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d?[`T9onQUP°QUBE[XPEPRV � { w}�J¸Lwh�Jy =�{ w}�X�J�i� KbV�H9H�[nc�=vT9PRQEBEKf[Lr±�({<_�[`Kb>�[XF9F9BRV�PEP��ZBRV� XV�PE¹�o¥�§BEV�H�I�K¨r©^�T

º.» ¼ ½�¾E¿�À ½Á�±Â�WzBg[6PRKb_�o9>bV�PRI�_�_�V QUBRKba§BE[XH9F9Wz_Ã£m[X>b��KbH�F9KS_�V�H9PEKSWzH
d ≥ 3

c�[6TnH9KS@CWzBR_ÃPRQUBRWzH9e�>b[}£ÄWX@
>f[`BEezV§H�T9_iÅ�V�BEP�KbPgo9BRW2 XV�F"@CWzB�QU^9V$H�T9_6ÅpV�BgW`@(PEKAQUV�P�£�KSQU^�ezKA zV�HÆ>SWLa�[X>�QEKb_�V.T9o�QUWÇQUKb_�V

n
r

=.Y\k xX�X�z� kLT9Å�ÈRV�a�Q?�m>f[XPRPEKAÉ�ah[`QEKbWzH��¦q¦BEKb_�[XB°I ~z�JÊËX�nÌ kLV�a�WzH9F�[`BRI ~z� Â w2Ë c ~X�JÍJËzË r

Î V�I�£ZWzBEF9P��Z>SWLa�[X>�QEKb_�VXcLPEKb_�o9>SV§BU[XHnF9Wz_Ï£m[X>b��KbH
d
{OFnKb_�V�H9PRKbWzH¡cLPRQEBEWzH9e�QE^9V�WzBRV�_�P�r
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�mWzH9PRKbF9V�B4[ PEKS_�o9>SV´P°IL_�_�V�QUBRKba BE[XH9F9WX_ £m[X>b�
{Sn}

∞
n=1

P°Q¢[XB°QUKbHne·[`QjQU^nV WzBEKSezKbH
0

WzH QU^nV
d
{

F9KS_�V�H9PEKSWzH�[X>�KbHJQUV�ezV�Bi>f[`QRQUKba�V
Zd

c¦K�r�VXr
S0 = 0

c
Sn =

∑n
k=1 Xk

c
n = 1, 2, . . .

c¦£�^9V�BRV
Xk, k =

1, 2, . . .
[XBEV.K¨r©K¨r©F�r(BU[XHnF9Wz_Ï `[XBRKf[XÅ9>SV�Pm£�KAQU^�F9KSPRQUBRKbÅ9TLQUKbWXH

P(X1 = ei) = P(X1 = −ei) =
1

2d
, i = 1, 2, ..., d

[XH9F
{e1, e2, ...ed}

KbP§[�PRI�PRQEV�_ W`@±WzBRQE^9WzezWzH9[X>�T9H9KSQv zV�a�QUWXBEP.KbH
Zd.

� V�É�HnV6QU^9V6>SWLa�[X>%QUKS_�VWX@(QE^9V
£m[X>b��Å�I

ξ(x, n) := #{k : 0 < k ≤ n, Sk = x}, n = 1, 2, . . . , 	 w r w�

£�^9V�BEV

x
KSP�[XHJI�>f[`QRQUKSa�V§opWzKbHJQgW`@

Zd.
µg^9V$_�[�LKS_�[X>p>bW�ah[`>�QUKS_�V.W`@sQE^9V.£�[X>S��KSPgF9V�É�HnV�Fj[`P

ξ(n) := max
x∈Zd

ξ(x, n). 	 w r x�

� V�É9H9Vi[`>bPEW

η(n) := max
0≤k≤n

ξ(Sk,∞). 	 w r |�

� V�HnWXQUV!Å�I

γ(n) = γ(n; d)
QU^nVio9BRWzÅ�[XÅ9KS>bKAQOI�QE^�[`QvKbH�QU^9VÉ�BEP°Q

n− 1
PRQUV�o9PvQE^9V

d
{<F9Kb_�V�HnPEKbWXH�[X>

o�[`QE^�F9WLV�P�H9WXQ�BEV QUT9BRH"QEWÇQE^9V$WzBEKSezKbH�rNµg^9V�H

1 = γ(1) ≥ γ(2) ≥ ... ≥ γ(n) ≥ ... > 0. 	 w r ��

M<Qg£m[XPvonBEW} zV�F\KbH�� x�� QE^�[`Q��� 1��¥0]1�� � 	 �  XWzBEV QU¹��JIÆ[XH9F"�¦BEF��zP�� x��
�� � ¾

d ≥ 3

lim
n→∞

γ(n) = γ = γ(∞; d) > 0, 	 w r Ë�

¿"!$#

γ < γ(n) < γ +O(n1−d/2), 	 w r ~�
� ¾&%('*),+.-]¿"/0%1!�½2/43
P(ξ(0, n) = 0, ξ(0,∞) > 0) = O

(

n1−d/2
) 	 w r y"


¿]¼
n→ ∞

r
kLW

γ
KSP�QU^9V�onBEWzÅ�[`Å9Kb>SKSQOI QU^�[]Q�QU^9V

d
{OF9KS_�V�H9PEKSWzH�[X>�PRKb_�o9>bVjP°I�_�_�V�QEBEKba\BU[XH9FnWz_ £m[X>b� H9V� XV�B

BEV QUT9BRH9PgQUWÇKSQEPgPRQU[XBRQEKbH9eÇopWzKbHJQhr5 V�Q
ξ(x,∞)

ÅpV.QU^9V.QUW`Q¢[X>¡>SWLa�[X>�QEKb_�V$[`Q
x

WX@�QU^9V$KbHLÉ�H9KSQEV.o�[`QE^ÆKSH
Zd

r±µg^9V�H 	 PEV�Vi�¦BEF��zP?[`H9F
µs[}I�>SWzB6� |�.


ξ(0,∞)
^�[XP�ezV�Wz_�V�QUBRKba§FnKbPRQEBEKSÅ9TnQUKSWzH¡�

x



P(ξ(0,∞) = k) = γ(1 − γ)k, k = 0, 1, 2, ... 	 w r ��

�¦BEF �XPv[`H9FÆµs[hI�>bWzB6� | � o9BRW} zV�F"QU^9V.@CWz>S>bW}£�KbHne6PRQEBEWzH9eÇ>b[}£¤@CWzB�QU^nV_�[�LKb_�[X>p>bW�ah[X>pQUKS_�V`�

��� 1��¥0]1�� � 	 �¦BEF �XPv[`H9FÆµs[hI�>bWzB6� | ��
�� � ¾
d ≥ 3

lim
n→∞

ξ(n)

log n
= λ a.s., 	 w r�� 


��� % ¾ %
λ = λd = −

1

log(1 − γ)
. 	 w r w}��


Â�Wz>b>SW2£�KSH9eiQE^9V$o9BEW�WX@�WX@N�±BRF �zPv[XH9F�µs[}I�>SWzB�cn£�KAQU^9WXTnQ�[XHJI�H9V�£ KbF9V�[nc9WzHnVa�[XH"o9BEW} zV.QE^�[`Q

lim
n→∞

η(n)

logn
= λ a.s. 	 w r wzw 


³´V$a�[XHÆonBEV�PRV�HJQ?[ÇP°QUBRWzH9ezV�B�>SW}£mV�B�V�PRQEKb_�[`QUV§W`@
ξ(n)

r

��� 1��¥0]1�� 3 	 G�D  zD�PE¹ � w}���.
�� % ½
d ≥ 4

¿"!$#
ψ(n) = ψ(n,B) = λ logn− λB log log n. 	 w r w2x�


	 � %1! � + ½ ��
 ¾ � »¢¿J»*+./4+ ½ 3��� � ¾!¿"! 3
ε > 0

½ � % ¾ %�+b¼i¿�¾R¿"!$# ��� -]¿X¾ +�¿J»*/0%
n0

¼1)¥À � ½ � ¿X½

ξ(n) ≥ ψ(n, 3 + ε)

+ �
n ≥ n0 �
�¦BEF �zP�[XHnFÆµs[hIL>SWzB6� | � [X>bPRW�KbHJ zV�PRQEKbeJ[`QEV�F�QU^9V$o9BRWzopV�BRQEKbV�PgWX@

Q(k, n) := #{x : x ∈ Zd, ξ(x, n) = k},

K�r�VXr�QE^9V�ah[XBRF9KbH9[X>bKAQOI4WX@�QU^9V�PRV�QÇWX@�opWzKbHJQUP �KbPEKAQUV�F V1�n[Xa�QE>SI
k

QUKS_�V�P6KbH´QE^9V�QUKS_�V�KbHJQUV�BR `[X>
[1, n]

r
µg^9V I�o9BEW} zV�F

��� 1��¥0]1�� � 	 �¦BEF �zP�[XHnFÆµs[hIL>SWzB6� | �.
 ��� ¾
d ≥ 3

¿"!$#�� � ¾¿"! 3
k = 1, 2, . . .

lim
n→∞

Q(k, n)

n
= γ2(1 − γ)k−1 a.s. 	 w r w}|�


|



5 V�Q
U(k, n) := #{j : 0 < j ≤ n, ξ(Sj,∞) = k, Sj 6= S` (` = 1, 2, . . . , j − 1)}

= #{x ∈ Zd : 0 < ξ(x, n) ≤ ξ(x,∞) = k}. 	 w r wh��

G�V�o�V�[`QUKSH9e�QU^9V$o9BRWLW`@sW`@Nµg^9V�WzBEV�_ � WXH9V$ah[XH"ezV�Q

lim
n→∞

U(k, n)

n
= γ2(1 − γ)k−1 a.s. 	 w r w2Ë"


@CWzB�[XHJI
k = 1, 2, . . .

r
� V�É9H9V@CTnBRQU^nV�BE_�WzBRV

R(k, n) :=
∞
∑

j=k

Q(j, n), 	 w r w}~�


V (k, n) :=
∞
∑

j=k

U(j, n). 	 w r w2y"

M<Q�@CWz>b>SW2£�PZQU^�[`Qg@CWXB�É��LV�F

k ≥ 1

lim
n→∞

R(k, n)

n
= γ(1 − γ)k−1 a.s. 	 w r w}��


lim
n→∞

V (k, n)

n
= γ(1 − γ)k−1 a.s. 	 w r w � 


µg^9V$o9BEWXo�V�BRQUKSV�P�WX@�QU^9V�PEV���T�[XHJQUKAQUKSV�P�£ZV�BEV$@CT9B°QU^9V�B�KSHJ zV�P°QUKSeJ[`QUV�F 	 @CWzB�É��LV�F
k

 ÅJI�q¦KAQEQ�� � � £�^9W

o9BRW2 XV�F 	 w r wh|�
 c 	 w r w2Ë"
 [XHnF 	 w r w}��
 c 	 w r w � 
 @CWzB�ezV�H9V�BU[X>pBU[`H9F9Wz_*£m[X>b��[XH9F�Å�I�dv[X_�[`H�[ � Ë�� c � ~ � £�^9W
o9BRW2 XV�FÆa�V�HJQEBU[X>%>SKb_�KSQ�QU^9V�WzBEV�_�P 	 KSH�ezV�H9V�BU[X>%a�[XPEV.@CWzB

d ≥ 3

 r

MOH�QU^9KSP(o�[XopV�B(£ZV�PRQUTnFnI6QU^nV���TnV�PRQEKbWzH�£�^9V QU^9V�B
k
ah[XHÇÅpVgBEV�on>f[Xa�V�F�ÅJIÇ[§PEV���T9V�H9a�V

t(n) = tn ↗
∞

WX@NopWzPRKSQUKA zV.KSH�QEV�ezV�BEP�KbH 	 w r wh|�
 c 	 w r w2Ë�
 c 	 w r w}��
 [`H9F 	 w r w � 
 r
��� 1��¥0]1�� � % ½

d ≥ 3 �
¿"!$# #�%�� ! %

µ = µ(t) := γ(1 − γ)t−1, 	 w r xX��

tn := [ψ(n,B)], B > 2, 	 w r xLw�


��� % ¾ % ψ(n,B)
+b¼�#�%�� ! %(#�»*3 	 w r w2x�
 � 	 � %1! � % � ¿"-"%

lim
n→∞

sup
t≤tn

∣

∣

∣

∣

∣

U(t, n)

nγµ(t)
− 1

∣

∣

∣

∣

∣

= 0 a.s. 	 w r xXx�

�



lim
n→∞

sup
t≤tn

∣

∣

∣

∣

∣

Q(t, n)

nγµ(t)
− 1

∣

∣

∣

∣

∣

= 0 a.s. 	 w r x`|�


lim
n→∞

sup
t≤tn

∣

∣

∣

∣

∣

V (t, n)

nµ(t)
− 1

∣

∣

∣

∣

∣

= 0 a.s. 	 w r x]��


lim
n→∞

sup
t≤tn

∣

∣

∣

∣

∣

R(t, n)

nµ(t)
− 1

∣

∣

∣

∣

∣

= 0 a.s. 	 w r xXË�

dvV�BEV$KbH

supt≤tn

c
t
BET9HnP�QE^9BEWXT9ez^�o�WXPEKSQEKS XV.KbHJQUV�ezV�BRP�r

	 w r xzË�
 W`@Nµg^9V�WzBEV�_ a�>SVh[XBR>SI�Kb_�o9>bKSV�P 	 a�Wz_�o�[XBRV§QUW�µg^9V�WXBEV�_ � 

3 �¥0�p�����n0�� � % ½

d ≥ 3 �
	 � %1! � + ½ ��
 ¾ � »¢¿J»*+./4+ ½23 ��� � ¾¿"! 3

ε > 0
½ � % ¾ %6+b¼¿�¾R¿"!$# ��� -]¿X¾ +�¿J»*/0%

n0¼1)�À � ½ � ¿X½
ξ(n) ≥ λ logn− (2 + ε) log log n+ �

n ≥ n0 �
ÂNKbBRPRQ�£mV�onBEV�PRV�HJQ$PEWX_�V!_�WzBRViH9W`Q¢[`QEKbWzH9P�r?Â�WzB

x ∈ Zd

>SV�Q
Tx

Å�ViQE^9ViÉ�BRPRQ?^9KSQRQUKbHne�QUKS_�VWX@
x
c

K�r�VXr
Tx = min{i ≥ 1 : Si = x}

£�KSQE^�QU^9V$a�WXH� XV�HJQUKSWzHÆQE^�[`Q
Tx = ∞

KS@�QU^9V�BEV$KbPgHnW
i
£�KAQU^

Si = x
r5 V�Q

T = T0

r�MOHjeXV�H9V�BU[X>¨c¥@CWXBv[�PET9ÅnPEV�Q
A

W`@
Zd

cp>bV Q
TA

F9V�H9WXQUVQU^9V$É�BRPRQ?QEKb_�V§QU^9V!BU[XHnF9Wz_�£m[X>b�
 �KbPRKSQUP

A
c¡K¨r©V`r

TA = min{i ≥ 1 : Si ∈ A} = minx∈A Tx

r 5 V Q
Px(·)

FnV�H9WXQEV6QU^9V�onBEWzÅ�[`Å9Kb>SKSQOI�WX@
QU^nVV  zV�H�Q?KbH�QU^nV!Å9BE[Xa¢�XV Q?TnH9F9V�B�QU^nV!a�WzH9F9KAQUKbWXH�QU^�[`Q�QE^9V!BE[XH9F9WX_Ï£�[`>b��P°Q¢[XB°QUPg@CBEWz_

x ∈ Zd

r�³�V
F9V�H9WXQUV

P(·) = P0(·)
r

MOHJQUBEW�F9T9a�V@CTnBRQU^nV�B

qx := P(T < Tx), 	 w r xX~�

sx := P(Tx < T ). 	 w r xzy"


MOH�£mWzBRF9P�c
qx

KbPsQU^9Vgo9BRWzÅ�[XÅnKb>bKAQOI.QU^�[]Q(QU^9VgBE[XH9F9WX_ £m[X>b�¥cJP°Q¢[XB°QUKbHne?@CBEWz_
0
cJBEV QUT9BRH9P(QUW

0
cJÅpV�@CWzBRV

BEV�[Xa¢^9KSH9e
x 	 KbHna�>bTnF9KbH9e T < Tx = ∞


 cJ[XH9F
sx

KSPNQU^9VgonBEWzÅ�[`Å9Kb>SKSQOI.QU^9[`Q¦QU^9VmBU[XH9FnWz_ £m[X>b�¥cJP°Q¢[XB°QUKbHne
@CBEWX_

0
c�^9KSQEP

x
c�ÅpV�@CWzBRV.BEV�QET9BEHnKbH9e�QUW

0 	 KbH9a�>bT9FnKbH9e Tx < T = ∞

 r

� � � &N�g# ��� �����.&s� �`� �Z���Ï�!��� &s��� ��# ���

ÂNKSBEPRQm£mVo9BEV�PEV�H�QvPEWX_�V$>bV�_�_�[XPZH9V�V�F9V�F"QUW�o9BEW} zV$µg^9V�WzBEV�_Ær
MOHJQUBEW�F9T9a�VQE^9V.@CWz>b>SW}£�KbH9e!H9WXQ¢[]QUKbWXH9P��

Ë



Xi(t) = Xi =

=

{

1 if Sj 6= Si (j = 1, 2, . . . , i− 1), ξ(Si,∞) ≥ t,
0 otherwise,

Yi(t, n) = Yi =

=

{

1 if Sj 6= Si (j = 1, 2, . . . , i− 1), ξ(Si, n) ≥ t,
0 otherwise,

ρi = ρi(t) = I{Xi = 1}(min{j : ξ(Si, j) ≥ t} − i),

µi = µi(t) = γ(i)(1 − γ)t−1,

t = 1, 2, . . .
c
i = 1, 2, . . .

c9£�^9V�BRV
I{·}

F9V�HnWXQUV�P�QE^9V$T9PET�[`>%KbH9F9KSah[`QEWzBm@CT9Hna�QUKSWzH¡r
G�V�ah[X>S>�QU^nVFnV�É�H9KAQUKSWzH9PgWX@

γ(i), γ
[XH9F

µ = µ(t)
KSH 	 w r ��
 	 w r Ë�
 [`H9F 	 w r xX��
 r(Â¥TnBRQU^nV�BE_�WzBRV.>bV�Q

σ2
n = σ2

n(t) := E

(

n
∑

i=1

Xi − nµ

)2

. 	 x r w 

�m>bV�[XBE>AI�£ZV^�[h zV

R(t, n) =
n
∑

i=1

Yi,

V (t, n) =
n
∑

i=1

Xi.

�±1,� �´��������� 	 �  zWzBRV�QU¹��JI\[`H9F"�±BRF �zP � x��.

P(Si 6= Sj, j = 1, 2, . . . , i− 1) = P(ξ(0, i− 1) = 0) = γ(i).

µg^9V$@CWz>b>SW2£�KSH9ei>SV�_�_�[6KSP�[6QUBEKA �Kf[X>�a�WzH9PRV ��T9V�H9a�V!WX@Nµg^nV�WzBRV�_ =ir
�±1,� �´�������	�

P(n < ρi(t) <∞) ≤
O(1)td/2

nd/2−1
,

µ ≤ µi ≤

(

1 +
O(1)

id/2−1

)

µ,

EXi = µi.

~



µg^9VH9V1��Q�>bV�_�_�[iah[`HÆÅpV$WzÅnQ¢[`KbH9V�F"ÅJI�V�>bV�_�V�H�QU[XBRI�ah[X>Sa�T9>b[`QUKSWzH9P�r
�±1,� �´�������	�

nµ ≤ E
n
∑

i=1

Xi =
n
∑

i=1

µi ≤ nµ+ µanO(1),

��� % ¾ %
an =

n
∑

i=1

1

id/2−1
=











O(1) if d > 4,
O(1) logn if d = 4,
O(1)n1/2 if d = 3.

�±1,� �´������� � � % ½
n > 33 �

	 � %1!
σ2

n ≤ nµ+ µanO(1) − n2µ2 + 2(I + II + III), 	 x r x"

��� % ¾ %

I =
∑

1≤i<j≤n

P(Xi = 1, Xj = 1, ρi ≥ nα),

II =
∑

1≤i<j≤min(i+3nα,n)

P(Xi = 1, Xj = 1, ρi < nα),

III =
∑

1≤i<i+3nα<j≤n

P(Xi = 1, Xj = 1, ρi < nα),

α = 2/d.

ª0� ��� � �m>bV�[XBE>AI�£ZV^9[} XV

σ2
n = E

(

n
∑

i=1

Xi

)2

+ n2µ2 − 2nµE
n
∑

i=1

Xi =

= E
n
∑

i=1

Xi + 2
∑

1≤i<j≤n

EXiXj + n2µ2 − 2nµ
n
∑

i=1

µi ≤

≤ nµ+ µanO(1) + 2
∑

1≤i<j≤n

EXiXj − n2µ2.

Â�T9BRQE^9V�B
∑

1≤i<j≤n

EXiXj =
∑

1≤i<j≤n

P{Xi = 1, Xj = 1} = I + II + III.

dvV�H9a�V 5 V�_�_�[ x r � KbPgo9BRW} zV�F�r
�vW}£ >bV�Q

A(x)
FnV�H9WXQEV�QU^9V�QO£ZW`{<o�WzKSHJQ6PEV Q

{0,x}
[XH9F >SV�Q

Ξ(A(x),∞) = ξ(0,∞) + ξ(x,∞)F9V�H9WXQUV$KAQUP�QUW`Q¢[X>¡W�a�a�T9o�[`QEKbWzH�QEKb_�VXr

y



�±1,� �´�������	� ��� ¾
x ∈ Zd, x 6= 0 �

#�%�� ! %
γx := P(Tx = ∞)

¿"!$#�¾ %¢ÀE¿"/./s½ � % #�%�� ! + ½ + � !n¼ � � qx¿"!$#
sx

+.! 	 w r xX~�
 ¿"!$# 	 w r xzy"
 � 	 � %1!
γei

= γ−ei
= γ, i = 1, 2, . . . , d, 	 x r |�


γx ≥ γ, 	 x r ��

qx = 1 −

γ

1 − (1 − γx)2
, 	 x r Ë"


sx = (1 − γx)(1 − qx), 	 x r ~�

qx + sx = 1 −

γ

2 − γx

, 	 x r y"

P(Ξ(A(x),∞) = j) = (1 − qx − sx)(qx + sx)

j, j = 0, 1, . . . . 	 x r ��

ª0� ��� � ³´V$PR^9W}£ 	 x r |�
 É�BRPRQ�rZÂ�WzBmPRI�_�_�V�QEBEKSa.BEVh[`PEWzH¡c

γ±ei
= γ±ej

c
i, j = 1, . . . , d

r±dvV�Hna�V

1 − γ =
d
∑

i=1

P(S1 = ei)(1 − γei
) +

d
∑

i=1

P(S1 = −ei)(1 − γ−ei
) = 2

d
∑

i=1

1

2d
(1 − γe1

) = 1 − γe1
,

o9BRW2 �KSH9e 	 x r |�
 rµsW�PE^9W}£ 	 x r ��
 c¥WzÅ9PRV�BR XViQU^9[`Q�PRQ¢[`BRQUKSH9eÇ@CBEWz_�QE^9V!WXBEKbeXKbH¡c9ÅpV�@CWXBEV^9KSQRQUKbHne
x

£�KSQE^
‖x‖ > 1

c�QU^9V
BU[`H9F9Wz_ £�[X>S��PE^nWzT9>bF�^9KAQgÉ�BEP°Q�QU^9V$PEon^9V�BRV

S(x, 1) := {y : ‖y − x‖ = 1}
r±dvV�H9a�V

1 − γx = P(TS(x,1) <∞)(1 − γ) ≤ 1 − γ. 	 x r � 

�vW}£ >SV�Q

Z(A)
F9V�H9W`QUV.QU^9V.H�T9_iÅ�V�B�W`@� �KSPEKSQEPgKbH�QE^9V.PEV Q

A
T9o"QEW6QU^9V.É�BRPRQ�BRV�QUTnBEH�QUWÇ¹�V�BEW9c9K¨r©V`r

Z(A) =
T
∑

n=1

I{Sn ∈ A}. 	 x r w}��

t§Å9PEV�BR zVQU^�[]Q

P(Z(A(x)) = j + 1, T <∞) =

{

qx if j = 0,
s2
x
qj−1
x

if j = 1, 2, ...
	 x r wzw�


kLT9_�_�KbH9e6TnoÆKSH 	 x r wzw�
 £ZVeXV�Q

∞
∑

j=0

P(Z(A(x)) = j + 1, T <∞) = qx +
s2
x

1 − qx
= P(T <∞) = 1 − γ. 	 x r w2x�


�



t§H�QU^9V$WXQE^9V�B�^�[XHnF¡c�WzH9V$ah[`H"V�[XPEKS>SI�PEV�V$QU^9[`Q

1 − γ = P(T <∞) = P(T < Tx) + P(T > Tx, T <∞)

= P(T < Tx) + P(T > Tx)Px(T <∞)

= P(T < Tx) + P(T > Tx)P(Tx <∞) = qx + sx(1 − γx),

K�r�VXr
1 − γ = qx + sx(1 − γx) 	 x r w}|�


�vW}£ 	 x r w2x�
 [XHnF 	 x r w}|�
 Vh[`PEKb>AI�KS_�o9>AI 	 x r Ë�
 [XH9F 	 x r ~�
 c9^9V�H9a�V![X>bPRW 	 x r y�
 r� ��T9[`QUKSWzH 	 x r ��
 £m[XP�onBEW} zV�F�KbH � w*� @CWzB�ezV�HnV�BU[`>vBE[XH9F9Wz_ £m[X>b�¥rÄÂ�WzBÇa�Wz_�o9>SV�QUV�H9V�PRP�[´PR^9WzB°Q
o9BRWLWX@�KbP±o9BRV�PEV�HJQUV�F�^nV�BEV`r¦µg^9V?onBEWzÅ�[`Å9Kb>SKSQOIiQE^�[`Q�QU^9V�BU[`H9F9Wz_ £m[X>b�¥c�PRQU[XBRQEKbH9e$@CBEWz_

0
c�BEV QUT9BRH9PZQEW

0£�KSQE^9WzTnQ(^9KSQRQUKbHne
x
cJKbP

qx
cz£�^9Kb>SV

sx
KbPsQU^9Vgo9BRWzÅ�[XÅnKb>bKAQOI$QU^�[`QNQU^9VgBE[XH9F9Wz_ £�[`>b�iP°Q¢[XB°QUKSH9e?@CBEWX_

0
^9KSQEP

x
£�KSQE^9WzTnQ?BEV QUT9BRH9KbH9e�QUW

0
rkLKS_�KS>f[XBR>SIzcL@CWzB?P°IL_�_�V�QUBRKba!BEVh[`PEWzH¡c

qx
KSP§[X>SPEW�QE^9V6o9BRWzÅ�[XÅnKb>bKAQOI�WX@¦QE^9V

BU[`H9F9Wz_ £m[X>b��PRQU[XBRQEKbH9e�@CBEWz_
x

BRV�QET9BEH9PvQUW
x

£�KAQU^9WXTnQ?^nKSQEQEKbH9e
0
c�[XHnF

sx
KbPv[X>SPEW�QE^9V6o9BRWzÅ�[XÅnKb>bKAQOI

WX@%QE^9V§BU[`H9F9Wz_*£m[X>b��PRQU[XBRQEKbH9e@CBEWz_
x

^9KAQUP
0

KbH�É�H9KAQUV?QEKb_�VXcJ£�KSQE^9WzTnQmBEV�QET9BEHnKbH9eiQEW
x
r±d�V�H9a�VXcnQE^9V

o9BRWzÅ�[XÅ9KS>bKAQOI"QE^�[`Q§QE^9V�BU[`H9F9Wz_ £�[X>S�\P°Q¢[XB°QUKbHne�@CBEWz_ [XHJI�opWzKbHJQ.WX@
A(x)

c%BRV�QUTnBEH9P.QUW
A(x)

KbHjÉ9H9KSQEV
QUKS_�V`cnKSP

qx + sx
r¦µg^9KbP�ezKA zV�P 	 x r ��
 r

kLKb_�Kb>b[XBE>AI�QUWÇµg^9V�WzBEV�_ =icn£ZV!onBEW} zV

�±1,� �´�������	�

1 − γx(n) := P(Tx < n) = 1 − γx +
O(1)

nd/2−1
, 	 x r wh��


qx(n) := P(T < min(n, Tx)) = qx +
O(1)

nd/2−1
, 	 x r w2Ë�


sx(n) := P(Tx < min(n, T )) = sx +
O(1)

nd/2−1
, 	 x r w}~�


¿"!$#
O(1)

+b¼6)�! + � � ¾ � +.!
x �

ª0� ��� � Â�WzB�QU^9V$o9BRWLW`@sW`@ 	 x r w���
 PEV�V Í [XKSH�[XH9FÆq¦BET9KAQEQ�� y� r
µsW�o9BRW2 XV 	 x r w2Ë�
 [XHnF 	 x r wh~�
 c9WXÅ9PEV�BR zV$QU^9[`Q

qx − qx(n) = P(T < Tx, n ≤ T <∞) ≤ P(n ≤ T <∞) = γ(n) − γ,

sx − sx(n) = P(Tx < T, n ≤ Tx <∞) ≤ P(n ≤ Tx <∞) = γx(n) − γx.

�



�±1,� �´������� � � % ½
i < j �

	 � %1! � � ¾ t ≥ 1
+.!�½ %���% ¾ � % � ¿"-"%

P(Xi = 1, Xj = 1) ≤ Cµ2



1 +
td/(d−2)

(j − i)d/2

(

2

2 − γ

)2t


 , 	 x r w2y�


��� % ¾ % C +b¼!¿"À � !n¼ ½<¿"!�½
�
+.!$#�% 
 %1!$#�%1!�½ � � i, j, t ¿"!$#

µ = µ(t) = γ(1 − γ)t−1 �

ª0� ��� � �vPRKbH9e 	 x r ��
 W`@ 5 V�_�_�[ x r Ë cn£mVezV Q

P(Xi = 1, Xj = 1)

≤
∑

x∈Zd

P(Sj − Si = x, ξ(Si,∞) − ξ(Si, i) + ξ(Sj,∞) − ξ(Sj, i) ≥ 2t− 1)

=
∑

x∈Zd

P(Sj−i = x)P(Ξ(A(x),∞) ≥ 2t− 1)

=
∑

x∈Zd

P(Sj−i = x)(qx + sx)
2t−1 =

∑

x∈Zd,‖x‖≤R

+
∑

x∈Zd,‖x‖>R

,

£�^9V�BEV
R

£�KS>b>mÅpV�a¢^9WzPRV�H >b[`QUV�B�r Â�WzB�V�PRQUKS_�[]QUKbHne\QU^nV�É9BEPRQ�PRT9_Æc±£ZVÆT9PRV
γx ≥ γ 	 a @ìr 	 x r ��
 WX@5 V�_�_�[ x r Ë�
 c9^9V�H9a�VÅJI 	 x r y�


qx + sx = 1 −
γ

2 − γx

≤
2(1 − γ)

2 − γ
.

t§H�QU^9V$WXQE^9V�B�^�[XHnF

P(Sj−i = x) ≤
C1

(j − i)d/2
, x ∈ Zd

£�KSQE^�PEWz_�V.a�WzHnPRQ¢[`H�Q
C1

c�H9W`Q�F9V�opV�H9FnKbH9e�WzH
x 	 a�@ìr�kLonKSQU¹�V�B�� wzw � c�o�[XezV yzx"
 r

kLKbHna�V.QU^9V$a�[XBEF9KSH�[X>SKSQOI�WX@�QU^9V$PEV Q
{‖x‖ ≤ R}

KSP�[Ça�WzH9P°Q¢[XHJQ�_6T9>AQUKbon>bV?W`@
Rd

cL£mV^�[h zV

∑

x∈Zd,‖x‖≤R

≤
C2R

d

(j − i)d/2

(

2(1 − γ)

2 − γ

)2t 	 x r w}��

£�KSQE^�PEWz_�V.a�WzHnPRQ¢[`H�Q

C2

r
Â�WzB§V�P°QUKS_�[`QEKbH9e�QU^9V�PRV�a�WzH9F PET9_"c¡£mV�TnPEV

1 − γx ≤ C3R
−d+2

@CWzB
‖x‖ > R 	 a�@ìr!G�D  zD�PR¹ � � � c

o�[XeXV x`�9w�
 c9^9V�Hna�V

qx + sx ≤ 1 − γ + C4R
−d+2 = (1 − γ)

(

1 +
C4

(1 − γ)Rd−2

)

.

w}�



�vW}£ a¢^9WLWXPEV
R = t1/(d−2)

r¦µg^9V�H

(qx + sx)
2t−1 ≤ C5(1 − γ)2t.

dvV�BEV.QU^nVa�WzH9P°Q¢[XHJQ
C5

KSPgKbH9FnV�opV�H9F9V�HJQ?WX@sÅpWXQU^
x

[XH9F
t
rZkLKbH9a�V

∑

x∈Zd

P(Sj − Si = x) = 1,

£ZV^9[} XV
∑

x∈Zd, ‖x‖>R

≤ C5(1 − γ)2t = C6µ
2.

QU^nKbP�QUWXezV�QE^9V�Bg£�KSQE^ 	 x r w}��
 	 o9TnQEQEKbH9e R = t1/(d−2)
QE^9V�BRV 
 o9BEW} XV�P 5 V�_�_�[ x r y r

MOH"QE^9V$PET9ÅnPEV ��T9V�HJQ.>bV�_�_�[XP
tn

KSPgF9V�É9H9V�FÆÅ�I 	 w r xLw�
 r
�±1,� �´�������	� ��� ¾

t ≤ tn �
¿"! 3

ε > 0
¿"!$# /A¿X¾���% %1! � ) � � n � % � ¿"-"%

I ≤ O(1)n2/d+ε



n+

(

2

2 − γ

)2tn


µ2(t). 	 x r w � 


ª0� ��� � �vW}£ £ZVH9V�V�F"QEW�V�PRQEKb_�[`QUV§QE^9V$o9BEWzÅ9[XÅ9Kb>SKSQOI

P(Xi = 1, Xj = 1, ρi ≥ nα).

� V�É9H9VQE^9V$V� XV�HJQUP
Bk

ÅJI

Bk = {ξ(Si,∞) − ξ(Si, i) + ξ(Sj,∞) − ξ(Sj, i) = k}

[XH9F4a�WzH9PEKSF9V�B§QE^9V
k

QUKS_�V!KbHJQUV�BR `[X>SP§Å�V QO£mV�V�H4QU^9VÇa�WzH9PEV�a�TnQEKS XVÇ �KSPEKSQEP§WX@
{Si,Sj}

r!µg^9V�H�[`Q.>SVh[XP°Q
WzH9V$WX@�QU^nV�PEV$KSH�QEV�B° X[`>bPgKbPg>b[XBEeXV�B�QU^9[XH

ρi(t)

k
≥
nα

k
	 x r xX��


	 onBEW} �KbF9V�F�QE^�[`Q
{Xi = 1, Xj = 1, ρi ≥ nα}


 r � V�HnWXQUV�QU^9KSP±V� zV�HJQ�ÅJI
Dk

r±kLKS_�KS>f[XBR>SI.QEWQE^9VvonBEW�WX@
WX@ 5 V�_�_�[ x r y £mV^�[h zV

P(Xi = 1, Xj = 1, ρi ≥ nα) ≤
∑

x∈Zd

P(Sj − Si = x, ∪k≥2t−1BkDk)

≤
∑

x∈Zd

P(Sj−i = x)
∑

k≥2t−1

P(BkDk |Sj − Si = x).

wzw



µg^9VÇV� XV�HJQ
BkDk

c%T9H9F9V�B§QU^9V�a�WzH9F9KAQUKbWXH
Sj − Si = x

c%_�Vh[XH9PvQU^�[`Q§o9>f[Xa�KbH9e�[�H9V�£ WzBEKSezKbH\[`Q
QU^nV�opWzKbHJQ

Si

c([XH9F´PRQ¢[`BRQUKSH9eÆQE^9V�QEKb_�V�[`Q
i
cNQU^nV�BEV�[XBEV�V1�n[Xa QU>SI

k
 LKSPEKAQUPKbH�QE^9V�PRV�Q

A(x)
cN[XH9F []Q

>bV�[XPRQ�WXH9V.QUKb_�V§KSH�QEV�B° X[`>%Å�V QO£mV�V�H\a�WzH9PRV�a�TLQUKS XV! �KbPRKSQEPgKbPg>f[`BEezV�B�QU^�[XH
nα/k

r�dvV�H9a�V![Xo9on>SI�KbH9e 	 x r ��
WX@ 5 V�_�_�[ x r Ë [XH9F 	 x r w2Ë�
 c 	 x r w}~�
 WX@ 5 V�_�_�[ x r ~ cn£ZVeXV�Q

P(BkDk |Sj − Si = x) ≤ k(1 − qx − sx)(qx + sx)
k−1

(

qx + sx − qx

(

nα

k

)

− sx

(

nα

k

))

≤ O(1)k

(

k

nα

)d/2−1

(1 − qx − sx)(qx + sx)
k−1 ≤ O(1)kd/2n2/d−1(qx + sx)

k−1,

£�^9V�BEV
O(1)

KSPgT9H9KS@CWXBE_ÏKSH
k

[`H9F
x
c�^9V�H9a�V

∑

k≥2t−1

P(BkDk |Sj − Si = x) ≤ O(1)n2/d−1
∑

k≥2t−1

kd/2(qx + sx)
k−1

≤ O(1)n2/d−1td/2(qx + sx)
2t−2.

q¦BEW�a�V�V�F9KbHne�H9W}£ [XP�KbH�QU^nVonBEW�WX@NW`@ 5 V�_�_�[ x r y cn£mVah[`HÆV�PRQUKS_�[]QUV

P(Xi = 1, Xj = 1, ρi ≥ nα) ≤ O(1)td/2n2/d−1µ2(t)



1 +
td/(d−2)

(j − i)d/2

(

2

2 − γ

)2t




[XH9F�PRT9_�_�KbHne�T9o"@CWXB
1 ≤ i < j ≤ n

c9£mV$ezV Q

I ≤ O(1)n2/dtd/2
n



n+ td/(d−2)
n

(

2

2 − γ

)2tn


µ2(t),

PEKSH9a�V
t ≤ tn

r¦lZTnQ
tn < λ logn

c�QE^9V�BRV�@CWzBRV�[XHJI�o�W}£ZV�B±WX@
tn

a�[XHÇÅ�V�V�PRQUKS_�[]QUV�FÇÅJI
nε

c�^9V�H9a�V 	 x r w � 
@CWz>S>bW}£�P�r

�±1,� �´�������	� ��� ¾
t ≤ tn �

¿"! 3
ε > 0

¿"!$# /A¿X¾���% %1! � ) � � n � % � ¿"-"%

II ≤ O(1)n2/d+ε



n + n1−2/d

(

2

2 − γ

)2tn


µ2(t). 	 x r xLw 


ª0� ��� r �vPRKbH9e QE^9V�V�P°QUKS_�[`QEVjKbH 5 V�_�_�[ x r y [XH9F�PETn_�_�KbH9e´T9o�@CWzB
i, j

£�KSQE^
1 ≤ i < j ≤

min(i + 3nα, n)
c�T9PRKbH9e�[XeJ[`KbH�QU^9[`Q

tn < λ logn
c¥[ÇPRKb_�o9>bV?ah[X>Sa�T9>b[`QUKSWzH�PE^nW2£�P 	 x r xLw 
 r

w2x



�±1,� �´����������� � � ¾
t ≤ tn �

¿"! 3
ε > 0

¿"!$# /A¿X¾ ��% %1! � ) � � n � % � ¿"-"%
III ≤

µ2(t)n2

2
+O(1)n3/2µ2(t). 	 x r xzx"


ª0� ��� � 5 V�Q
A = {Si is a new point i.e. Si 6= Sj j = 1, 2, . . . , i− 1},

B = {ξ(Si, i+ nα) − ξ(Si, i) ≥ t− 1},

D = {Sj is a new point},

E = {ξ(Sj,∞) − ξ(Sj, j) ≥ t− 1},

D ⊂ G =

{

ξ(Sj, j) − ξ

(

Sj, i+
2(j − i)

3

)

= 0

}

,

B ⊂ H = {ξ(Si,∞) − ξ(Si, i) ≥ t− 1}.
G�V�ah[X>S>�QU^nVFnV�É�H9KAQUKSWzH�WX@

γ(n)
KSH\k�V�a�QEKbWzH w [XH9F�>bV Q

j > i + 3nα
r±µg^9V�H

P{Xi = 1, Xj = 1, ρi < nα} ≤ P{ABDE} ≤

≤ P(ABGE) = P(A)P(B)P(G)P(E) ≤

≤ P(A)P(H)P(G)P(E) =

= γ(i + 1)(1 − γ)t−1γ((j − i)/3)(1 − γ)t−1.
�m>bV�[XBE>AI�£ZV^9[} XV

III ≤
∑

γ(i+ 1)(1 − γ)t−1γ((j − i)/3)(1 − γ)t−1 ≤

≤ γ2(1 − γ)2t−2
∑

(

1 +
O(1)

(j − i)d/2−1

)(

1 +
O(1)

id/2−1

)

≤

≤ γ2(1 − γ)2t−2

[(

n

2

)

+O(1)(K + L +M)

]

£�^9V�BEV$QU^9V$PETn_�_�[`QUKSWzH9Pm[XÅ�W} XVi[XHnF"ÅpV�>SW}£ ezW�@CWzB
{i, j : 1 ≤ i < i+ 3nα < j ≤ n}

[XH9F

K =
∑ 1

id/2−1
≤ nan,

L =
∑ 1

(j − i)d/2−1
≤ nan,

M =
∑ 1

id/2−1

1

(j − i)d/2−1
≤ nan.

�vPRKbH9e
an = O(1)n1/2 	 PRV�V 5 V�_�_�[ x r |�
 £ZV^9[} XV 	 x r xzx�
 r

w}|



�±1,� �´������� ��� � � ¾
t ≤ tn �

¿"! 3
ε > 0

¿"!$# /A¿X¾ ��% %1! � ) � � n � % � ¿"-"%
σ2

n = O(1)[nµ(t) + µ2(t)n1.8]. 	 x r xX|�

ª0� ��� KSP¦Å�[XPEV�F�WXH 5 V�_�_�[XP x r � c x r � c x r��$[XH9F x r w}� rNµg^nV�H�T9_�V�BRKba�[X>n `[X>bTnV�P¦WX@

λ
ah[`H�ÅpVgWzÅnQU[XKbH9V�F

ÅJI�[ÇBEV�PRT9>SQ�W`@ Ê BEKA@R@RKbH � �"� �
1 − γ3 = 0.341,

1 − γ4 = 0.193,

1 − γ5 = 0.131,

1 − γ6 = 0.104.

�mWzH9PRV ��T9V�H�QE>SI

λ3 = 0.929,

λ4 = 0.608,

λ5 = 0.492,

λ6 = 0.442.

lZI�T9PRKbH9e
tn < λ logn

c�WzH9V$a�[XH� zV�BRKS@ I 	 H�T9_�V�BEKSah[X>S>SI 

(

2

2 − γ

)2tn

< n2λ log(2/(2−γ)) < n0.75

@CWzB
d = 3

[XH9F ^9V�Hna�V�[X>SPEW @CWzB�[X>b>
d ≥ 3

r¤l�I a¢^nWLWzPRKbH9e´[XH [`o9o9BEWXo9BEKb[`QUV
ε

[XH9F o9TnQEQEKbH9e4QU^nV
V�P°QUKS_�[`QEKbWzHnP 	 x r w � 
 c 	 x r xLw�
 c 	 x r xzx�
 KbHJQEW 	 x r x"
 c9£ZViah[`H\PEV�VXc¥QU^�[]Q�QE^9V!QEV�BR_

n2µ2
ah[XHna�V�>SPvWXTnQ§[`H9F

[X>S>�QU^nVW`QU^9V�B�QEV�BR_�P�[XBRV$PE_�[X>b>SV�BZQE^�[XH�QU^9V$BRKbez^JQ�^�[XHnF"PRKbF9V$WX@ 	 x r xX|�
 c9o9BRW} LKSH9e 5 V�_�_�[ x r wzw r5 V�_�_�[ x r wzw Kb_�o9>SKbV�P

�±1,� �´������� �	� � � ¾¿"! 3
0 < C < B � t ≤ tn

¿"!$# /A¿X¾ ��%&%1! � ) � � n � % � ¿"-"%
σn(logn)C/2 ≤ O(1)((nµ(t))1/2(logn)C/2 + µ(t)n0.9(logn)C/2) = o(1)nµ(t).
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lZI"Y\[`BE�XW} ���P?KbHnV ��T�[X>SKSQOI�@CWzB�[XHJI
C > 0

£ZV$^�[h zV

P(|V (t, n) − nµ(t)| ≥ σn(logn)C/2) ≤ (logn)−C .

lZI 5 V�_�_�[ x r w2x c9KA@
C < B

c

P(|V (t, n) − nµ(t)| ≥ o(1)nµ(t)) ≤ (log n)−C .

�mWzH9PRV ��T9V�H�QE>SIXcpPRKbH9a�V
tn < λ logn

c

P

(

sup
t≤tn+1

|V (t, n) − nµ(t)|

nµ(t)
≥ o(1)

)

≤ O(1)(logn)−C+1. 	 | r w 

�m^9W�WzPEV

C > 2, n(k) = exp(k/ log k)
r 	 | r w�
 [XH9FÆlmWzBRV�>é{°��[XHJQUV�>b>SK�>SV�_�_�[6KS_�o9>AI

lim
k→∞

sup
t≤t(n(k))+1

∣

∣

∣

∣

∣

V (t, n(k))

n(k)µ(t)
− 1

∣

∣

∣

∣

∣

= 0 a.s. 	 | r x�

5 V�Q

n(k) ≤ n < n(k + 1)
r¦µg^9V�HÆ@CWzB

t ≤ tn
£ZV!^�[h XV

V (t, n(k)) ≤ V (t, n) ≤ V (t, n(k + 1))

[XH9F

lim
k→∞

n(k + 1)

n(k)
= 1.

dvV�H9a�V$@CWzB�[XHJI
ε > 0

[XH9F">f[`BEezV§V�H9WzT9eX^
n
c

V (t, n)

nµ(t)
≤
V (t, n(k + 1))

n(k + 1)µ(t)

n(k + 1)

n
≤ (1 + ε) a.s.,

PEKSH9a�V
t ≤ tn ≤ t(n(k + 1))

r�kLKb_�Kb>b[XBE>AIzc

V (t, n)

nµ(t)
≥
V (t, n(k))

n(k)µ(t)

n(k)

n
≥ (1 − ε) a.s.

dvV�H9a�V$£ZV^9[} XV 	 w r x`��
 r
�vW}£ £ZV$QUT9BRH"QEWÇQE^9V$o9BEW�WX@�WX@ 	 w r xzË�
 r5 V�Q

M(t, n) = V (t, n) − R(t, n) =
n
∑

i=1

(Xi − Yi).
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t§Å9PEV�BR XVvQU^9[`Q
Xi ≥ Yi

[`H9F�^9V�H9a�V
M(t, n)

KbP±H9WzH�{OH9V�eJ[`QUKA zVv[XH9F�H9WzHL{<F9V�a�BEV�[XPEKSH9eiKSH
n
r±YÆWzBRV�W} zV�B�c

ÅJI 5 V�_�_�[ x r x

E(Xi − Yi) = P(Xi − Yi = 1) ≤ P(Xi = 1, n− i ≤ ρi(t) <∞) ≤
O(1)µ(t)td/2

(n− i)d/2−1
.

�mWzH9PRV ��T9V�H�QE>SI

0 ≤
EM(t, n)

nµ(t)
≤
O(1)(logn)d/2

n1/2
.

lZI"Y\[`BE�XW} ���P?KbHnV ��T�[X>SKSQOI

P

(

sup
t≤tn

M(t, n)

nµ(t)
> ε

)

≤
O(1)(logn)d/2+1

n1/2
.

t§H�a¢^9WLWXPEKbHne
nk = k2+δ

c
δ > 0

c¥lZWzBEV�>A{°��[`H�QEV�>S>bKp>bV�_�_�[iKb_�o9>bKSV�P

lim
k→∞

sup
t≤tnk

M(t, nk)

nkµ(t)
= 0 a.s.

�vPRKbH9e�QE^9V$_�WzHnWXQUWzHnKba�KAQOI�WX@
M(t, n)

KSH
n
c9KSH�QEV�BRo�Wz>b[`QUKSH9e6ÅpV�QO£ZV�V�H

nk

[XH9F
nk+1

£ZVezV�Q

lim
n→∞

sup
t≤tn

M(t, n)

nµ(t)
= 0 a.s.
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 [`H9F 	 w r xzx�
 [XBRV¦Kb_�_�V�F9Kf[`QEVs@CBRWz_ 	 w r xzË"
 [XH9F 	 w r x`��
 c]PRKbH9a�V Q(t, n) = R(t, n)−R(t+1, n)[XH9F
U(t, n) = V (t, n) − V (t + 1, n)
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