ
P

(
max

0≤j≤t−a
(ξ(0, a + j) − ξ(0, j)) ≥ x

√
a

)
≤ C1

(
t

a

)1/2

e−C2x2
.

¯�cs_�b#_�i�ge_�¢´b�jkgRW¥i�gR��b�_�i^b�]�gej�bAlRcsU^]�_�geU�_�]
C1, C2

Y`Ud_�i^b�g��5c���bAY`U^b���a�geK`Y`_�YmbR]Cz2[IUdL gslV_Cn�Y`U�csaEN2wEN�c�ceL ]
_�i^b#��geK`a^bR]�ceL*_�i^bR]�bAlRcsU^]�_�geU�_�]'geN�bAU^cs_	Y`j¤w csN�_�geUX_Cn®geU^QÓY`_2Ym]�Y`U^Q�Y��®bVN�bVUX_'¢�i^bV_�i^bVN	_�i^bVWdgeN�bA_�i^b�]Ðgej�b#csN
U^cs_Cz*¾«b	lRcsU�_�Y`UXa^b�a^]�Y`UEp�_�i^bR]�b�U^cs_�ge_�YmcsU^]´L csN´lRcsU^]�_�geU�_�]vceL®U^cAY`UX_�bVN�bR]�_v_�i�ge_´jkgCW�Q�Y�� bVN´L¶N�csj K`Y`U^b�_�cAK`Y`U^b�z
�¦<#" "¿© � � $�� % ËsÎ

1 ≤ u
�´Å#ÌZÉ�,eÅ

P (ρN ≥ uN2) ≤ 1√
uÉ�'�Æ

E(ρ1I{ρ1 ≤ u}) ≤ 3
√

u.

¸#;� � � � �^csN	_�i^b�Q�Ym]�_�N�Y��EaE_�YmcsU ceL
ρN

¢´b�i�gC��b � l·L�z"S	PV��PR]�Ã�� �����In�wEwGz ��±�

P (ρN > 2n) =
1

22n

N−1∑

j=0

2j

(
2n − j

n

)
, n = 1, 2, . . . .

J2UÓbVKmbVj�bVUX_�geN�WÓlCgeKmlVaEKqge_�YmcsU ]�i^cC¢�]�_�i�ge_	_�i^b'KqgeN�p�bR]�_�_�bVN�j Y`U¥_�i^b#]�aEj g��5c���b#Ym]yL csN
j = 0

n�i^bVU^lRb

P (ρN > 2n) ≤ N

22n

(
2n

n

)
.

� �



f�csN�bRcC��bVNCn^Y`_�lCgeU��5b�bCgs]�Y`K`W ]�bRbVU¥_�i�ge_
(2n + 2)1/2

22n

(
2n

n

)

Ym]�QEbRlVN�bCgs]�Y`UEpkY`U
n = 1, 2, . . .

n�i^bVU^lRbAY`_�Ym]�KmbR]�]�_�i�geU ��L¶csN	geK`K
n
n^geU^Q _�i�a^]�Y`j¤wEK`WZY`UEp

P (ρN > 2n) ≤ N

(2n + 2)1/2
.

�^csN2g�p�Y`��bVU
u ≥ 1

l�i^cZc�]�b
n
]�c-_�i�ge_

2n < uN 2 ≤ 2n + 2
z¦Àyi^bVU

P (ρN ≥ uN2) ≤ P (ρN > 2n) ≤ N

(2n + 2)1/2
≤ 1√

u
.

f�csN�bRcC��bVNCn
E(ρ1I{ρ1 ≤ u}) =

∑

1≤j≤u

jP (ρ1 = j) ≤
∑

0≤j≤u

P (ρ1 ≥ u)

≤ 1 +
∑

1≤j≤u

1√
j
≤ 1 +

∫ u

0

dx√
x

= 1 + 2
√

u ≤ 3
√

u.

2

�¦<#" "¿© � � $ $ Ä�Å � '5Å
τ0 := 0

�

τn := inf{t : t > τn−1, |W (t) − W (τn−1)| = 1}, n = 1, 2, . . .

�:Ì�Å
'
τn

Ç �AÉ � �ZÍ Ë/Ñ
n
Ç �mÇ ��Æ ��Î/É�'5Æ�ËsÍ ,eÉsÎÐÇ É!-·ÔmÅ,� �

E(τ1) = 1
É�'�Æ

E(eθτ1) =
1

cosh(
√

2θ)
. � ��z`�C��

ÿ�ËsÎ�Å�Ë�,sÅ·Î �
P (|τn − n)| ≥ u

√
n) ≤ 2e−3u2/8, 0 < u < 2

√
n/3. � ��z`�C��

¸#;� � � � �^csN � ��z`�C��"]�bRb�nXb�z p^z`n�uvcsN�cZQ�Y`U�geU^Q�t�geK`j¤Y`U^bVU �}���Iz*À:c�]�i^cC¢ � ��z`�C��·n�¢´b�a^]�b�b7��w5csU^bVU�_�YqgeK�fhgeN���cC� .~]
Y`U^b���a�geK`Y`_IW �

P (|τn − n| ≥ u
√

n) ≤ e−uθ
√

n ((g(θ))n + (g(−θ))n) ,
L csN

0 < θ ≤ 1/2
n�¢�i^bVN�b

g(θ) := E(eθ(τ1−1)) =
1

eθ cosh(
√

2θ)
.

uvW _�i^bA]�bVN�YmbR]2b7�Zw�geU^]�YmcsU�ceL
log cosx � l·L�zvJ �EN�gej�c�¢�Y`_�Ã¤geU^Qht�_�bVp�aEU0�`�
�In�wEwGz��s �	geU^QÓwEaE_�_�Y`UEp

coshx =
cos(ix)

nE¢vb�p�bV_

log coshx =
∞∑

k=1

22k−1(22k − 1)B2k

k(2k)!
x2k, |x| ≤ π

2
,

��²



¢�i^bVN�b
Bi

geN�b#uybVN�U^csaEK`K`YGUXaEj��5bVN�]Cn5geU^Q¥a^]�Y`UEp¤_�i�ge_
B2 = 1/6

n
B4 = −1/30

geU^QÓ_�i^b�Y`U^b��Xa�geK`Y`_\W � l·L/z �`���InwEwGz6±�²� �
|B2n| ≤

2(2n)!

(2π)2n(1 − 21−2n)L csN
n > 2

nEcsU^bAlCgeUdbCgs]�Y`K`W ]�bRb'_�i�ge_

log g(θ) ≤ θ2

3
(1 + θ + θ2 + . . .) =

θ2

3(1 − θ)
≤ 2θ2/3

YML
0 ≤ θ ≤ 1/2

zvt�Y`j¤Y`KqgeN�K`W�n
log g(−θ) ≤ 2θ2/3, 0 ≤ θ ≤ 1/2,

i^bVU^lRb�wEaE_�_�Y`UEp
θ = 3u/(4

√
n)
n�¢vb#p�bV_ � ��z`�C��·z 2

�¦<#" "¿© � � $ � � ÅVÊ
Yi, i = 1, 2, . . .

-�Å Ç �`Ç �qÆ �«Î�É�'�ÆXËsÍ ,eÉsÎÐÇ É!-·ÔmÅ,��ÌZÉ�,CÇ)' �¿Å��ÐØ�Ë�'5Å�'�Ê¶Ç¶É�ÔyÆsÇp�·Ê¶Î·Ç -	�ZÊ¶Ç Ë�' �"Ç¶ÊOÌ
Ø�ÉsÎ�ÉsÍkÅVÊIÅ·Î�� � �:Ì�Å
'

P


 max

1≤j≤n

∣∣∣∣∣∣

j∑

i=0

(Yi − 1)

∣∣∣∣∣∣
≥ u

√
n


 ≤ 2e−u2/8, 0 < u < 2

√
n. � ��z`�V�(

ÿ�ËsÎ�Å�Ë�,sÅ·Î �4�"ÇOÊOÌÓÉ�'^Ï
C > 0

�

P

(
max
1≤i≤n

Yi ≥ C log n

)
≤ n1−C . � ��z`�C �

¸#;� � � � uvW b7�Zw csU^bVUX_�YqgeK:£2csK`j�csp�csN�cC� .~]�Y`U^b��Xa�geK`Y`_\W � ]�bRb�À��s_�i � �����)´¢´b#i�gR��b�L csN
0 < θ ≤ 1/2

P


 max

1≤j≤n

∣∣∣∣∣∣

j∑

i=0

(Yi − 1)

∣∣∣∣∣∣
≥ u

√
n




≤ e−θu
√

n ((f(θ))n + (f(−θ))n) ,
¢�i^bVN�b

f(θ) = E
(
eθ(Y1−1)

)
=

1

eθ(1 − θ)
≤ e2θ2

geU^Q®n^]�Y`j¤Y`KqgeN�K`W�n

f(−θ) =
eθ

1 + θ
≤ e2θ2

.

¯�cC¢ � ��z`�V�(ylCgeU��5b�c��E_�geY`U^bRQ&��W wEaE_�_�Y`UEp θ = u/(4
√

n)
n�geU^Q � ��z`�C �vYm]�bCgs]�Y`K`W�]�bRbVUdgs]�L¶csK`Kmc�¢�]Cz

P

(
max

1≤i≤N
Yi ≥ C log N

)
≤ NP (Y1 ≥ C log N) = N 1−C .

2 ��Y`U�geK`K`W�nE¢vb �Xa^cs_�b#_�i^b'L¶csK`Kmc�¢�Y`UEp�KmbVj¤jkg�L¶N�csj uybVN���bR]	geU^QÓx"iEY`K`Y`wEw � ���Iz

���



�¦<#" "¿© � � $ ��� ÅVÊ
Bi, i = 1, 2, 3

-�Å �CÅIØ�ÉsÎ�É!-·ÔmÅ��	É�'5É�È·Ì ��Ø�É�ÈÐÅ,� � � ÅVÊ
F

-�Å1É Æ�Ç �VÊ¶ÎÐÇ -	��Ê¶Ç¶Ë�' Ë�'
B1 × B2É�'�Æ�Ô`ÅRÊ

G
-�ÅAÉ�ÆsÇp�·Ê¶Î·Ç -	��Ê¶Ç Ë�'�Ë�'

B2 ×B3
� �EÈ·Ì¥ÊOÌZÉ�Ê´ÊOÌ�Å2�CÅ�È�Ë�'5Æ�Í�ÉsÎ��sÇ)'�ÉsÔ:Ë/Ñ

F
Å�� ��É�Ô:�AÊOÌ�Å �¦Î,�·Ê"Í�ÉsÎ��sÇ)'�ÉsÔ

Ë/Ñ
G
� �:ÌEÅ
'«ÊOÌ�Å·Î�Å�Å��sÇp�·Êe�-ÉAØ�Î/Ë(-�É!-·ÇOÔ×Ç¶Ê¶Ï ��ØEÉ�È�Å¤É�'5Æ ÊOÌXÎ�Å�Å-Î�É�'�Æ�ËsÍ ,=ÉsÎ·Ç É!-·ÔmÅ,�

Zi, i = 1, 2, 3
�2Æ�Å � '5Å�Æ¥Ë*'?ÇOÊ

� �EÈ·ÌÓÊOÌZÉ�Ê´ÊOÌ�Å��VË�Ç '�ÊvÆsÇp�·Ê¶Î·Ç -	��Ê¶Ç Ë�'hË�Ñ
Z1

É�'5Æ
Z2

Çp�
F

É�'�Æ1ÊOÌ�Å��RËsÇ '�Ê6ÆsÇp�·Ê¶Î·Ç -	��Ê¶Ç Ë�'hË�Ñ
Z2

É�'�Æ
Z3

Çp�
G
�

� � � ����������� ,��"���5�¦� ��� �
� ��� 	 � � ��� � �
	 ����� �� � � ����� � ���
��Y`N�]�_�¢´b#wEN�cC��b#_�i^b'U^b7��_�KmbVj¤jkg�nE¢�iEYml�idYm]	g-lRcsU^]�b��Xa^bVU^lRb#ceL � bVj¤jkg1��z �^z
�¦<#" "¿© � � $ � ' É�'¿É·Ø�Ø�Î�ËÐØ�Î·Ç¶É�ÊIÅ�Ø�Î�Ë!-�É!-·ÇOÔÕÇOÊ¶Ï �IØ�É�È�Å1Ë�'5Å¤È�É�' È�Ë*' �·Ê¶Î	��ÈCÊ�Ç '5ÆXÅIØEÅ
'5ÆXÅ
'�Ê�Î�É�'�ÆXËsÍ ,eÉsÎÐÇ É!-·ÔmÅ,�
{T (k)

i }∞i,k=1

�"ÇOÊOÌ�Æ�Ç �VÊ¶ÎÐÇ -	��Ê¶Ç¶Ë�' � ��z �� É�'�Æ É �CÅ � �^Å
'�È�Å Ë/ÑÓÇ)'�ÆXÅ\ØEÅ
'�ÆXÅ�'�Ê?Ò Ç Å�'5Å·Î¤Ø5Î/ËCÈÐÅ,�8�CÅ,� {Wk(t), t ≥
0}∞k=1

�	��È·ÌÓÊOÌZÉ�Ê �´É��
N → ∞ ���´Å�ÌZÉ�,sÅ

max
1≤k≤N

max
1≤j≤N

|U (k)(j) − Wk(2j)| = O(log N) a.s., � �^z`��

�*Ì�Å·Î�Å
U (k)(j)

ÉsÎ�Å�ÆXÅ�� '5Å�Æ&-·Ï � ��z  � �
¸#;� � � � uvW � bVj¤jkg-��z �AL csN´bCgsl�i�	 ��bRQ

k = 1, 2, . . .
csU¥g�wEN�c���g��EY`K`Y`_IW�]�w�gslRb�csU^b2lCgeU lRcsU^]�_�N�a^lV_

T
(k)
j

geU^Q
Wk

]�ge_�Ym]/L¶W�Y`UEp

P

(
max

1≤j≤N
|U (k)(j) − Wk(2j)| ≥ (C1 + 1) log N

)
≤ C2e

−C3 log N . � �^z ��

¯�cs_�b¦_�i�ge_�_�i^b´lRcsU^]�_�geU�_�]
C1, C2, C3

QEbVw5bVU^Q�csUEK`W#csU�_�i^b´Q�Ym]�_�N�Y��EaE_�YmcsU-ceL
T

(k)
j

n�i^bVU^lRb´_�i^bVWAQEc	U^cs_�QEbVw bVU^Q
csU

k
z¦¯�cC¢ lRcsU^]�YmQEbVN	_�i^b'wEN�c�Q�a^lV_	]�w�gslRb#]�c-_�i�ge_�¢vb�i�gR��b � �^z ��vL¶csN2geK`K k = 1, 2, . . .

csUÓY`_Cz6Àyi^bVU

P

(
max

1≤k≤N
max

1≤j≤N
|U (k)(j) − Wk(2j)| ≥ (C1 + 1) log N

)

≤ NC2e
−C3 log N = C2e

−(C3−1) log N =
C2

NC3−1
.

�´i^cZc�]�Y`UEp
C3 > 2

n � �^z`��´L csK`KmcC¢�] �XW uvcsN�bVKM��ygeU�_�bVK`K`Y{KmbVj¤jkg�z 2¯�cC¢)csU4_�i^bÓwEN�c���g��EY`K`Y`_\W4]�w�gslRb ceL � bVj¤jkg«�^z`��gh¾�YmbVU^bVN�]�i^bRbV_
W (·, ·) Ym]1lRcsU^]�_�N�a^lV_�bRQTL¶N�csj%_�i^b

Y`U^QEbVw bVU^QEbVUX_�¾rYmbVU^bVN�wEN�cZlRbR]�]�bR]
Wk, k = 1, 2, . . .

gs]�g��5c���b-Y`Uh]�a^l�i«g�¢ygRW�_�i�ge_�L¶csN�Y`UX_�bVp�bVN
k
¢´b-i�gC��b

� l·L�z6tZbRlV_�YmcsU¿��z`���#ceL �`�C ��)

W (k, y) =
k∑

i=1

Wi(y). � �^z ��
uvW � bVj¤jkgk��z`�C��_�iEYm]	lCgeU �5b#b7��_�bVU^QEbRQÓ_�c�g-¾rYmbVU^bVN2]�i^bRbV_ {W (x, y), x, y ≥ 0} csUd_�i^b#wEN�c���g��EY`K`Y`_IW

]�w�gslRb1ceL � bVj¤jkgÓ�^z`��n*]�c¥_�i�ge_-csU¿_�i^b1]�gej�b�wEN�c���g��EY`K`Y`_\W¿]�w�gslRbk¢´b�i�gC��b�gd]�Y`j¤wEKmbk]�W�j¤j�bV_�N�Yml1N�geU^QEcsj
¢vgeK`� {Si}∞i=0

gs]�QEb
	^U^bRQ¥Y`UÓ_�i^bA[IU�_�N�c�Q�a^lV_�YmcsUGn�]�ge_�Ym]/L¶W�Y`UEp � ��z`���geU^Q � ��z ��·z

���



À{c�]�i^cC¢�x"N�csw5c�]�Y`_�YmcsU¿��z`��nE¢´bA]�_�geN�_�L¶N�csj _�i^b�YmQEbVUX_�Y`_\W

ξ(k, ρ+
N , ↑) = ξ(k, ρ+

N ) − ξ(k, ρ+
N , ↓) = U (k)(ξ(k − 1, ρ+

N , ↑)) + ξ(k − 1, ρ+
N , ↑).

S	bVw bCge_�Y`UEp¤_�iEYm]�wEN�cZlRbRQ�aEN�b#]�bV��bVN�geK:_�Y`j�bR]CnE¢´b�geN�N�Y`��bAge_

ξ(k, ρ+
N , ↑) =

k∑

i=1

U (i)(ξ(i − 1, ρ+
N , ↑)) + N.

�^csN �EN�bV�ZY`_IW�nELON�csj i^bVN�bAcsU¥Y`UÓ_�iEYm]�wEN�cZceL�¢vb�a^]�b'_�i^b�U^cs_�ge_�YmcsU

ξi = ξ(i, ρ+
N , ↑).

�vcsUX_�Y`U�aEY`UEp gslRlRcsN�Q�Y`UEp�K`W�n�a^]�Y`UEp � bVj¤jkg¤�^z`�AgeU^Q¥_�i^b�L�gslV_�_�i�ge_2gs]
N → ∞

max
1≤i≤N1−ε

log ξi = O(log N) a.s.,

¢�iEYml�iÓL¶csK`Kmc�¢�]�L¶N�csj � bVj¤jkg���z ±�nE¢vb�p�bV_�L csN
k = 1, 2, . . .

ξk =
k∑

i=1

Wi(2ξi−1) + N + O(k log N)

= W (k, 2N) + N + O(k log N) +
k∑

i=1

(Wi(2ξi−1) − Wi(2N)) a.s.

¯�cC¢.¢vbAgeN�b'_�c�bR]�_�Y`jkge_�b�_�i^b#Kqgs]�_�_�bVN�j Y`UÓcsaEN�U^b7��_�KmbVj¤jkg�z
�¦<#" "¿© � � � 	2�

N → ∞ �

k∑

i=1

(Wi(2ξi−1) − Wi(2N)) = O(k5/4N1/4+ε/2) a.s.,

�*Ì�Å·Î�Å�ÊOÌ�Å
O

ÊIÅVÎÐÍ Ç � �#'^Ç ÑRËsÎ·Í Ç '
k ∈ [1, N 1/3−ε]

�

¸#;� � � � |��^]�bVN���b#_�i�ge_
k∑

i=1

(Wi(2ξi−1) − Wi(2N)) =
k∑

i=1

W̃i(2|ξi−1 − N |),

¢�i^bVN�b
W̃i(·), i = 1, 2, . . .

geN�b�Y`U^QEbVw bVU^QEbVUX_2¾�YmbVU^bVN�wEN�cZlRbR]�]�bR]�z
� bV_

K = [N1/3−ε]
n
wk = k1/2N1/2+ε/2 n zk = k5/4N1/4+ε/2 z"Àyi^bVU

P

(
K⋃

k=1

{∣∣∣∣∣
k∑

i=1

(Wi(2ξi−1) − Wi(2N))

∣∣∣∣∣ ≥ zk

})

���



= P

(
K⋃

k=1

{∣∣∣∣∣
k∑

i=1

W̃i(2|ξi−1 − N |)
∣∣∣∣∣ ≥ zk

})

≤
K∑

k=1

P

(∣∣∣∣∣
k∑

i=1

W̃i(2|ξi−1 − N |)
∣∣∣∣∣ ≥ zk

)

≤
K∑

k=1

(
P

(
max
1≤i≤k

|ξi − N | ≥ wk

)
+ P

(
sup

0≤ti≤2wk, i=1,...,k

∣∣∣∣∣
k∑

i=1

W̃i(ti)

∣∣∣∣∣ ≥ zk

))
.

[\_yL¶csK`Kmc�¢�]�L¶N�csj � ��z ±� �XW _�bVKmbR]�lRcswEY`UEp�_�i�ge_

ξi − N =

ξi−1+ξi−2+...ξ1+N∑

j=1

(Tj − 2), i = 1, 2, . . .

¢�i^bVN�b
Tj

geN�bvY�z Y�z~Q®z{N�geU^QEcsj ��geN�Yqg��EKmbR]¦Q�Ym]�_�N�Y��EaE_�bRQ�gs]
T

(k)
i

z��EN�csj � bVj¤jkg���z ��geU^Q � bVj¤jkg���z ±�¢vb�c��E_�geY`U

P

(
max
1≤i≤k

|ξi − N | ≥ wk

)

≤ P

(
max
1≤i≤k

ξi ≥ 5N

)
+ kP


 max

1≤n≤5Nk

∣∣∣∣∣∣

n∑

j=1

(Tj − 2)

∣∣∣∣∣∣
≥ wk




≤ ke−N/(4k) + 2ke−w2
k/(40kN).

�EN�csj _�iEYm]�n�_�csp�bV_�i^bVN	¢�Y`_�i � bVj¤jkg1��z ��n�¢´b 	^U�geK`K`W p�bV_

P

(
K⋃

k=1

{∣∣∣∣∣
k∑

i=1

(Wi(2ξi−1) − Wi(2N))

∣∣∣∣∣ ≥ zk

})

≤
K∑

k=1

(
ke−N/(4k) + 2ke−w2

k
/(40kN) + 2ke−z2

k
/(4k2wk)

)

≤ N2/3e−N2/3+ε/4 + 2N2/3e−Nε/40 + 2N2/3e−Nε/2/4.
ÀyiEYm]�Ym]�]�aEj¤jkg��EKmb�Y`U

N
nE]�c-_�i^b�KmbVj¤jkg�L csK`KmcC¢�] ��W¥uvcsN�bVKM��ygeU�_�bVK`K`Y:KmbVj¤jkg�z

2t�Y`U^lRb
ξ(0, ρ+

N , ↑) = N
n�_�iEYm]	geKm]�c¤wEN�c���bR]	x"N�csw c�]�Y`_�YmcsU¿��z`��z

2

� � � 	 � � ��� � �
	 ����� �� � � ����� � � �
J�lRlRcsN�Q�Y`UEpk_�c � ��z ���geU^QÓx"N�csw c�]�Y`_�YmcsU¿��z`��n�gs]

N → ∞ n

ξ(k, ρ+
N ) = ξ(k, ρ+

N , ↑) + ξ(k − 1, ρ+
N , ↑)

= 2N + W (k, 2N) + W (k − 1, 2N) + O(k5/4N1/4+ε/2) a.s. � �^z �(

�e�



|2UÓ_�i^b�cs_�i^bVN	i�geU^Q®n

ξ(0, ρ+
N ) = ξ(0, ρ+

N , ↑) + ξ(0, ρ+
N , ↓) = N + ξ(0, ρ+

N , ↓). � �^z  �
uvaE_

ξ(0, ρ+
N , ↓) = T ∗

1 + . . . + T ∗
N , � �^z ��

¢�i^bVN�b
T ∗

i

N�bVwEN�bR]�bVU�_�]y_�i^b�UXaEj�� bVN�ceL{QEcC¢�U�¢vgeN�QÓb7�ElVaEN�]�YmcsU^]�gR¢ygRWkLON�csj
0
� bV_I¢vbRbVU¥_�i^b

i
_�iÓgeU^Q

(i +1)
]�_

aEwX¢ygeN�Qdb7�ElVaEN�]�YmcsU^]2gC¢vgCW LON�csj
0
z¦o�bVU^lRb

T ∗
i

geN�b'Y�z Y�z~Q®z"N�geU^QEcsj �sgeN�Yqg��EKmbR]	¢�Y`_�iÓp�bRcsj�bV_�N�Yml#Q�Ym]�_�N�Y��EaE_�YmcsU

P (T ∗
i = j) =

1

2j+1
, j = 0, 1, 2, . . .

geU^Q geKm]�c¤Y`U^QEbVw5bVU^QEbVU�_�ceL {T (k)
i , i, k = 1, 2, . . .} zyo2bVU^lRb#LON�csj)£�f À � bVj¤jkg1��z � geU^Q���W � bVj¤jkg1��z`�C��n

csU _�i^b�wEN�c���g��EY`K`Y`_IW ]�w�gslRb'ceL{x"N�csw c�]�Y`_�YmcsU«��z`�'csU^b�lCgeU¥lRcsU^]�_�N�a^lV_�g�¾rYmbVU^bVNvwEN�cZlRbR]�]
W ∗(·) n�Y`U^QEbVw bVU^QEbVUX_ceL

W (·, ·) ]�a^l�iÓ_�i�ge_Cn�gs] N → ∞ n

T ∗
1 + . . . T ∗

N = N + W ∗(2N) + O(log N) a.s.

ÀyiEYm]�_�csp�bV_�i^bVN2¢�Y`_�i � �^z �(·n � �^z  ��geU^Q � �^z ��ywEN�cC��bR]	x¦N�csw5c�]�Y`_�YmcsU ��z ��z
2

� ��� 	 � � ��� � �
	 ����� �� � � ����� � ���
�vcsU^]�YmQEbVN

N
b7��lVaEN�]�YmcsU^]¥gC¢vgRW4LON�csj

0
n�csaE_ ceL#¢�iEYml�i

νN
geN�bÓaEw�¢vgeN�Q b7�ElVaEN�]�YmcsU^]Cn	geU^Q

N − νN
geN�b

QEcC¢�U�¢vgeN�Q�b7��lVaEN�]�YmcsU^]Cz¦J�lRlRcsN�Q�Y`UEpk_�c¤x¦N�csw5c�]�Y`_�YmcsU ��z ��n^gs]
N → ∞ n

ξ(k, ρ+
νN

) − ξ(0, ρ+
νN

) = G(k, 2νN ) + O(k5/4(νN )1/4+ε/2)

= G(k, 2νN ) + O(k5/4N1/4+ε/2) a.s.
t�Y`U^lRb

ξ(k, ρN ) = ξ(k, ρ+
νN

)
L csN

k > 0
nEY`_�Ym]�bVU^csaEp�i _�c-��bVN�YMLOW�_�i^b�U^b7��_ � bVj¤jkg�z

�¦<#" "¿© � ��� 	2�
N → ∞ �´Å'ÌZÉ*,eÅ

W (k, 2νN ) − W (k,N) = O(k1/2N1/4+ε/2) a.s., � �^z}�*
�*Ì�Å·Î�Å

O
Ç � �('�Ç ÑRËsÎ·Í Ç '

k ∈ [1, N ]
�2ÿhËsÎ�Å�Ë�,eÅ·Î �

W ∗(2νN ) − W ∗(N) = O(N 1/4+ε/2) a.s. � �^z ±�

ξ(0, ρN ) − ξ(0, ρ+
νN

) = O(log N) a.s. � �^z ��

�� 



¸#;� � � �

P

(
N⋃

k=1

{
|W (k, 2νN ) − W (k,N)| ≥ k1/2N1/4+ε/2

})

≤
N∑

k=1

P

( |W (k, 2νN ) − W (k,N)|
k1/2

≥ N1/4+ε/2
)

≤ NP
(
W̃ (|2νN − N |) ≥ N 1/4+ε/2

)

≤ NP

(
sup

0≤u≤N1/2+ε/2

|W̃ (u)| ≥ N 1/4+ε/2

)
+ NP (|2νN − N | ≥ N1/2+ε/2)

≤ 2N exp(−N ε/2/2) + 2N exp(−N ε/2),

¢�i^bVN�b
W̃ (·) Ym]�g¤]�_�geU^Q^geN�Q¥¾rYmbVU^bVN�wEN�cZlRbR]�]	geU^Q ¢vb#a^]�bRQ � bVj¤jkgs]���z ��geU^Qd��z � � ¢�Y`_�i k = 1

·z
o�bVU^lRb � �^z}�*:L¶csK`Kmc�¢�] �XW�uycsN�bVKM��ygeUX_�bVK`K`Y�KmbVj¤jkg�nZgeU^Q � �^z ±�:L¶csK`Kmc�¢�]*L¶N�csj � �^z}�* �XWAwEaE_�_�Y`UEp k = 1

_�i^bVN�b�z
À:ck]�i^cC¢ � �^z ��·n�c��^]�bVN���b�_�i�ge_

P (ξ(0, ρN ) − ξ(0, ρ+
νN

) ≥ j) =
1

2j
,

]�Y`U^lRb'_�i^b�bV��bVU�_ {ξ(0, ρN ) − ξ(0, ρ+
νN

) ≥ j} j�bCgeU^]	_�i�ge_�_�i^b�Kqgs]�_ j
b7�ElVaEN�]�YmcsU^]�csaE_	ceL

N
geN�bAQEcC¢�UX¢ygeN�Q

geU^Q®n�Kmc�cs�ZY`UEp1ge_	_�i^b�N�geU^QEcsj ¢ygeK`�¥L¶N�csj
ρN

��gsl���¢ygeN�Q®n�_�iEYm]�bV��bVUX_�Ym]	b���aEY`��geKmbVUX_�_�c�_�i^bAbV��bVU�_2_�i�ge_2_�i^b
	^N�]�_

j
b7��lVaEN�]�YmcsU^]�geN�b#QEc�¢�UX¢ygeN�Q®n�¢�iEYml�i i�gs]	_�i^b�wEN�c���g��EY`K`Y`_IW

1/2j z´x"aE_�_�Y`UEp j = 2 log N
n � �^z ��yL¶csK`Kmc�¢�]�XW uycsN�bVKM��ygeUX_�bVK`K`Y�KmbVj¤jkg�z

2ÀyiEYm]	geKm]�c�lRcsj¤wEKmbV_�bR]�_�i^b�wEN�cZceL"ceL*x"N�csw c�]�Y`_�YmcsU¿��z ��z
2

¯�cC¢�¢´b�geN�b�N�bCgsQ�W�_�c�wEN�cC��b¤Àyi^bRcsN�bVj%��z`��zAx¦aE_
N = ξ(0, n)

Y`UX_�c � ��z ��²�·z�u´W�x"N�csw c�]�Y`_�YmcsUT��z �1¢´b
i�gR��b

ξ(k, κn) − ξ(0, n) = G(k, ξ(0, n)) + O(k5/4(ξ(0, n))1/4+ε/2) a.s., � �^z`�C²�
¢�i^bVN�b

κn = max{i ≤ n : Si = 0} n^Y�z~b�z`n�_�i^b�Kqgs]�_	ÃCbVN�c �5b·L csN�b n
ceL"_�i^bAN�geU^QEcsj ¢vgeK`�dgeU^Q

O
Ym]	aEUEYML¶csN�j

L csN
k ∈ [1, (ξ(0, n))1/3−ε)

z
�¦<#" "¿© � � � % ËsÎAÉ�'^Ï

δ > 0
�vÉ��

n → ∞ �

ξ(k, n) − ξ(k, κn) = O(knδ) a.s., � �^z`����
�*Ì�Å·Î�Å

O
Ç � �('�Ç ÑRËsÎ·Í Ç '

k ∈ [1, n]
�

¸#;� � � � ¾«b'i�gC��b
ξ(k, n) − ξ(k, κn) ≤ max

0≤i≤ξ(0,n)
(ξ(k, ρi+1) − ξ(k, ρi)),

���



_�i^bVN�b·L csN�b

P

(
n⋃

k=1

{ξ(k, n) − ξ(k, κn) ≥ knδ}
)

≤
n∑

k=1

P

(
max

0≤i≤ξ(0,n)
(ξ(k, ρi+1) − ξ(k, ρi)) ≥ knδ

)

≤ P (ξ(0, n) ≥ n1/2+δ) +
n∑

k=1

P

(
max

0≤i≤n1/2+δ
(ξ(k, ρi+1) − ξ(k, ρi)) ≥ knδ

)

≤ P (ξ(0, n) ≥ n1/2+δ) + n1/2+δ
n∑

k=1

P (ξ(k, ρ1) ≥ knδ).

� bVj¤jkg1��z ��Y`j¤wEK`YmbR]
P (ξ(0, n) ≥ n1/2+δ) ≤ C1e

−C2n2δ
. � �^z`�C��

f�csN�bRcC��bVNCnEL¶N�csj _�i^b#Q�Ym]�_�N�Y��EaE_�YmcsU ceL
ξ(k, ρ1) � l·L�z¦S2PV��PR]�Ã�� ���
�GwEwGz��C²�²�n^Àyi^bRcsN�bVj ��z}�*·nE¢´b�p�bV_

P (ξ(k, ρ1) ≥ j) =
1

2k

(
1 − 1

2k

)j−1

≤ e−j/(2k). � �^z`�C��

x"aE_�_�Y`UEp
j = knδ n � �^z`����´L csK`KmcC¢�]�L¶N�csj � �^z`�C���geU^Q � �^z`�C�� �XW¥gewEwEK`W�Y`UEp�uycsN�bVKM��ygeUX_�bVK`K`Y:KmbVj¤jkg�z 2À{c�lRcsj¤wEKmbV_�b#_�i^b'wEN�cZceL*ceL"Àyi^bRcsN�bVj ��z`��n�c��^]�bVN���b�_�i�ge_�L csN	geUXW

δ > 0
n^geK`j�c�]�_	]�aEN�bVK`W

n1/2−δ ≤ ξ(0, n) ≤ n1/2+δ

L csN	geK`K
n
KqgeN�p�bAbVU^csaEp�iGz¦¾«b'i�gR��b�n5gs]

n → ∞ n

(ξ(0, n))1/4+ε/2 = O(n1/8+5ε/8) a.s.

¯�cC¢ � ��z`�C��6L csK`KmcC¢�]yL¶N�csj � �^z`�C²�ygeU^Q � bVj¤jkg-�^z �^nE]�Y`U^lRb2L csNvKqgeN�p�b
n
_�i^b

O
_�bVN�j Y`U � �^z`�C²�vYm]vaEUEYML csN�j Y`U

k ∈ [1, n1/6−ε)
n�gs]�]�_�ge_�bRQ®z

2

� � � ����������� ,��"���5�¦��+ � � � ����� ��� �
[\U�_�iEYm]´]�bRlV_�YmcsUk¢´b�]�i^c�¢�_�i�ge_´_�i^b�KmcZlCgeK�_�Y`j�b

ξ(0, n)
Y`U � ��z`�C��¦lCgeU+�5b2l�i�geUEp�bRQ1_�c�geU^cs_�i^bVNvN�geU^QEcsjó¢ygeK`�

KmcZlCgeK5_�Y`j�b
ξ̃(0, n)

geU^Q geKm]�c�_�c�g�uvN�cC¢�UEYqgeUdKmc�lCgeK _�Y`j�b
η(0, n)

n �5cs_�i¥Y`U^QEbVw bVU^QEbVUX_2ceL
G(·, ·) n5gs]ylVKqgeY`j�bRQY`UÓÀyi^bRcsN�bVj�]���z �¤geU^Q«��z ��nEN�bR]�w bRlV_�Y`��bVK`W�z¦Àyi^b�j�bV_�i^cZQÓceL*wEN�c�ceL*Ym]�]�Y`j¤Y`KqgeN�_�c-_�i�ge_2ceL �`�C²��In��`���
�Iz

���



����� 	 � � ��� � ��� 	 
� ��
�� � � �
J�]�]�aEj�b1_�i�ge_�csU _�i^b ]�gej�b�wEN�c���g��EY`K`Y`_\W ]�w�gslRb�¢vb i�gR��b _I¢vchY`U^QEbVw5bVU^QEbVU�_k]�Y`j¤wEKmb ]�WZj¤j�bV_�N�Yml N�geU^QEcsj
¢vgeK`��] {S(1)

i , i = 1, 2, . . .} geU^Q {S(2)
i , i = 1, 2, . . .} n^¢�Y`_�i N�bR]�w5bRlV_�Y`��bAKmc�lCgeK{_�Y`j�bR]

ξ(1)(·, ·) geU^Q ξ(2)(·, ·) zJ�]�]�aEj�b'L¶aEN�_�i^bVN�j�csN�bA_�i�ge_2_�i^b�g�� cC��bAwEN�c�lRbRQ�aEN�bAi�gs] � bRbVUÓw bVN/L¶csN�j�bRQÓL¶csN � cs_�idN�geU^QEcsj)¢vgeK`��]Cn�Y�z~b�z´¢vb
i�gR��b#¾�YmbVU^bVN	]�i^bRbV_�]

W (1)(·, ·) n W (2)(·, ·) geU^Q¥¾rYmbVU^bVN�wEN�cZlRbR]�]�bR]
W ∗(1) n W ∗(2) ]�ge_�Ym]/L¶WZY`UEp�x"N�csw5c�]�Y`_�YmcsU^]��z`�·����z �¤geU^QÓÀyi^bRcsN�bVj ��z`��z"u�gs]�bRQ¥csU¥_�i^bR]�b'_I¢´c�N�geU^QEcsj ¢vgeK`��]Cn�¢´b�lRcsU^]�_�N�a^lV_2g�U^bV¢.]�Y`j¤wEKmb�]�WZj¤j�bV_�N�Yml

N�geU^QEcsj0¢vgeK`� {Si, i = 1, 2, . . .} ]�a^l�i�_�i�ge_1Y`_�]kKmcZlCgeK	_�Y`j�b
ξ(0, n)

¢�Y`K`K�� bÓlVKmc�]�b _�c
ξ(1)(0, n)

n�¢�iEY`Kmb
_�i^b¤Y`U^lVN�bVj�bVU�_�]

ξ(k, n) − ξ(0, n)
¢�Y`K`K � b�lVKmc�]�bk_�c

ξ(2)(k, n) − ξ(2)(0, n)
z ÀyiEYm]#Ym]�gsl�iEYmbV��bRQ ��Wh_�ge��Y`UEp

� KqgeN�p�b � b7�ElVaEN�]�YmcsU^]�LON�csj
S(1) geU^Q � ]�jkgeK`K � b7��lVaEN�]�YmcsU^]	L¶N�csj S(2) z´J�]	g�N�bR]�aEK`_CnE¢´b�]�i�geK`K{lRcsU^lVK`a^QEbA_�i�ge_

ξ(k, n) − ξ(0, n)
lCgeU�� b#gewEwEN�c���Y`jkge_�bRQ��XW

G(2)(k, ξ(1)(0, n))
z

ÀyiEYm]'Ym]�QEcsU^b¤gs]�L csK`KmcC¢�] � ]�bRb �`���
�)·z � bV_ ρ
(j)
i , j = 1, 2, i = 1, 2, . . .

QEbVU^cs_�b-_�i^b-lRcsU^]�bRlVaE_�Y`��b¤N�bV_�aEN�U
_�Y`j�bR]2_�ckÃCbVN�c�ceL¦_�i^b#N�geU^QEcsj�¢vgeK`�

S(j) z � bV_2L¶aEN�_�i^bVN�j�csN�b N0 = 0
n
N` = 2` n r` = N` − N`−1 = 2`−1 n

` = 1, 2, . . .
n�geU^Q-lRcsU^]�YmQEbVN*_�i^b �EKmc�l��Z]*csaE_"ceL�¢�iEYml�i-_�i^b

`
��_�i �EKmcZl��AlRcsU^]�Ym]�_�Y`UEp'ceL

r`
b7�ElVaEN�]�YmcsU^]"gs]{L¶csK`Kmc�¢�]Cz

{
S

(j)

ρ
(j)
N`−1

+1
, . . . , S

(j)

ρ
(j)
N`

}
, j = 1, 2, ` = 1, 2, . . .

[\U¥_�iEYm] �EKmc�l��¥lCgeK`K:geUdb7��lVaEN�]�YmcsUÓKqgeN�p�b�YML

ρ
(j)
N`−1+i − ρ

(j)
N`−1+i−1 > r

4/3
` ,

geU^QÓlCgeK`K®Y`_	]�jkgeK`KGcs_�i^bVN�¢�Ym]�b�z6¯�cC¢ lRcsU^]�_�N�a^lV_�_�i^b �EKmcZl��

{SρN`−1
+1, . . . , SρN`

}
ceL�_�i^b1U^bV¢ N�geU^QEcsj ¢vgeK`� n*_�i^b

`
��_�i0�EKmcZl��«i�gC��Y`UEp?geKm]�c

r`
b7�ElVaEN�]�YmcsU^] �XW?��bRbVwEY`UEphKqgeN�p�b1b7�ElVaEN�]�YmcsU^]�Y`U

_�i^b �EKmc�l�� ceL
S(1) aEU�geK`_�bVN�bRQ¿geU^Q�N�bVwEKqgslVY`UEpÓ]�jkgeK`K"b7�ElVaEN�]�YmcsU^]�ceL

S(1) ��Wd_�i^b-]�jkgeK`K"b7��lVaEN�]�YmcsU^]�ceL
S(2) n��bRbVwEY`UEpÓgeKm]�c�_�i^b-csN�QEbVN'ceL6]�jkgeK`K"geU^Q KqgeN�p�b�b7�ElVaEN�]�YmcsU^]�gs]	Y`_�¢vgs]�Y`U

S(1) z	[\_2Ym]2w c�]�]�Y��EKmb#_�i�ge_'_�i^bVN�b-geN�bj�csN�b-]�jkgeK`K"b7��lVaEN�]�YmcsU^]2Y`Uh_�i^b �EKmcZl��dceL
S(1) _�i�geUhY`Uh_�i^b��EKmcZl���ceL

S(2) z'[\U _�iEYm]�lCgs]�b�N�bVwEKqgslRb�gs]�jkgeUXW
]�jkgeK`K5b7��lVaEN�]�YmcsU^]�gs]6w5c�]�]�Y��EKmb �XWk_�i^c�]�b	ceL

S(2) n�geU^QkKmbCgC��b	_�i^b�cs_�i^bVNy]�jkgeK`K�b7�ElVaEN�]�YmcsU^]´aEU�geK`_�bVN�bRQ1Y`U S(1) z|2U^b�lCgeU1bCgs]�Y`K`Wk]�bRb�_�i�ge_Cn�wEaE_�_�Y`UEp�_�i^bR]�b �EKmcZl���]vcsU^b�g=LO_�bVNv_�i^b�cs_�i^bVNCn�_�i^b	N�bR]�aEK`_�Y`UEp
S1, S2, . . .

Ym]yg#]�Y`j¤wEKmb
]�WZj¤j�bV_�N�YmlkN�geU^QEcsj ¢vgeK`� z¥¾«b�QEbVU^cs_�b ��W

ξ, ρ
n�bV_�l�z`n*¢�Y`_�i^csaE_-]�aEw bVN 	 � n�_�i^b1lRcsN�N�bR]�w5csU^Q�Y`UEp ��a�geUX_�Y`_�YmbR]

QEb
	^U^bRQ¿L¶csN�_�iEYm]#N�geU^QEcsj ¢vgeK`� n¦geU^Q¿lRcsUX_�Y`U�a^b�¢�Y`_�i bR]�_�g��EK`Ym]�iEY`UEp _�i^bkU^b7�Z_�	^��b�KmbVj¤jkgs]�_�i�ge_A¢�Y`K`K�geKm]�c
KmbCgsQ¥_�c¤lRcsU^lVK`a^Q�Y`UEp�Àyi^bRcsN�bVj ��z ��z
�¦<#" "¿© � � $ �:Ì�Å¦ÑRËsÔ�Ô`Ë��"Ç)' �kÇ '5Å�� ��É�Ô×Ç¶Ê¶Ç Å7��ÌZËsÔ`Æ �

max
1≤i≤N`

|ρi − ρ
(1)
i | �  �z`��

≤
2∑

j=1

∑̀

m=1

rm∑

i=1

(
ρ
(j)
Nm−1+i − ρ

(j)
Nm−1+i−1

)
I
{
ρ
(j)
Nm−1+i − ρ

(j)
Nm−1+i−1 ≤ r4/3

m

}
,

��±



É�'�Æ
max

1≤i≤N`

|ξ(k, ρi) − ξ(2)(k, ρ
(2)
i )| ≤ ξ∗(k)

∑̀

m=1

(µ(1)
m + µ(2)

m ), �  �z ��

�*Ì�Å·Î�Å
I{·} ÆXÅ
'�Ë�ÊIÅ7�AÊOÌ�ÅAÇ '�Æ�Ç¶È�É�Ê�ËsÎAË/Ñ#ÊOÌ�Å-Å
,eÅ�'�ÊvÇ '�ÊOÌ�Å -·Î/ÉXÈ �sÅVÊe� �

ξ∗(k) = max
j=1,2

max
1≤i≤N`

(
ξ(j)(k, ρ

(j)
i ) − ξ(j)(k, ρ

(j)
i−1)

)
�  �z ��

É�'�Æ
µ

(j)
m

Ç �#ÊOÌ�Å�' �ZÍ -�Å·Î�Ë�Ñ�ÔMÉsÎ��XÅ¤Å��XÈ ��Î,�ÐÇ Ë�' �#Ç)'hÊOÌ�Å
m

�ÊOÌ�-VÔMËCÈ �1Ë/Ñ
S(j) �

¸#;� � � � |��X�ZYmcsa^]�K`W�n
max1≤i≤N`

|ρi−ρ
(1)
i | lCgeU �5bvcC��bVN�bR]�_�Y`jkge_�bRQ �XW�_�i^by_�cs_�geKZKmbVUEp�_�i�ceL5]�jkgeK`K^b7��lVaEN�]�YmcsU^]ceL*_�i^b'_I¢´ckN�geU^QEcsj ¢ygeK`�Z]�aEwd_�c-_�Y`j�b
N`

¢�iEYml�i Ym]�_�i^b�N�Y`p�i�_/��i�geU^Qd]�YmQEb�ceL �  �z`��·zf�csN�bRcC��bVNCn |ξ(k, ρi) − ξ(2)(k, ρ
(2)
i )| lCgeU�� b#c���bVN�bR]�_�Y`jkge_�bRQ���W�_�i^b#_�cs_�geK:UXaEj��5bVN�ceL�KqgeN�p�b�b7��lVaEN�]�YmcsU^]aEw¥_�c

N`
j�aEK`_�Y`wEK`YmbRQ���W�_�i^b'jkg*��Y`jAaEj)ceL�_�i^b'KmcZlCgeKG_�Y`j�b#ceL

k
cC��bVN2geK`KGb7�ElVaEN�]�YmcsU^]	aEw¥_�c

N`
ceL*_�i^b'_I¢vc

N�geU^QEcsj ¢ygeK`�Z]Cn^¢�iEYml�idYm]�_�i^b'N�Y`p�iX_/��i�geU^Q�]�YmQEb�ceL �  �z ��·z 2

�¦<#" "¿© � � � % ËsÎ
n ≤ ρ

(1)
N

�´Å'Ì�É�,eÅ

max
1≤i≤n

|ξ(0, i) − ξ(1)(0, i)| ≤ max
1≤j≤N

|ξ(0, ρj) − ξ(0, ρ
(1)
j )| + 1. �  �z �(

¸#;� � � � t�Y`U^lRb
ξ(0, ρj) = ξ(1)(0, ρ

(1)
j ) = j

nE¢´b#i�gR��b�L csN
ρ

(1)
j−1 ≤ i < ρ

(1)
j

n
j ≤ N

n

ξ(0, i) − ξ(1)(0, i) ≤ ξ(0, ρ
(1)
j ) − (j − 1)

= ξ(0, ρ
(1)
j ) − ξ(0, ρj) + 1 ≤ max

1≤j≤N
|ξ(0, ρj) − ξ(0, ρ

(1)
j )| + 1.

|2U¥_�i^b#cs_�i^bVN�i�geU^Q®n
ξ(1)(0, i) − ξ(0, i) ≤ j − 1 − ξ(0, ρ

(1)
j−1)

= ξ(0, ρj−1) − ξ(0, ρ
(1)
j−1) ≤ max

1≤j≤N
|ξ(0, ρj) − ξ(0, ρ

(1)
j )| + 1.

2

�¦<#" "¿© � ��� % ËsÎ
C > 0

�
K = 1, 2, . . .

�´Å#ÌZÉ�,eÅ

P

(
K⋃

k=1

{ max
1≤i≤N`

|ξ(k, ρi) − ξ(2)(k, ρ
(2)
i )| ≥ 3Ck`2r

1/3
` }

)

≤ N`

K∑

k=1

1

k

(
1 − 1

2k

)Ck log N`

+ K exp(2(e − 3)`r
1/3
` ). �  �z  �

���



¸#;� � � � ��]�Y`UEp �  �z ��yceL � bVj¤jkg� �z`��n�geU^Q 4 log 2 < 3
nE¢´b#p�bV_

P

(
K⋃

k=1

{
max

1≤i≤N`

|ξ(k, ρi) − ξ(2)(k, ρ
(2)
i )| ≥ 3Ck`2r

1/3
`

})

≤
K∑

k=1

P (ξ∗(k) ≥ Ck log N`) + KP

(∑̀

m=1

(µ(1)
m + µ(2)

m ) ≥ 4`r
1/3
`

)
.

��]�Y`UEpkgepXgeY`UÓ_�i^b#Q�Ym]�_�N�Y��EaE_�YmcsU ceL
ξ(k, ρ1)

Y`U0� ���
�InE¢´b�p�bV_

P (ξ∗(k) ≥ Ck log N`) ≤ 2N`P (ξ(k, ρ1) ≥ Ck log N`)

≤ N`

k

(
1 − 1

2k

)Ck log N`

.

f�csN�bRcC��bVNCn {µ(j)
m , j = 1, 2, m = 1, 2, . . .} geN�b�Y`U^QEbVw bVU^QEbVUX_2N�geU^QEcsj ��geN�Yqg��EKmbR]	]�a^l�id_�i�ge_

µ
(1)
m + µ

(2)
mi�gs] �EY`U^csj¤YqgeK�Q�Ym]�_�N�Y��EaE_�YmcsU ¢�Y`_�i w�geN�gej�bV_�bVN�]

2rm
geU^Q

pm = P (ρ1 ≥ r
4/3
m ) ≤ r

−2/3
m

n6¢�i^bVN�b � bVj¤jkg
��z`�C²k¢vgs]'a^]�bRQdL¶csN

N = 1
z'��]�Y`UEp1_�i^b�j�csj�bVUX_�p�bVU^bVN�ge_�Y`UEp L¶aEU^lV_�YmcsUhceL6_�i^b��EY`U^csj¤YqgeK¦Q�Ym]�_�N�Y��EaE_�YmcsU?geU^Q

b7��w5csU^bVU�_�YqgeK:f�geN���c�� .~]	Y`U^b��Xa�geK`Y`_\W�n^wEN�cZlRbRbRQ�Y`UEp�gs]�Y`U��`�����In�¢´b�p�bV_

P

(∑̀

m=1

(µ(1)
m + µ(2)

m ) ≥ z

)
≤ e−z

∏̀

m=1

(1 + pm(e − 1))2rm

≤ exp

(
2(e − 1)

∑̀

m=1

rmpm − z

)
≤ exp(2(e − 1)`r

1/3
` − z).

x"aE_�_�Y`UEp
z = 4`r

1/3
`

n�¢vb�p�bV_ �  �z  �·z 2

�¦<#" "¿© � � � 	2�
N → ∞ �

ξ(k, ρN ) − ξ(2)(k, ρ
(2)
N ) = O(kN 1/3 log2 N) a.s., �  �z ��

�*Ì�Å·Î�Å
O

Ç � �('�Ç ÑRËsÎ·Í Ç '
k ∈ [1, N ]

�

¸#;� � � � J2wEwEK`W�Y`UEp¤_�i^b�Y`U^b���a�geK`Y`_IW �  �z  �´Y`U � bVj¤jkg¤ �z �A¢�Y`_�i
K = N`

n�_�i^b�N�Y`p�i�_�i�geU^Q¥]�YmQEb�Ym]�]�aEj¤jkg��EKmb
L csN

`
n�wEN�cC�ZYmQEbRQÓ_�i�ge_

C
Ym]�KqgeN�p�b#bVU^csaEp�iGz´o2bVU^lRb

max
1≤i≤N`

|ξ(k, ρi) − ξ(2)(k, ρ
(2)
i )| = O(k`2r

1/3
` ) = O(k(log N`)

2N
1/3
` )

geK`j�c�]�_	]�aEN�bVK`W�n^gs]
` → ∞ nZLON�csj ¢�iEYml�i �  �z ��´L csK`KmcC¢�]Cz 2

��²



À{c���bVN�YML¶WkÀyi^bRcsN�bVj ��z ��nZ¢´b']�_�geN�_vL¶N�csj � ��z ��²�´Y`U x"N�csw c�]�Y`_�YmcsU«��z ��nEgewEwEK`W�Y`UEp-Y`_vL csN´_�i^b�N�geU^QEcsj�¢vgeK`�
S(2) z*¾«b�i�gC��b

ξ(2)(k, ρ
(2)
N ) − ξ(2)(0, ρ

(2)
N ) = G(2)(k,N) + O(k5/4N1/4+ε/2) a.s.

gs]
N → ∞ z6t�Y`U^lRb

ξ(2)(0, ρ
(2)
N ) = ξ(0, ρN ) = N

n^gslRlRcsN�Q�Y`UEp1_�c � bVj¤jkgk �z �k¢´bAgeKm]�c-i�gC��b�n�gs]
N → ∞ n

ξ(k, ρN ) − ξ(0, ρN ) = G(2)(k,N) + O(k5/4N1/4+ε/2 + kN1/3 log2 N)

geK`j�c�]�_	]�aEN�bVK`W�z"¯2c�¢.wEaE_
N = ξ(0, n)

z6��]�Y`UEp � bVj¤jkg-�^z �^n^¢´b#lCgeUd]�bRb#gs] �5b·L csN�b�n

ξ(k, n) − ξ(0, n) = G(2)(k, ξ(0, n)) + O(k5/4n1/8+5ε/8 + kn1/6+ε/4)

geK`j�c�]�_¦]�aEN�bVK`W¤geU^Q-aEUEYML csN�j¤K`W�Y`U
k ∈ [1, n1/6−ε]

nXgs]
n → ∞ z*[\_*N�bVjkgeY`U^]"_�c�]�i^cC¢4_�i�ge_¦csU¤_�i^byN�Y`p�iX_/��i�geU^Q

]�YmQEb
ξ(0, n)

lCgeU��5b'N�bVwEKqgslRbRQ��XW
ξ(1)(0, n)

z
�¦<#" "¿© � ��� % ËsÎAÉ�'^Ï

ε > 0
ÊOÌEÅ·Î�Å-Å���Ç �VÊe��É

δ > 0
� �EÈ·ÌÓÊOÌZÉ�Ê �´É��

n → ∞ �

|G(2)(k, ξ(0, n)) − G(2)(k, ξ(1)(0, n))| = O(k1/2n1/4−δ) a.s., �  �z}�*
�*Ì�Å·Î�Å

O
Ç � �('�Ç ÑRËsÎ·Í Ç '

k ∈ [1, n1/6−ε]
�

¸#;� � � � � bV_
0 < ε < 1/6

geU^Q
K` = [2`(1/6−ε)]

n
u` = 2`(1/4−ε/100) z�t�Y`U^lRb k−1/2W (k, ·) Ym]�g1]�_�geU^Q^geN�Q¾rYmbVU^bVN�wEN�c�lRbR]�] � QEbVU^cs_�bRQ&�XW W̃ (·) ·n�¢´b�i�gC��b

P




K⋃̀

k=1

{
max

2`−1≤n<2`
|W (2)(k, ξ(0, n)) − W (2)(k, ξ(1)(0, n))| ≥ k1/2u`

}


≤ K`P

(
max

2`−1≤n<2`
|W̃ (ξ(0, n)) − W̃ (ξ(1)(0, n)| ≥ u`

)

≤ K`P ( sup
(u,v)∈A

|W̃ (u) − W̃ (v)| ≥ u`)

+2K`P (ξ(0, 2`) ≥ 2`)

+K`P

(
max

1≤n≤2`
|ξ(0, n) − ξ(1)(0, n)| ≥ 2`(1/2−ε/48)

)
,

¢�i^bVN�b
A = {(u, v) : 0 ≤ u ≤ 2`, 0 ≤ v ≤ 2`, |u − v| ≤ 2`(1/2−ε/48)}.

��Y`N�]�_�¢vb#bR]�_�Y`jkge_�b�_�i^b�Kqgs]�_�_�bVN�jÓz¦uvW � bVj¤jkg1 �z �

P

(
max

1≤n≤2`
|ξ(0, n) − ξ(1)(0, n)| ≥ 2`(1/2−ε/48)

)

���



≤ P

(
max

1≤j≤2`(1/2+ε/4)
|ξ(0, ρj) − ξ(0, ρ

(1)
j )| ≥ 2`(1/2−ε/48) − 1

)

+P
(
ρ
(1)

[2`(1/2+ε/4)]
≤ 2`

)

≤ P

(
max

(i,j)∈B
|ξ(0, i) − ξ(0, j)| ≥ 2`(1/2−ε/48) − 1

)

+P
(
ρ
(1)

[2`(1/2+ε/4)]
≤ 2`

)
+ 2P

(
ρ[2`(1/2+ε/4)] ≥ 2`(4/3+ε)

)

+P

(
max

1≤j≤2`(1/2+ε/4)
|ρj − ρ

(1)
j | ≥ 2`(1−ε/12)

)
,

¢�i^bVN�b
B = {(i, j) : 1 ≤ i ≤ 2`(4/3+ε), 1 ≤ j ≤ 2`(4/3+ε), |i − j| ≤ 2`(1−ε/12)}.

¯�cC¢.¢vb#bR]�_�Y`jkge_�b�_�i^b#N�bR]�w5bRlV_�Y`��b#N�Y`p�iX_/��i�geU^Qd]�YmQEbR]�ceL�_�i^b#wEN�bV��Ymcsa^]�_\¢´ckY`U^b��Xa�geK`Y`_�YmbR]	_�bVN�j �XW _�bVN�jÓz
� bVj¤jkg1��z ��Y`j¤wEK`YmbR]

P ( sup
(u,v)∈A

|W̃ (u) − W̃ (v)| ≥ 2`(1/4−ε/100))

≤ C12
`(1/2+ε/48) exp

(
−C22

`(ε/48−ε/50)
)

,
geU^Q

P

(
max

(i,j)∈B
|ξ(0, i) − ξ(0, j)| ≥ 2`(1/2−ε/48) − 1

)

≤ C12
`(1/6+13ε/24) exp

(
−C2(2

`ε/24 − 2)
)

.
|��^]�bVN���b�_�i�ge_

P (ξ(0, 2`) ≥ 2`) = 0
geU^Q

P (ρ
(1)

[2`(1/2+ε/4)]
≤ 2`) = P (ξ(1)(0, 2`) ≥ 2`(1/2+ε/4)) ≤ C1e

−C22`ε/2
.

�EN�csj � bVj¤jkgk��z`�C²-¢vb�i�gR��b

P (ρ
(1)

[2`(1/2+ε/4)]
≥ 2`(4/3+ε)) ≤ C2−`(1/6+ε/4).

��Y`U�geK`K`W�n�L¶N�csj �  �z`��yceL � bVj¤jkg� �z`��n � bVj¤jkgk��z`�C²¤geU^QÓfhgeN���cC� .~]�Y`U^b���a�geK`Y`_IW

P

(
max

1≤j≤2`(1/2+ε/4)
|ρj − ρ

(1)
j | ≥ 2`(1−ε/12)

)

≤ 2

2`(1−ε/12)

`(1/2+ε/4)∑

m=1

rmE(ρ1I(ρ1 ≤ r4/3
m ))

���



≤ C

2`(1−ε/12)

`(1/2+ε/4)∑

m=1

25(m−1)/3 ≤ C2`(−1/6+ε/2).

J�]�]�bVj��EK`Y`UEp1geK`KG_�i^bR]�b�bR]�_�Y`jkge_�YmcsU^]�nE¢´b#c��E_�geY`U

P




K⋃̀

k=1

{
max

2`−1≤n<2`
|W (2)(k, ξ(0, n)) − W (2)(k, ξ(1)(0, n))| ≥ k1/2u`

}


≤ C12
2`/3 exp

(
−C22

`ε(1/48−1/50)
)

+ C32
`/6 exp(−C22

`ε/2)

+C12
`(1/3−11ε/24) exp

(
−C2(2

`ε/24 − 2)
)

+ C2−5`ε/4.
t�Y`U^lRbAgeK`K:_�i^bR]�b'_�bVN�j�]2geN�b�]�aEj¤jkg��EKmbAY`U

`
n ��W uycsN�bVKM��ygeU�_�bVK`K`Y{KmbVj¤jkg-¢vb�i�gR��b

max
2`−1≤n<2`

|W (2)(k, ξ(0, n)) − W (2)(k, ξ(1)(0, n))| = O(k1/22`(1/4−ε/100))

geK`j�c�]�_	]�aEN�bVK`W�n^gs]
` → ∞ n�aEUEYML¶csN�j¤K`W�L csN

k ∈ [1, 2`(1/6−ε)]
n�Y�z~b�z`n

|W (2)(k, ξ(0, n)) − W (2)(k, ξ(1)(0, n))| = O(k1/2n1/4−ε/100)

geK`j�c�]�_y]�aEN�bVK`W�n�gs]
n → ∞ nXaEUEYML¶csN�j¤K`W�L¶csN

k ∈ [1, n1/6−ε]
z6t�Y`j¤Y`KqgeNvbR]�_�Y`jkge_�YmcsU^]yi^csKmQ�L csN6_�i^b�cs_�i^bVN´_�bVN�j�]

ceL
G(2) n�i^bVU^lRb�¢´b#i�gR��b �  �z}�*v¢�Y`_�i δ = ε/100

z
2t�Y`U^lRb�_�i^b�g��5c���b#bR]�_�Y`jkge_�YmcsU^]2geKm]�c-Y`j¤wEK`W

ξ(0, n) − ξ(1)(0, n) = O(n1/2−δ)

geK`j�c�]�_']�aEN�bVK`W�n5¢�i^bVU
n → ∞ n�¢�Y`_�i

δ = ε/48
n®csU?l�i^c�c�]�Y`UEp

ξ̃(0, ·) = ξ(1)(0, ·) n G(·, ·) = G(2)(·, ·) n _�i^bwEN�cZceL*ceL"Àyi^bRcsN�bVj ��z �-Ym]�lRcsj¤wEKmbV_�bRQ�gs]�¢´bVK`K�z
2

��� � 	 � � ��� � ��� 	 
� ��
�� � ���
��Y`N�]�_Cn�¢vb�p�Y`��b	g#lRcsaEwEK`Y`UEp�Y`U^b���a�geK`Y`_IW-L csN¦_�i^b�Y`U��sgeN�YqgeU^lRb2wEN�Y`U^lVY`wEKmb � bV_I¢vbRbVUkN�geU^QEcsj ¢vgeK`��geU^QkuvN�c�¢�UEYqgeU
KmcZlCgeK®_�Y`j�bR]	ge_�Kmc�lCge_�YmcsUdÃCbVN�cEz*¾«b�a^]�b#t���csN�cs��i^cZQÓbVj��5bRQEQ�Y`UEp1gs]�Y`U��`�V���In�Y�z~b�z`nEp�Y`��bVU g�]�_�geU^Q^geN�Q¥¾rYmbVU^bVN
wEN�cZlRbR]�]

W (·) ¢�Y`_�idY`_�]�Kmc�lCgeK:_�Y`j�b
η(·, ·) n�QEb
	^U^bAg-]�b���a^bVU^lRb#ceL"]�_�cswEwEY`UEp�_�Y`j�bR] {τi}∞i=0

��W
τ0 = 0

n

τn := inf{t : t > τn−1, |W (t) − W (τn−1)| = 1}, n = 1, 2, . . .

Àyi^bVU
Sn = W (τn), n = 0, 1, 2, . . .

Ym]�g ]�Y`j¤wEKmbk]�WZj¤j�bV_�N�Yml¤N�geU^QEcsj ¢vgeK`� zk¡'bVU^cs_�b���W
ξ(·, ·) Y`_�]�KmcZlCgeK_�Y`j�bAgeU^Q ��W

ρi
_�i^b#N�bV_�aEN�UÓ_�Y`j�bR]�_�c-ÃCbVN�cEz¦f�csN�bRcC��bVNCn�QEb
	^U^b

ηi := η(0, τρi+1) − η(0, τρi),

���



Y�z~b�z`ny_�i^b�u´N�c�¢�UEYqgeU�KmcZlCgeK	_�Y`j�b � bV_I¢´bRbVUµ_�i^b
i
��_�i�N�bV_�aEN�Ur_�c«ÃCbVN�c geU^QTU^b7��_1]�_�cswEwEY`UEp _�Y`j�b

τ
z Àyi^bVU

�XW £'UEY`p�iX_�� �����y_�i^b N�geU^QEcsj �sgeN�Yqg��EKmbR]
ηi, i = 1, 2,

geN�b�Y�z Y�z~Q®z i�gR�ZY`UEp«b7�Zw csU^bVUX_�YqgeK2Q�Ym]�_�N�Y��EaE_�YmcsUT¢�Y`_�i
w�geN�gej�bV_�bVN

1
z2Àyi^bVN�b#Ym]2U^c1cs_�i^bVN�lRcsUX_�N�Y��EaE_�YmcsU?_�i�geU

ηi
_�c�_�i^b�uvN�cC¢�UEYqgeU�Kmc�lCgeK�_�Y`j�b

η(0, ·) z�f�csN�bRcC��bVNCn
¢´b#i�gR��b

∣∣∣∣∣∣
η(0, τn) −

ξ(0,n)∑

i=1

ηi

∣∣∣∣∣∣
≤ ηξ(0,n),

_�i^b'bVN�N�csN�_�bVN�j �5bVY`UEp¤ÃCbVN�c-YML
Sn = W (τn) 6= 0

z6[�L
Sn = 0

n�_�i^bVU¥_�i^b�Kqgs]�_�_�bVN�j
ηξ(0,n)

Ym]yU^cs_�lRcsaEU�_�bRQ Y`U
η(0, τn)

z¦¯�cC¢.¢vb�i�gR��b

|ξ(0, n) − η(0, n)| ≤ |η(0, τn) − η(0, n)| + max
1≤j≤ξ(0,n)

∣∣∣∣∣∣

j∑

i=1

(ηi − 1)

∣∣∣∣∣∣
+ ηξ(0,n).

Àyi^bVN�b·L csN�b�n�L¶csN
δ > 0

P (|ξ(0, n) − η(0, n)| ≥ 2n1/4+δ + C log n)

≤ P (ξ(0, n) ≥ n1/2+δ) + P


 max

1≤j≤n1/2+δ

∣∣∣∣∣∣

j∑

i=1

(ηi − 1)

∣∣∣∣∣∣
≥ n1/4+δ




+P

(
max

1≤i≤n1/2+δ
ηi ≥ C log n

)
+ P (|τn − n| ≥ n1/2+δ)

+P

(
sup

|u−n|≤n1/2+δ

|η(0, u) − η(0, n)| ≥ n1/4+δ

)
.

�¦]�_�Y`jkge_�Y`UEp1_�i^b#g��5c���b�wEN�c���g��EY`K`Y`_�YmbR]2_�bVN�j �XW _�bVN�jÓn ��W � bVj¤jkgs]'��z ��n^��z`���AgeU^Qd��z`�C��n

P (ξ(0, n) ≥ n1/2+δ) ≤ C1e
−C2n2δ

,

P


 max

1≤j≤n1/2+δ

∣∣∣∣∣∣

j∑

i=1

(ηi − 1)

∣∣∣∣∣∣
≥ n1/4+δ


 ≤ 2e−nδ/8,

P

(
max

1≤i≤n1/2+δ
ηi ≥ C log n

)
≤ n1/2+δ−C ,

P (|τn − n| ≥ n1/2+δ) ≤ 2e−3n2δ/8,

P

(
sup

|u−n|≤n1/2+δ

|η(0, u) − η(0, n)| ≥ n1/4+δ

)
≤ C1n

1/4−δ/2e−C2nδ
.

o�bVU^lRb�n:¢vb1geN�N�Y`��bkge_�_�i^b�lRcsaEwEK`Y`UEpdY`U^b���a�geK`Y`_IWhL csN#_�i^b¤Y`U��sgeN�YqgeU^lRb1wEN�Y`U^lVY`wEKmb�� bV_I¢vbRbVU N�geU^QEcsj ¢vgeK`�
geU^QÓuvN�cC¢�UEYqgeU Kmc�lCgeK®_�Y`j�bR]

P (|ξ(0, n) − η(0, n)| ≥ 2n1/4+δ + C log n)

≤ C1n
1/4−δ/2e−C2nδ

+ n1/2+δ−C . �  �z ±�

�e�



uvW l�i^cZc�]�Y`UEp
0 < δ < 1/2

geU^Q
C > 2

n�_�iEYm]�geKm]�c-Y`j¤wEK`YmbR]

ξ(0, n) − η(0, n) = O(n1/4+δ) a.s. �  �z ��
gs]

n → ∞ z
�^csN�_�i^b�wEN�cZceL�ceL�Àyi^bRcsN�bVj ��z �¥¢vb1gewEwEK`W?_�i^b�g��5c���b�wEN�cZlRbRQ�aEN�b�L csN

ξ(1)(0, ·) n�Y�z~b�z`n�¢´b1lRcsU^]�_�N�a^lV_-g]�_�geU^Q^geN�Q¤uvN�cC¢�UEYqgeUkKmc�lCgeK�_�Y`j�b
η(0, ·) ]Ðge_�Ym]/LOWZY`UEp'_�i^b�g��5c���byY`U^b��Xa�geK`Y`_\W�¢�Y`_�i ξ

N�bVwEKqgslRbRQ �XW
ξ(1) z{¾«byjkgRW

gs]�]�aEj�b#_�i�ge_
η(0, ·) Ym]�geKm]�c-Y`U^QEbVw5bVU^QEbVU�_�ceL G(·, ·) ceL"Àyi^bRcsN�bVj ��z ��z¦¾«bA]�i^cC¢._�i�ge_2Y`U � Y`� �ceL*Àyi^bRcsN�bVj��z ��n

ξ̃ = ξ(1) lCgeU�� b'N�bVwEKqgslRbRQ��XW η
¢�Y`_�iÓ_�i^b�]�gej�b

O
_�bVN�jÓz

�¦<#" "¿© � ��� 	2�
n → ∞ ���´Å#ÌZÉ*,eÅ6ÑVËsÎAÉ*'^Ï

δ > 0
∣∣∣W (2)(k, ξ(1)(0, n)) − W (2)(k, η(0, n))

∣∣∣ = O(k1/2n1/8+δ) a.s.,

�*Ì�Å·Î�Å
O

Ç � �('�Ç ÑRËsÎ·Í Ç '
k ∈ [1, n1/6]

�

¸#;� � � � � bV_
Kn = [n1/6]

z

P

(
Kn⋃

k=1

∣∣∣W (2)(k, ξ(1)(0, n)) − W (2)(k, η(0, n)))
∣∣∣ ≥ k1/2n1/8+δ

)

≤ KnP ( sup
(u,v)∈D

|W̃ (u) − W̃ (v)| ≥ n1/8+δ) + KnP (ξ(1)(0, n) ≥ n1/2+δ)

+KnP (η(0, n) ≥ n1/2+δ)

+KnP (|ξ(1)(0, n) − η(0, n)| ≥ 2n1/4+δ + C log n),

¢�i^bVN�b
D = {(u, v) : u ≤ n1/2+δ, v ≤ n1/2+δ , |u − v| ≤ 2n1/4+δ + C log n}.

¯�cC¢.a^]�Y`UEp � bVj¤jkgk��z ��nE¢vb�p�bV_�_�i^b�Y`U^b���a�geK`Y`_�YmbR]

KnP

(
sup

(u,v)∈D
|W̃ (u) − W̃ (v)| ≥ n1/8+δ

)
≤ C1n

1/2e−C2nδ
,

KnP (ξ(1)(0, n) ≥ n1/2+δ) ≤ C1n
1/6e−C2n2δ

,

KnP (η(0, n) ≥ n1/2+δ) ≤ C1n
1/6e−C2n2δ

.
uvW'l�i^cZc�]�Y`UEp

C
KqgeN�p�b´bVU^csaEp�i#Y`U �  �z ±�·n=_�i^b"N�Y`p�iX_/��i�geU^Q�]�YmQEbR]GceL�_�i�ge_�geU^QAgeKm]�c�ceLZ_�i^b6g�� cC��b6Y`U^b��Xa�geK`Y`_�YmbR]geN�b�]�aEj¤jkg��EKmbAY`U

n
n � bVj¤jkgk �z ��L csK`KmcC¢�] ��W¥uvcsN�bVKM��ygeU�_�bVK`K`Y{KmbVj¤jkg�z

2Àyi^b�]�gej�b�i^csKmQE]´L csN´cs_�i^bVNy_�bVN�j�]vceL
G(2) z6�´i^c�c�]�Y`UEp δ < ε

n�_�i^b2bVN�N�csNv_�bVN�j Y`U � bVj¤jkg- �z �AYm]´]�jkgeK`KmbVN
_�i�geU

kn1/6+ε Y`U � Y`� {ceL Àyi^bRcsN�bVj ��z ��n�i^bVU^lRby¢´bvi�gR��b�geKm]�c � Y`Y`Y �ceL5Àyi^bRcsN�bVj ��z �2¢�Y`_�i
G = G(2) n ξ̃ = ξ(1) z

� Y`Y �ceL�Àyi^bRcsN�bVj ��z �1L¶csK`Kmc�¢�]�L¶N�csj �  �z ���¢�Y`_�i ξ
N�bVwEKqgslRbRQ �XW

ξ(1) = ξ̃
geU^Q � Y`Y`Y 'ceLyÀyi^bRcsN�bVj ��z ��z¤ÀyiEYm]

lRcsj¤wEKmbV_�bR]�_�i^b#wEN�c�ceL"ceL*Àyi^bRcsN�bVj ��z ��z
2

�� 
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