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ª§4n��«�¬Ip¬K2'® 1LMG6N¯OSJQOCRmO°>A±6@lj�O¢Y^OCJ`N¯OSJ`�hR6G6D%²³YV\6@PNC_¢\6T'J`G6<QJ`_¢\6�^TbJ?OSNPOC\6TbUV@CJ`T^aK´�Tb_¢\mG6J`NP_¢\6T"�vGmJQ zT'@CNPJQO¢µ[O�²¶JQTbG¡a�²¶J`T'D6G6T'@
c=Y^R6omOSN¯OS@CYVNCNPT � { w}�I·Kwg�Iy ;F{ w}�V�I�h� J`T'G6GnYman;vR6NPOC@CJeYKr°��{:]�Y^J`<�YVD6D6@PTbNCN'�X@PT' VTbNC¸'o¥�§@CT'G�H�J¨r©\�R

¹"º�»�¼�½C¾�¿�¼À�s�lUzG6NPJ`D6T'@�YFN¯HK]Á]ÁT'OS@PJ`_°YVopTb@PJ`U�D6J`_¦@CYVG6D6UV]Â£�Y^<`�§JQG
Zd
a
d ≥ 3

r�´f\6Tb@PTlYV@PT°o�UzJQGIOSNXÃ�_bYV<`<QTbD
\6TbY} �HopUzJ`GIOSNSÄl£�\6Tb@PT�OS\mT�G�R6]hÅ�T'@vUV>s �J`NCJ?OSN�ÅIH�OS\6T�@SYVGmD6Uz]Æ£lYV<`��JQN�_b<`UVNCT"OSUÁJQOCNF]%Y[ÇKJ`]hR6]Èr¦²�T
J`GI VTbNPOCJ`dIY[OSTÈOC\6TZ<QUK_bYV<fOSJQ]%T'N�YV@PUzR6G6DÉOS\6T'NCTi\6TbYg �H�o�UVJ`GIOSN�YVG6DÊNP\6U}£ËOC\nY^O%OS\6T�H�_'UzGI zTb@PdzTZOCUÌY
D6T�OSTb@P]%JQG6J`N¯OSJQ_§<`JQ]%J?OlY^N�OC\6T�G�R6]3ÅpTb@�UV>sNPOST'o6N�OSTbGmD6NFOCUÍJ`GmÎnGmJQOMHzr
;"WZj xV�V�z� jKR6Å�ÏPT'_'O=�l<eYVNPNCJ?În_gY^OCJ`UzG��¦q¦@CJ`]%YV@¯H ~z�IÐ�ÑV�mÒ jKTb_'UzG6DnY^@PH ~z�zÓXw/Ñ a ~V�IÔIÑzÑ r
Õ T'H�£XUz@CD6N'�X@CYVG6D6UV]Æ£�Y^<`��JQG

d
{MD6JQ]%T'G6NCJQUzG¡a�<`U�_gYV<�OCJ`]ÁTVaKUK_'_bR6onY[OSJ`UVG�OCJ`]ÁTVaKNPOS@PUzG6d(OS\mTbUz@PTb]ÁNbr

E�R6G6G6JQG6d(OSJQOC<`T^��EFYVG6D6Uz]Ö£�YV<Q��YV@PUzR6G6D�\6TbY} �H�opUzJ`GIOCN

×�Ø Ù �Í�8�s�Á�#�ÚX�Û����� ����� � ���'� �s��)�#� À��)

�lUzG6NPJ`D6T'@=YÍ@SY^G6D6Uz]Æ£lYV<Q�
{Sn}

∞
n=1

N¯O¢YV@¯OSJ`Gmd%Y[OvOC\6T�Uz@CJQdzJ`G�UzG�OS\6T
d
{MDmJ`]ÁTbG6NPJ`UzGnY^<�J`GIOCTbdzT'@F<`Y^OCOCJ`_'T

Zd
a°J�r�TVr

S0 = 0
a
Sn =

∑n
k=1Xk

a
n = 1, 2, . . .

a¦£�\6T'@CT
Xk, k = 1, 2, . . .

YV@PT�J�r�J�r�D¡r�@CYVG6D6UV]
 ^YV@CJ`YVÅ6<QTbNl£�J?OS\�D6J`N¯OS@PJ`Å6RmOCJ`UzG

P(X1 = x) = p(x), x ∈ Zd.
Ã w r w Ä

´f\6T
@SY^G6D6Uz] £�YV<Q�ÉJQN�_gY^<`<`T'DÜNCJQ]%o6<QTÈN¯H�]%]ÁT'OC@CJ`_ZJQ>
p(ei) = 1/(2d), i = 1, . . . , 2d

a�£�\6T'@CT
e1, . . . , ed

J`N�Y(NPH�N¯OSTb]ÝUV>sUz@¯OS\6UzdVUzGnYV<¡RmG6JQOf VTb_'OCUz@CNFJ`G
Zd

YVG6D
ei = −ei−d, i = d+ 1, . . . , 2d

r
Þàß8áPâ¨áPã�ä�å:ælâ�ç[è/è^é'ä�ê�áPëXìgí¦ê¨æ/áÛî�ç/ï/ðbãÀä�ñuã�ïXò�ãÀê¨ñué�ï[ã�ó/ô/é'ç/ï[ë/ãÀê¨ñué�ïXõöé�äp÷}å¯ñ©áPï'ê�ñ�õ¨ñuåÛßÛáPâ¨áPãÀä:å:æ�ø�ù�ä:ãÀïbênòÛé[ú6û�ü�ýbþÀÿ�ÿ��/ø

ûü��'ý'ü�ýbþ°ãÀï[ë��³ü����Cü���	}ú

Pß8áPâ¨áPã�ä�å:æ=â�ç[è/è^é'ä�ê�áPë=ìgíFã���÷�����ò��³ù�ä�ã�ïbêPø/òÛé^ú������������eü'ü�ý��/ú
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� TbGmUVOST"ÅIH
Q
OS\mT"_bU} ^YV@CJ`YVG6_bT=]�Y^OC@CJöÇÁUV>

X1

amYVG6D�<QT'O
|Q|

Å�T=JQOSNlD6T'OCTb@C]ÁJ`G6YVGIOfYVG6D�<QT'O
Q−1

JQOCN
J`GI VTb@CNPTVr��8T'O

‖x‖2 := xQ−1x.
Ã w r x Ä

Ó Uz@fNCJQ]%om<`T=N¯H�]%]ÁT'OC@CJ`_"@CYVG6D6UV]Æ£�Y^<`�
‖x‖2 = |x|2 := x2

1 + · · ·+ x2
d

am£�\6T'@CT
x = (x1, . . . , xd)

r
EFT'_gYV<Q<�OS\mT�>AUV<`<`U}£�JQG6d3D6T�ÎnG6JQOCJ`UzGmN�YVG6D�ÅnYVNPJ`_�o6@CUVo�T'@POSJQTbN�>A@PUz] jKomJQOS¸'Tb@�������r
; @SYVG6DmUz]Ö£lYV<`��J`N�YVopTb@PJ`U�D6J`_§J?>Û>AUz@

R+ = {x ∈ Zd : P(Sn = x) > 0
>AUz@lNCUz]ÁT

n ≥ 0}

£XT�\6Y} VT
{x : x = y − z,

>AUz@fNCUz]ÁT
y ∈ R+, z ∈ R+} = Zd.

; @SY^G6D6Uz]Æ£lYV<Q��J`NfN¯OS@CUVG6dz<QH�YVopTb@CJQUKDmJ`_=J?>s>AUV@fTgYV_¢\
x ∈ Zd

{y : y = x+ z,
£�\6T'@CT

p(z) > 0} = Zd.

²³T§YVNCNPR6]%TFOS\6@PUzR6dz\mUzRmOlOC\6T§onY^o�T'@XOS\6Y^OlOC\6T§@SY^G6D6Uz] £lYV<`�ÍJ`NlYVopTb@CJQUKDmJ`_�Ã�Å6RKO�G6UVOlG6Tb_'TbNPNSYV@PJ`<QH
NPOC@CUzGmdz<QH�YVo�T'@CJQUKD6JQ_}Ä�YVG6DNPH�]%]ÁT'OC@CJQ_Va6J¨r©T^r

p(x) = p(−x), x ∈ Zd
r

Ó Uz@
d ≥ 3

OC\6T�@SYVG6DmUz]Ö£lYV<`��J`N�OS@CYVG6NPJ`TbGIObanJ�r�TVr

γ := P(Si 6= 0, i = 1, 2, . . .) > 0.
Ã w r | Ä

� T'Î6G6T
γx := P(Si 6= x, i = 1, 2, . . .), x ∈ Zd.

Ã w r � Ä
²³T�NP\nYV<`<�J`]Áo�UzNPT§OS\6T§>AUV<`<`U}£�JQG6d3]ÁUz]%T'GIO�_bUzG6DmJQOSJQUzG6N'�

∑

x∈Zd

|x|2p(x) <∞, d = 3,
Ã w r Ñ Ä

∑

x∈Zd

|x|2 log(|x| + 1)p(x) <∞, d = 4,
Ã w r ~ Ä

∑

x∈Zd

|x|d−2p(x) <∞, d ≥ 5,
Ã w r y Ä

£�\6T'@CT
|x|

J`N�OC\6T��¦R6_b<QJ`D6TbYVG�D6J`N¯O¢YVG6_'TVr
´f\6T Ð @PTbTbG�>AR6Gm_'OSJQUzG�J`NfD6T�ÎnG6T'DZÅIH

G(x) :=
∞∑

n=0

P(Sn = x), x ∈ Zd.
Ã w r � Ä

x



²³T�\nYg VT�OC\6T�J`D6T'G�OCJQOCJ`TbN

γ =
1

G(0)
, 1 − γx =

G(x)

G(0)
, x 6= 0.

²³TlG6TbT'DÍOC\6Tl>AUz<Q<`U}£�J`GmdvY^NPH�]%oKOSUVOCJ`_lom@CUzopTb@¯OMH�>AUz@sOS\6T Ð @PTbTbG3>ARmG6_'OCJ`UzG3JQGhOS\mT�_gYVNPTfUV>pYVopTb@PJ`U�D6J`_
@SY^G6D6Uz]�£�YV<Q��£�JQOC\�]%TbYVG � anNSY^OCJ`N¯> HKJQG6d3OS\mT�]ÁUz]ÁTbGIO�_bUVG6D6JQOCJ`UzGmN�Ã w r Ñ ÄÀaÛÃ w r ~ ÄÀaÛÃ w r y ÄX>AUz@

d ≥ 3
r

G(x) ∼ cd|Q|
−1/2‖x‖2−d, |x| → ∞

Ã w r �IÄ
£�JQOC\1NCUz]ÁT(_bUzGmNPO¢Y^G�O

cd
rÁjKTbT%jKo6J?OS¸'Tb@ ������aÛo¡r |V�z� >AUz@

d = 3
a8o¡r |z| �KaÛq°@PUzÅ6<QTb] Ñ >AUz@

d > 3
a8Uz@

�v_¢\mJQHIY^]�Y � wg� �8>AUz@�NPOC@CUzG6dV<QHYVopTb@PJ`U�D6J`_§_bYVNCThYVG6DR6NCT3jKo6J?OS¸bT'@ � NFOC@CJQ_¢� Ã ������a¥o¡r |mw}� ÄlOCU%@PTbD6R6_'T�OC\6T
YVopTb@PJ`U�D6J`_v_gYVNPT�OCUÁN¯OS@PUzG6dz<?H�YVopTb@PJ`U�D6J`_§_bYVNCT^r Ó UV@fNCJ`]Áo6<QT§@SYVGmD6Uz]Ö£lYV<Q��NCT'ThE�B' VBbNC¸ � � ��r

LMG%OC\6J`N�onYVopTb@°£lTvYV@PTvJQG�OCTb@PTbNPOCTbD�JQG%N¯OSR6DKHKJQG6dh<QUK_bYV<mOCJ`]ÁTbN°UV>¡OC\6Tv@CYVG6D6UV]�£�YV<Q�3D6T�ÎnG6TbD�ÅIH(OC\6T
G�R6]3ÅpTb@�UV>� �J`NCJ?OSN�YVNf>AUz<Q<`U}£�Nbr

ξ(x, n) :=

n∑

k=1

I{Sk = x}, n = 1, 2, . . . , x ∈ Zd,
Ã w r w}� Ä

£�\6T'@CT
I{A}

D6TbGmUVOST'N�OC\6T�J`G6DmJ`_gY[OSUz@�U^>
A
r

jKJ`Gm_bT3OS\mT(@SYVG6DmUz]Ë£lYV<Q�ZJ`NvOS@SY^G6NCJQTbGIO§>AUz@
d ≥ 3

a¡OMHKomJ`_gY^<`<QH�OC\6Tb@PT(J`N§UzGm<QHZY�ÎnG6JQOCT3G�R6]3ÅpTb@"UV>
 �J`NPJQOSN�OCUÁY(ÎKÇmT'DZNPJQOST^a6T' VTbGZ>AUV@fJ`GmÎnGmJQOSTvOSJ`]ÁTVr¦WÈUz@CT�o6@PTb_'J`NCT'<QH�£XT�\nYg zT�OS\6T�D6JQNPOC@CJ`ÅmRmOSJQUzG

P(ξ(0,∞) = k) = γ(1 − γ)k, k = 0, 1, 2, . . .
Ã w r wzw Ä

�X>àr°�¦@CD��VN=YVGmD´sYgH�<`Uz@ � � �8>AUz@fNPJ`]Áo6<`T§@CYVG6D6UV]Ö£lYV<`�¥r°´f\6T�dzTbGmTb@SY^<8_gYVNPT�JQNfNCJ`]ÁJ`<`YV@br
´f\6Tb@PT�YV@CTl\6U}£lT� zTb@=Ã�@CYVG6D6UV]�ÄÛo�UzJQGIOSNs£�\mTb@CTfOC\6T�@SY^G6D6Uz] £�Y^<`��YV_b_'R6]3R6<`Y^OST'N¦Y§\6J`dV\6Tb@sG�Rm]3Å�T'@

UV>� �J`NCJ?OSN'r��lUzG6NCJQD6Tb@fOC\6T�]�Y[ÇKJQ]�YV<p<`U�_gY^<�OSJQ]%T

ξ(n) := max
x∈Zd

ξ(x, n), n = 1, 2, . . .
Ã w r w/x Ä

YVG6DYV<QNCU
η(n) := max

0≤j≤n
ξ(Sj,∞), n = 1, 2, . . .

Ã w r wg| Ä
�¦@CD��zNFYVGmDÈ´sYgHK<QUz@ � � �Ûo6@CU} VTbDÈ>AUV@fNCJ`]Áo6<QT=@SY^G6D6Uz]Æ£lYV<Q��YVG6D

d ≥ 3

lim
n→∞

ξ(n)

logn
= λ := −

1

log(1 − γ)
a.s.

Ã w r wg� Ä

|



Ó Uz<`<QU/£�JQG6dvOC\6T�o6@CU�UV>pUV>��¦@CD��VNXY^G6DÍ´�YgH�<`Uz@'az£�JQOC\6UzRmO�YVGIHhG6T'£�J`D6TbYmaIUzG6Tf_bYVGÍo6@CU} zT�OS\6Y^OvÃ w r wg� Ä
\6Uz<QD6N�>AUz@fdzT'G6Tb@CYV<ÛYVopTb@PJ`U�D6J`_§@CYVG6D6UV]Ö£lYV<`��Y^G6DYV<`NPU

lim
n→∞

η(n)

logn
= λ a.s.

Ã w r w/Ñ Ä
Ó Uz@fdzTbGmTb@SY^<¡OS@CTbY^OS]ÁTbGIO�UV>sNCJQ]%JQ<eYV@�NPOC@CUzGmdÁOC\6TbUz@PTb]ÁNf>AUz@f<`U�_gYV<�YVG6DUK_'_bR6o6Y^OSJQUzG�OSJQ]%T'NfNCTbT � | ��r
Ã w r wg� Ä�]%TbYVG6N�OS\nY^OhOS\6T'@CT�YV@PT�NPJQOST'Nh£�\6T'@CT�OS\mT�<`U�_gYV<¦OCJ`]ÁT%R6o OCUZOSJQ]%T

n
JQN3YV@PUzR6G6D

λ logn
r

´f\6T'NCT3£�J`<Q<sÅpT3_bYV<`<QTbDZ\mTgYg �HiopUzJ`GIOSN'r§²³T3YV@CT3JQGIOSTb@PTbN¯OSTbD1JQGÈOS\mT(o6@CUzÅm<`Tb] £�\nY[O"\nYVo6opTbGmN�YV@CUzRmG6D
OS\mTbNCT�\6TgYg �H opUzJ`GIOCNbrZ²�T�]%Y}H�YVNP� £�\mT'OS\mTb@(JQO�J`N�o�UVNCNCJQÅ6<`TÁOS\nY[O3J`G³Yi_b<QUzNCT%G6TbJQdz\�Å�Uz@P\6U�UKD�UV>FY
\6TbY} �H�opUzJ`GIOfOC\6Tb@PT�JQNvY^G6UVOS\mTb@�\6TgYg �H�opUzJ`GIO��
t§@FYVGTb]ÁomOMH�opUzJ`GIO�ÃAG6UVO� �J`NCJ?OST'DZY^OFY^<`<¡R6oOSU(OSJQ]%T
n
Ä��²�T�NP\nYV<Q<¡NCT'T�OC\nY^OfOS\mT�Y^G6NP£XTb@PNv>AUz@fÅpUVOS\���R6T'NPOSJQUzG6N�\nYVomo�T'GOCU%ÅpT"G6TbdzY^OSJ? zTVr
LMG � x �l£lT�J`GI VTbNPOCJ`dIY[OSTbDÌOC\6ThÏPUzJ`GIO(Y^NPH�]%oKOSUVOCJ`_�ÅpTb\nYg �J`Uz@hUV>=<QUK_bYV<°OSJ`]ÁTbNhUV>vOM£XU1G6TbJQdz\�Å�UV@CJ`Gmd

NCJ?OST'N�>AUV@fNCJ`]Áo6<QT§@SYVGmD6Uz]Ö£lYV<Q��YVG6D�>AUzR6GmDOC\nY^OfOS\mT� VTb_�OSUz@
(
ξ(x, n)

logn
,
ξ(x+ e1, n)

logn

)

J`NfT'NCNPTbGIOSJ`YV<`<?H�J`G�OC\6T�D6Uz]%YVJ`G

{y ≥ 0, z ≥ 0 : −(y + z) log(y + z) + y log y + z log z − (y + z) logα ≤ 1},
£�\6T'@CT

α :=
1 − γ

2 − γ
.

t§G6TZ_bYVGÊNCT'TZOS\6Y^O�OC\6TZUzGm<QH opUzJ`GIO%J`GÉOC\6J`NÁD6Uz]%YVJQG £�J?OS\
y = λ

JQN
z = λ(1 − γ)

a�£�\6JQ_¢\
OST'<`<QN3R6NÍOS\nY^OÍJ?>vY opUzJ`GIOÍJQN(\6TgYg �HzaXJ�r�TVr JQOCN(<`U�_gYV<�OSJ`]ÁT�JQNÍYV@CUzRmG6D

λ logn
aXOC\6TbG OS\6T�<QUK_bYV<XOCJ`]ÁT

UV>XYVGIHiU^>XJ?OSN§GmTbJ`dV\�ÅpUz@PN§NC\6UVR6<`D1ÅpT(YV@CUVR6G6D
λ(1 − γ) logn

a8J�r�TVr�_bYVG6G6UVO��6R6_'OCRnY^OST3OCUKU�]hR6_¢\¡aÛY^O
<`TbYVNPOÁY^NPH�]%oKOSUVOCJ`_gY^<`<QHVr�²�T�NSYgHÌOS\nY[O(OS\6T�<`U�_gY^<XOSJQ]%T�YV@CUzRmG6D�Y
\6TbYg �H opUzJQG�OÍJQNÍYVNPH�]ÁomOSU^OSJ`_bYV<`<?H
D6T�OSTb@P]%JQG6J`N¯OSJQ_VrÜt§R6@Á_bUVG6_bT'@CGÊJQNÍOCU³JQG� VTbN¯OSJ`dzY^OST�OS\6JQNÍo6\6TbGmUz]%T'G6UzG�>ARm@POS\mTb@%YVG6D�DmT'OST'@C]ÁJ`G6T�OC\6T
YVN¯HK]ÁomOCUVOSJQ_§ VY^<`R6T"UV>s<`U�_gY^<�OSJQ]%T'NfUV>�NPJQOCTbN

x
£�J?OS\

‖x‖ ≤ rn
a6£�\6Tb@PT

rn
]�YgH�OCTbG6D�OSUÍJ`GKÎnG6JQOMH�Y^OFY

_bT'@POSYVJ`G�@SY[OSTVr
� T'Î6G6T

mx =

{
1 if x = 0,
(1−γx)2

1−γ
if x 6= 0.

Ã w r w}~ Ä

mx

JQNba�J`GÁ>�YV_'ObaIOS\6TvT�ÇKo�T'_'OSY^OSJQUzG�UV>�OS\6TF<`U�_gYV<6OCJ`]ÁTFY^O
x
Å�T�OM£lT'TbG�OM£XU3_bUzGmNCTb_'RmOSJ? zT§@PT'OCR6@CG6N�OSU�¸bT'@CU

Ã�NPTbT�E�Tb]%YV@C� x r w Ä�r
²³T�NP\nYV<`<�_bUzG6NPJ`D6T'@fOS\6T��'ÅnY^<`<`N	�(ÃA£�\6JQ_¢\ZY^@CTVamJ`G�>�YV_'Oba6Tb<Q<`JQo6NCUzJQD6N�JQG��°Rm_b<`JQD6TgY^GÈNPonYV_bTgÄ

B(r) = {x : ‖x‖ ≤ r} ,
Ã w r w/y Ä

£�\6T'@CT
‖x‖

JQNfD6T'Î6G6TbDÈÅ�H�Ã w r x Ä�r

�



��� .��¥-[.�� �	�
������ ¼
d ≥ 5

¾����
kn = (1 − δn)λ logn � �� ¼ rn > 0

¾����
δn > 0

º  » ��� ¿�¼  �Á»��¥¿��
¼��m¾V¼

δn � »������	 � ��¿�½  ¾[» � ��!�" rn � »������	 #�  ¿�½  ¾[» � ��!�"v¾����%$&�[½%¾��	' c > 0 r[cn]/rn < C ( � ¼��
»)��* 
C > 0

¾����+$&�[½
βn := r2d−4

n

log log n

logn

Ã w r w}� Ä

lim
n→∞

βn = 0, lim
n→∞

δnr
2d−4
n = 0.

Ã w r w �zÄ
,-/. �  ¼/�  ½P¾�������*Ö»  ¼0�1$32	� � �n¼A»

An = {z ∈ Zd : ξ(z, n) ≥ kn}.
Ã w r xV� Ä

4 �  � (  �m¾�5  $&�[½"»�'�*6*  ¼�½ � ¿�¾�2  ½ � �7� � ¿"½C¾�������* ( ¾ �98

lim
n→∞

sup
z∈An

sup
x∈B(rn)

∣∣∣∣
ξ(z + x, n)

mxλ logn
− 1

∣∣∣∣ = 0 a.s.
Ã w r x�w Ä

��� .��¥-[.�� �	�;:<���� ¼
d ≥ 3

¾����
kn = (1 − δn)λ logn � �� ¼ rn > 0

¾����
δn > 0

º  » ��� ¿�¼  �Á»��¥¿��
¼��m¾V¼

δn � »=�����	 � ��¿�½  ¾[» � ��!�" rn � »>�����	 #�  ¿�½  ¾[» � ��!�"�¾����6$&�[½�¾��	' c > 0 r[cn]/rn < C
$&�[½%»)��* 

C > 0
¾����+$&�[½

βn := r2d−4
n

log log n

logn

Ã w r xzx Ä

lim
n→∞

βn = 0, lim
n→∞

δnr
2d−4
n = 0.

Ã w r xV| Ä
,-/. �  ¼/�  ½P¾�������*Ö»  ¼0�1$ � ��� � ¿  »

Bn = {j ≤ n : ξ(Sj,∞) ≥ kn}.
Ã w r x^� Ä

4 �  � (  �m¾�5  $&�[½"»�'�*6*  ¼�½ � ¿�¾�2  ½ � �7� � ¿"½C¾�������* ( ¾ �98

lim
n→∞

sup
j∈Bn

sup
x∈B(rn)

∣∣∣∣
ξ(Sj + x,∞)

mxλ logn
− 1

∣∣∣∣ = 0 a.s.
Ã w r xVÑ Ä

«�.��³�6-/5?�	�
�A@ �[½�¾B! � 5  � ω " An

�[½
Bn

¿C¾��Éº C *D2p¼E' �GF � ¼/� � »¿C¾[»  supz∈An

�[½
supj∈Bn � »¾���¼1��*Á¾V¼ � ¿C¾ ��� '�¿����m» � �  ½  �Á¼1��º  0 �

0H�¥-��p�����m-JI?�	�
�?�� ¼
A ⊂ Zd

º  ¾ .LKM �Í»  ¼ �Ã�JeÄ F $ d ≥ 5
¾����

zn ∈ An

"�¼��  �

lim
n→∞

∑
x∈A ξ(x+ zn, n)

log n
= λ

∑

x∈A

mx a.s.

Ñ



Ã�JQJ Ä F $ d ≥ 3
¾����

jn ∈ Bn
"�¼/�  �

lim
n→∞

∑
x∈A ξ(x+ Sjn ,∞)

log n
= λ

∑

x∈A

mx a.s.

Ó @CUz] UVR6@Í´f\6TbUz@PTb]ÁN%J?OÁJ`NÍUzÅI �J`UzR6N(OC\nY^OÍOS\6T_b@PJQOCJ`_gY^<�_gYVNPTZJQNÍYV@CUzRmG6D
rn ∼ (logn)1/(2d−4)

r
L:OÁ>AUz<`<QU/£�N3OC\nY^OÁ>AUz@ÍNC]%YV<`<QTb@

rn
OC\6TÈÅ6YV<`<

Sj + B(rn)
J`NÍ_bUV]%o6<QT'OCTb<QH _bU} zT'@CTbDÉ>AUz@

j ∈ Bn
£�JQOC\

o6@PUzÅnYVÅ6JQ<`J?OMH w r�²³T�\nYg zT�OS\mT�>AUV<`<`U}£�JQG6dÍ�lUz@PUz<`<`YV@PHVr
0H�¥-��p�����m-JI?�	�;: @ �[½

j ∈ Bn
�� ¼
R(n, j)

�  ���[¼  ¼/� +� ¾V½E!  »�¼��	��*Áº  ½l»��¥¿��Í¼��m¾V¼
Sj+B(R(n, j)) � »¿���*D2 �� ¼ �� '�¿���5  ½  ��º7'Á¼��  ½P¾�������* ( ¾ �98 S0, S1, S2, . . .

" � �  � ξ(Sj + x,∞) > 0
"
x ∈ B(R(n, j)) �4 �  ��$&�[½�¾��	'

ε > 0 (  �m¾�5  R(n, j) ≥ (logn)(1−ε)/(2d−4)
¾ � *>�}»�¼¦»���½ �� ' �

²³TÍ_'UzG[ÏPTb_�OSR6@PTÁOC\nY^O�>AUz@
j ∈ Bn

£lTÁ\nYg zT
R(n, j) ≤ (logn)(1+ε)/(2d−4)

r�t"Rm@�GmT�Ç�O�@CTbNPR6<QO�JQN
UzG6T�N¯OSTbo%J`G(OS\mJ`N°D6J`@PTb_�OSJ`UVG¡azNC\mU/£�JQG6d�OC\nY^O°JQGÁ´f\mTbUz@PTb]ÁN w r x OS\6T�opU/£XTb@

1/(2d−4)
U^>

log n
_bYVG6G6U^O

ÅpT�JQ]%om@CU} zT'DJQG�dzTbG6T'@SYV<¨r
��� .��¥-[.�� �	� � ��@ �[½=» � *D2 �� »�'�*6*  ¼¨½ � ¿�½P¾�������* ( ¾ �98��� ¼ {xn} º  ¾%» �� �  ��¿  »��¥¿��È¼��m¾V¼ |xn| ∼
c(logn)1/(2d−4)

$&�[½§»)��* 
c > 0 � 4 �  � ( � ¼��62p½��Vº¢¾Iº � � � ¼
'=���  ¼/�  ½ 6 K � »�¼ � � . � � ¼ �� '�*Á¾��	' n »��¥¿��

¼��m¾V¼
ξ(Sn,∞) ≥ λ

(
log n+

(
d− 4

d− 2
− ε

)
log logn

)
, ξ(Sn + xn,∞) = 0.

� ���m» �� �  �n¼ � ')"
n ∈ Bn

¾����
R(n, n) ≤ c(log n)1/(2d−4) � � . � � ¼ �� ' �1$À¼  � ( � ¼��62p½��Vº¢¾Iº � � � ¼
' ���  �

�ÍØ � ���f ��'� �b���"�s$ �^��ÚX��)Æ����� �s��)Û#� ���)

Ó JQ@CNPO�£XT�o6@CT'NCT'G�OÍNPUz]ÁT�]ÁUz@CTÁG6UVOSY^OSJQUzG6Nbr Ó Uz@
x ∈ Zd

<`T�O
Tx

ÅpT�OS\mT%În@PNPO(\6J?OCOCJ`G6d�OSJQ]%TÁUV>�OC\6T
opUzJ`GIO

x
amJ�r�TVr

Tx = min{i ≥ 1 : Si = x}
£�JQOC\�OS\6T"_'UzGI zTbGIOCJ`UzG�OS\6Y^O

Tx = ∞
J?>8OS\6T'@CT"JQN�G6U

i
£�J?OS\

Si = x
r � T'G6UVOCT

T0 = T
r

LMGIOS@CU�D6R6_'T�>ARm@POS\mTb@

qx := P(T < Tx),
Ã x r w Ä

sx := P(Tx < T ).
Ã x r x Ä

LMG
£lUV@CD6N'a
qx
J`N=OC\6T(o6@PUzÅnYVÅ6JQ<`J?OMHOC\nY^O§OC\6T(@SY^G6D6Uz]Ë£�YV<Q�¥a8NPO¢Y^@POSJQG6d�>A@CUV]

0
a¡@CT�OSR6@PG6N"OSU

0
a8ÅpT'>AUz@PT

\6J?OCOSJQG6d
x
ÃAJ`G6_'<`R6DmJ`G6d

T < Tx = ∞
Ä�anYVGmD

sx
J`N�OS\mT�om@CUzÅnY^Å6J`<QJQOMHÁOS\nY^OfOC\6T�@SYVGmD6Uz]Æ£lYV<`�¥anN¯O¢YV@¯OSJ`Gmd

>A@CUV]
0
am\6JQOCN

x
anÅpT'>AUV@CT"@CT�OSR6@PG6J`GmdÍOCU

0
ÃAJ`G6_'<`R6D6JQG6d

Tx < T = ∞
ÄÀr

�vU}£Â£XT�dzJQ VT§OS\6TlÏPUzJQG�O�DmJ`NPOC@CJQÅ6RmOSJQUzG�UV>
ξ(0,∞)

YVG6D
ξ(x,∞)

J`G�OC\6T">AUz<`<QU}£�J`G6dh>AUV@C]r

~



�°.M� �³� :<�
�	��@ �[½
x 6= 0

"
v < log(1/(1 − γ))

"
k = 0, 1, 2, . . .

E(evξ(x,∞); ξ(0,∞) = k) =

(
qx +

s2
xe
v

1 − qxev

)k
(1 − qx − sx)

(
1 +

sxe
v

1 − qxev

) Ã x r | Ä

= γ(1 − γ)k (ϕ(v))k ψ(v),
Ã x r � Ä

( �  ½ 

ϕ(v) :=
1 − (1−γ)2−(1−γx)2

γ(1−γ)
(ev − 1)

1 − 1−γ−(1−γx)2

γ
(ev − 1)

,
Ã x r Ñ Ä

ψ(v) :=
1 − γx−γ

γ
(ev − 1)

1 − 1−γ−(1−γx)2

γ
(ev − 1)

,
Ã x r ~ Ä

ª�-������ � t§Å6NCT'@P zT�OS\6Y^O

P

(
T∑

n=1

I{Sn = x} = j, T <∞

)
=

{
qx if j = 0,
s2
xq
j−1
x if j = 1, 2, ...

Ã x r y Ä

YVG6D

P

(
T∑

n=1

I{Sn = x} = j, T = ∞

)
=

{
1 − qx − sx if j = 0,
sx(1 − qx − sx)q

j−1
x if j = 1, 2, ...

Ã x r � Ä

t§Å� �JQUzR6NC<?H
ξ(x,∞) = Z1 + . . .+ Zξ(0,∞) + Ẑ,

£�\6T'@CT
Z1, . . . , Zξ(0,∞)

Y^@CT"OS\6T�<QUK_bYV<�OCJ`]ÁTbN�UV>
x
ÅpT'OM£XTbT'GZ_'UzG6NCT'_bRmOCJQ VT�@PT'OSRm@CG6N�OSU

0
YVG6D

Ẑ
J`N�OC\6T

<`U�_gY^<¡OSJ`]ÁT�UV>
x
Y[> OSTb@�OS\mTh<eY^NPOv@CT'OCR6@CGOSU%¸bTb@PU6rvcvTbGm_bT�Ã x r | Äf>AUV<`<`U}£�Nf>A@CUV]	Ã x r y Ä�YVG6DÌÃ x r � Ä�r�Ã x r � Ä

_gY^GÈÅpT"UzÅmOSYVJ`G6T'D�Å�H�RmNCJ`Gmd

qx = 1 −
γ

1 − (1 − γx)2
,

Ã x r �zÄ

sx = (1 − γx)(1 − qx).
Ã x r w}� Ä

Ã��X>àr � w �ÛUz@ � � �8>AUz@fNPJ`]Áo6<`Tv@SYVGmD6Uz]Æ£lYV<`�¥a6OC\6T�dzTbG6T'@SYV<8_bYVNCT�ÅpTbJQG6dÍNCJ`]ÁJ`<`YV@¢ÄÀr

y



«�.��³�6-/5 : �
� F ¼ � »  ¾[»�'�¼ ��» � ¼��m¾V¼ ����½�¿������ � ¼ � ��� v < log(1/(1−γ)) � *D2 � �  » qxev < 1
" � � �  �

¼ �=�Vºb¼:¾ � �1Ã x r | Ä � @ ��½�¼��  ½ *>�[½ 

ϕ(v) = E

(
ev

PT
n=1

I{Sn=x} | T <∞
)
,

ψ(v) = E

(
ev

PT
n=1

I{Sn=x} | T = ∞
)

¾����
mx = E

(
T∑

n=1

I{Sn = x} | T <∞

)
.

Ó R6@POC\6Tb@�o6@PUzo�T'@POCJ`TbNfU^>
qx
YVGmD

sx
>AUz@fNCJQ]%om<`T§N¯HK]Á]ÁT'OS@PJ`_"@CYVG6D6Uz]�£�Y^<`��YV@PT"dzJQ VTbGJ`G�OS\mT�GmT�Ç�O

�8Tb]Á]�YKr

�°.M� �³� :<�;: ��@ �[½=» � *D2 �� »�' *6*  ¼�½ � ¿�½P¾�������* ( ¾ �98 ¾���� x ∈ Zd

γx ≥ γ,
Ã x r wzw Ä

1 − γ

2 − γ
≤ qx ≤ 1 − γ,

Ã x r w}x Ä

1 − qx − sx ≥
γ

2 − γ
,

Ã x r w}| Ä

qx(n) := P(T < min(n, Tx)) = qx +
O(1)

nd/2−1
.

Ã x r wg� Ä

ª�-������ � Ó Uz@(Ã x r wVw ÄFNPTbT � w ��a �ÛT']%]%Y x r � Y^G6Di>AUz@ÍÃ x r wb� ÄFNPTbT � w �¨a �8Tb]Á]�Y x r Ñ rÁÃ x r w/x ÄvY^G6D Ã x r w}| Ä
_gY^GÈÅpT"TgYVNPJ`<?H�UzÅmOSYVJ`GmTbD�>A@CUz] Ã x r �IÄÀaÛÃ x r w}� Ä�Y^G6D Ã x r wzw Ä�r

´f\6T�G6T�Ç�OF@CT'NCR6<?O�dzJQ VTbNFYVGTbNPOCJ`]%Y^OSJQUzG�UV>
ϕ
YVG6D

ψ
a6£�\mTb@CT�OS\mT�Tb@C@PUz@�OST'@C] JQNfR6G6J?>AUz@C]ÖJ`G

x
r

�°.M� �³� :<� � ��@ �[½
log(1 − γ(1 − γ)) < v < log(1 + γ(1 − γ)) (  �m¾�5 

ϕ(v) = exp(mx(v +O(v2))), v → 0,
Ã x r w}Ñ Ä

( �  ½  O � »%�M� � $&�[½ * � � x "
ψ(v) ≤

1 + |ev − 1|

1 − |ev − 1|/γ
.

Ã x r w}~ Ä

�



ª�-������ � ²³@PJQOCT
ϕ(v) =

1 − u

1 − y£�JQOC\
u =

(1 − γ)2 − (1 − γx)
2

γ(1 − γ)
(ev − 1), y =

1 − γ − (1 − γx)
2

γ
(ev − 1).

´f\6T'GÈJ?O�J`NfTgY^NPH�OSUÍNPTbT"OS\nY[O
y − u = mx(e

v − 1),
YVG6D

|u| ≤
|ev − 1|

γ(1 − γ)
, |y| ≤

|ev − 1|

γ(1 − γ)
.

kXH�´sYgHK<QUz@fNCT'@CJQTbN

log
1 − u

1 − y
= log(1 − u) − log(1 − y) = y − u+

y2 − u2

2
+
y3 − u3

3
+ . . .

= (y − u)

(
1 +

y + u

2
+
y2 + uy + u2

3
+ . . .

)
.

jKJ`Gm_bT
ev − 1 = v +O(v2)

aK£lT�\nYg zT

∣∣∣∣log
1 − u

1 − y
−mx(e

v − 1)

∣∣∣∣ ≤ mx|e
v − 1|

(
|ev − 1|

γ(1 − γ)
+

(
|ev − 1|

γ(1 − γ)

)2

+ . . .

)
= mxO(v2),

£�\6T'@CT
O
J`NfJQG6D6TbopT'G6D6TbGIOvUV>

x
rXcFTbG6_'T�Ã x r w/Ñ ÄX>AUz<Q<`U}£�Nbr�Ã x r w}~ ÄXJQNFUVÅ� �JQUzR6Nbr

�%Ø � ���Í���Ü����� ���f���s��� ×�Ø��

t§Å6NCT'@P VT�OC\nY^O
kn ∼ λ logn

r �8T'O
n` = [e`]

a
ξ(z) = ξ(z,∞)

YVGmDÈD6T�ÎnG6T"OS\mT�T� zT'G�OCN

Aj =

{
ξ(Sj) ≥ kn`

, sup
x∈B(rn`+1

)

(
ξ(Sj + x)

mxkn`

− 1

)
≥ ε

}

P

(
n`+1⋃

j=0

Aj

)
≤

n`+1∑

j=0

P(Aj) ≤

n`+1∑

j=0

∑

x∈B(rn`+1
)

P(A
(x)
j ),

�



£�\6T'@CT
A

(x)
j = {ξ(Sj) ≥ kn`

, ξ(Sj + x) ≥ (1 + ε)mxkn`
} .

�lUzG6NPJ`D6T'@�OC\6TÍ@SYVGmD6Uz] £lYV<`�ZUzÅmO¢Y^J`G6T'D ÅIH1@PT' zT'@CNPJ`G6d�OS\6TÍUz@PJ`dzJQGnYV<�£�YV<Q�
Y^O
Sj
aÛJ�r�TVr(<`T�O

S ′
i :=

Sj−i − Sj
a
i = 0, 1, . . . , j

YVGmD
T�Ç�OST'G6D³J?O=OSU�JQGmÎnG6J?OSThOCJ`]ÁTVa¡Y^G6D YV<`NPU�OS\6T3>AUz@¯£�Y^@CD1@SYVGmD6Uz]�£lYV<Q�
S ′′
i := Sj+i − Sj

a
i = 0, 1, 2, . . .

´f\6TbG
{S ′

0, S
′
1, . . .}

Y^G6D
{S ′′

0 , S
′′
1 , . . .}

YV@CT�J`GmD6TbopTbG6DmTbGIO§@CYVG6D6Uz]
£lYV<`��NFYVG6D�NCU%YV@PT�OC\6TbJQ@f@CT'NCopTb_'OCJQ VT�<QUK_bYV<�OCJ`]ÁTbN

ξ′
Y^G6D

ξ”
r�WUz@CT'U/ VTb@'a

ξ(Sj) = ξ”(0) + ξ(Sj, j) ≤ ξ”(0) + ξ′(0) + 1,

ξ(Sj + x) = ξ”(x) + ξ(Sj + x, j) ≤ ξ”(x) + ξ′(x).
cvT'@CT

ξ′
Y^G6D

ξ”
YV@CT"JQG6D6T'o�T'G6D6TbGIO=YVG6D�\nYg zT�OS\mT�NCYV]ÁT�DmJ`NPOC@CJQÅ6RmOSJQUzG�YVN

ξ
r

cvT'G6_bT

P(A
(x)
j ) = P(ξ”(0) + ξ ′(0) ≥ kn`

− 1, ξ”(x) + ξ′(x) ≥ (1 + ε)mxkn`
)

=
∑

P(ξ”(0) = k1, ξ
′(0) = k2, ξ”(x) + ξ′(x) ≥ (1 + ε)mxkn`

),

£�\6T'@CTÈOC\6TNCR6]Á]�Y[OSJ`UVGÌdzUKT'NÁ>AUV@
k1 + k2 ≥ kn`

− 1
rÜ�vNPJ`G6d T�ÇKopUzG6T'G�OCJeYV<vWZY^@C�VU}  J`GmT ��RnYV<QJQOMHza

�8Tb]Á]�Y x r w amJ`G6D6T'o�T'G6D6T'G6_bT�UV>
ξ”
YVG6D

ξ′
YVGmDÈT'<`Tb]ÁTbGIOSYV@PH�_gYV<Q_bR6<QR6Nbam£XT�dzT'O

P(A
(x)
j ) ≤

∑
E

(
ev(ξ”(x)+ξ

′(x)), ξ”(0) = k1, ξ
′(0) = k2

)
e−v(1+ε)mxkn`

=
∑

(ϕ(v))k1+k2γ2(1 − γ)k1+k2ψ2(v)e−v(1+ε)mxkn`

= γ2ψ2(v)e−v(1+ε)mxkn`

∑
(ϕ(v)(1 − γ))k1+k2

= γ2ψ2(v)e−v(1+ε)mxkn` (ϕ(v)(1 − γ))kn`

×

(
kn`

ϕ(v)(1 − γ)(1 − ϕ(v)(1 − γ))
+

1

(1 − ϕ(v)(1 − γ))2

)
.

kXH Ã x r w}Ñ ÄX£lT�UzÅmOSYVJ`G�>AUV@�YV<`<
j

P(A
(x)
j ) ≤ γ2ψ2(v)

(
kn`

ϕ(v)(1 − γ)(1 − ϕ(v)(1 − γ))
+

1

(1 − ϕ(v)(1 − γ))2

)

× e−mxvkn`
(ε+O(v))(1 − γ)kn` .

�l\6U�UzNCT
v0 > 0

NC]%YV<`<�TbG6UzRmdz\ÈNPR6_¢\ÈOC\nY^O

ε+O(v0) > 0, ev0 < 1 + γ(1 − γ), ϕ(v0) <
1

1 − γ
.

w}�



�vNPJ`G6d
x ∈ B(rn`+1

)
YVG6D�Ã w r �IÄX£XT�dVT'O

mxkn`
=

(1 − γx)
2

1 − γ
(λ logn`(1 − δn`

)) ≥
C1(1 − δn`

) logn`
‖x‖2d−4

≥
C1(1 − δn`

) logn`
r2d−4
n`+1

,

£�\6T'@CT1\6Tb@PT³Y^G6D¶J`GÜOS\6T
NPT ��R6T'<
C1, C2, . . .

£�J`<Q<§D6TbGmUVOST1opUzNCJ?OSJQ VTi_bUVG6NPOSYVGIOSN�£�\6UzNCT1 ^YV<`RmTbN�YV@PT
R6G6JQ]%opUz@¯O¢YVGIOfJQGUVR6@fo6@CU�UV>AN'r

kXH�OC\6T�YVÅ�U} VT�Y^NCNCRm]%omOCJ`UzGmN

P(A
(x)
j ) ≤ C2kn`

e−mxv0kn`
(ε+O(v0))(1 − γ)kn`

≤ C2kn`
exp

(
−(1 − δn`

) logn`

(
C3

r2d−4
n`+1

+ 1

))
.

cvT'G6_bT
n`+1∑

j=0

∑

x∈B(rn`+1
)

P(A
(x)
j ) ≤ C4n`+1r

d
n`+1

kn`
exp

(
−(1 − δn`

) logn`

(
C3

r2d−4
n`+1

+ 1

))

≤ C4
n`+1

n`
kn`

rdn`+1
exp

(
−
C3 logn`
r2d−4
n`+1

+ δn`
log n`

)

= C4
n`+1

n`
kn`

rdn`+1
exp

(
−

log n`
r2d−4
n`

(
C3

(
rn`

rn`+1

)2d−4

− δn`
r2d−4
n`

))

≤ C4
n`+1

n`
kn`

rdn`+1
exp

(
−C5

logn`
r2d−4
n`

)
≤ C6(logn`)

3−
C7
βn` ,

£�\6T'@CTlJQG�OC\6T�<eYVN¯O�OM£XU§<QJ`G6T'NÛ£XTlRmNCTbD�OS\6T�_bUzGmD6JQOCJ`UzG6NÛUV>KOS\6TX´f\6TbUV@CTb] >AUz@
rn
YVGmD

δn
r¦�lUVG6NCT ��RmTbGIOS<?H

P(

n`+1⋃

j=0

Aj) ≤

n`+1∑

j=0

∑

x∈B(rn`+1
)

P(A
(x)
j ) ≤ C6`

3−
C7
βn` ≤

C6

`2

>AUz@s<eYV@PdzTXT'G6UzR6dV\
`
£�\mJ`_¢\(J`NsNCR6]Á]%YVÅ6<`T�J`G

`
r�kXHhklUz@PTb<ö{¯��YVGIOST'<`<QJ�<QTb]Á]�Yf>AUz@s<eYV@PdzT

`
J?>
ξ(Sj) ≥ kn`

a
OS\mTbG

ξ(Sj + x) ≤ (1 + ε)mxkn`

>AUz@�YV<Q<
x ∈ B(rn`+1

)
r

�8T'OFG6U}£
n` ≤ n < n`+1

YVG6D
x ∈ B(rn`+1

)
r
ξ(Sj) ≥ kn, j ≤ n

JQ]%o6<QJ`T'N
ξ(Sj) ≥ kn`

a6J�r�TVr

ξ(Sj + x) ≤ (1 + ε)mxkn`
≤ (1 + ε)mxkn.

Ã | r w Ä

wzw



´f\6T�<QU/£XTb@�Å�UVR6G6D JQNhNCJQ]%JQ<eYV@'a¡£�JQOC\ NC<QJ`dz\IO�]%U�D6JQÎ6_gY^OCJ`UzG6N'r�²³T%_gYV<Q<
Sj

G6T�£�JQ>
Si 6= Sj, i =

1, 2, . . . , j − 1
r � T�ÎnG6T�OS\6T�T' VTbGIOSN

Dj =

{
ξ(Sj) ≥ kn`

, sup
x∈B(rn`+1

)

(
1 −

ξ(Sj + x)

mxkn`+1

)
≥ ε

}
,

D
(x)
j = {Sj new, ξ(Sj) ≥ kn`

, ξ(Sj + x) ≤ (1 − ε)mxkn`+1
}.

t§Å6NCT'@P VT�OC\nY^O
⋃

{j:0≤j≤n`+1}

Dj =
⋃

{j:0≤j≤n`+1, Sj new}

Dj.

�lUzG6NPJ`D6T'@CJQG6dÁYVdIYVJQG�OS\6T">AUz@¯£�YV@PD�@SYVG6DmUz]Æ£lYV<`�¥a6£XT�\6Y} VT

ξ(Sj) = ξ”(0) + 1, ξ(Sj + x) ≥ ξ”(x).

cvT'G6_bT�ÅIHWZYV@P�VU}  � NvJ`G6T ��RnYV<`J?OMH

P(D
(x)
j ) ≤

∞∑

k=kn`
−1

P(ξ”(0) = k, ξ”(x) ≤ (1 − ε)mxkn`+1
)

≤
∞∑

k=kn`
−1

(ϕ(−v)(1 − γ))kψ(−v) exp(v(1 − ε)mxkn`+1
)

≤
ψ(−v)

(1 − γ)ϕ(−v)(1 − (1 − γ)ϕ(−v))
((1 − γ)ϕ(−v))kn`ev(1−ε)mxkn`+1 .

q¦@CU�_bTbT'D6J`Gmd1YVN(YVÅpU} zT�£XT�ÎnGnYV<Q<QH _bUzGm_b<`RmD6T�Y^> OCTb@3NPUz]%T�£�\nY^O(NPJ`]Áo6<`T'@�_bYV<`_'R6<eY[OSJ`UVG6N�OC\nYVG OC\6T
o6@PT' �J`UzRmNFUVG6TVa6OC\nY^Of>AUz@f<`YV@CdzT=TbG6UzRmdz\

n
a
ξ(Sj) ≥ kn

JQ]%o6<QJ`T'N
ξ(Sj + x) ≥ (1 − ε)mxkn

r
´f\6J`N'an_bUz]hÅ6J`G6T'D�£�JQOS\�Ã | r w Äl_bUz]Áo6<`T�OST'N�OS\6T�o6@PUKUV>sUV>s´f\6TbUV@CTb] w r x r

��Ø � ���Í���Ü����� ���f���s��� ×�Ø'×

�°.M� �³���L�
�	���� ¼
d ≥ 5

" 2
d−2

< α < 1
"
j ≤ n−nα

"
|x| ≤ logn � 4 �  � ( � ¼/� 2p½ �Vº¢¾Iº � � � ¼
'��3¼��  ½  K � »�¼ »�¾�� n0(ω)

»��¥¿��¼��m¾V¼�$&�[½
n ≥ n0 (  �m¾�5 

ξ(Sj + x, n) = ξ(Sj + x,∞).

w/x



ª�-������ � ´f\6T"o6@PUKUV>ÛJQN�TbNPNCT'G�OCJeYV<Q<QHÁOS\6T=NSYV]ÁT"YVN�OC\nY^OfUV>Û´f\mTbUz@PTb] w ÃAJ`J`JeÄ�J`G��¦@CD��VN�YVG6D�´sY}H�<QUz@ � Ñ ��r
�8T'O

nk+1 = nk +

[
1

2
nαk

]
.

Ak =
⋃

j≤nk

⋃

`≥nk+[ 1
2
nα

k−1
]

⋃

x∈B(log nk+1)

{S` − Sj = x}.

Ó Uz@�YVopTb@PJ`U�D6J`_v@SYVG6DmUz]Æ£lYV<`�Á£lT�\nYg zT�Ã�_�>àr Ô YVJ`GYVG6DÈq¦@CR6J?OCO � ~ �eÄ

P(Sn = x) ≤ C8n
−d/2 Ã � r w Ä

>AUz@�YV<Q<
x ∈ Zd

Y^G6D
n ≥ 1

£�J?OS\�NCUz]ÁT�_bUzGmNPO¢Y^G�O
C8

r
�vNPJ`G6d(OS\mT�>�Y^_'O�OS\nY[O

B(log nk+1)
_'UzGIO¢YVJQG6N�<`T'NCN�OS\6YVG

C9(log nk+1)
d
opUzJ`GIOSN'a

P(Ak) ≤ C9(log nk+1)
d

nk∑

j=0

∞∑

`=nk+[ 1
2
nα

k−1
]

C8

(`− j)d/2

≤

nk∑

j=0

C10(log nk+1)
d

(nk + [1
2
nαk−1] − j)d/2−1

≤
C10(log nk+1)

d

n
α(d/2−2)
k−1

≤
C10(lognk−1)

d

n
α(d−4)/2
k−1

.
Ã � r x Ä

²�T�£�JQ<`<�NC\6U}£ G6U}£¤OS\nY^O ∑
k P(Ak)

_'UzGI zT'@CdzT'Nbr

∞∑

n=1

(log n)d

nα(d−2)/2
≥
∑

k

nk+1∑

n=nk+1

(logn)d

nα(d−2)/2
≥ C11

∑

k

nk+1 − nk

n
α(d−2)/2
k+1

(log nk+1)
d

≥ C11

∑

k

1
2
nαk

n
α(d−2)/2
k+1

(lognk+1)
d = C12

∑

k

(lognk+1)
d

n
α(d−4)/2
k+1

(
nk
nk+1

)α
.

Ã � r | Ä

t§Å6NCT'@P VT�OC\nY^O
(

nk
nk+1

)α
=

(
nk

nk + [1
2
nαk ]

)α
→ 1, k → ∞.

jKJQG6_bT
∞∑

n=1

(log n)d

nα(d−2)/2

_bUVG� VTb@PdzTbN'a�Ã � r x Ä�Y^G6D Ã � r | Ä�J`]Áo6<QHÁOS\6T�_bUVG� VTb@PdzTbG6_'T3UV> ∑
k P(Ak)

rlkXHklUz@PTb<?{à��YVGIOST'<`<`J�<`T']%]%YmamJ?>
k
JQNXÅmJ`dhT'G6UzR6dV\¡a�OC\6TvOCR6ÅpT=UV>Û@CYVD6J`RmN

log nk+1

Y^@CUzR6GmD�OS\6TvonY^OC\
{Sj, j = 1, 2, . . . , nk}

JQNXD6JQNAÏPUzJQGIO
>A@CUV]ÖOS\mT�o6Y^OS\

{S`, ` = nk + [1
2
nαk−1], . . .}

r

w}|



´sUÍÎnG6JQNC\�OS\mT�om@CU�UV>àa6<`T�O
nk−1 < n− nα ≤ nk.´f\6T'G

nk−1 + 2

[
nαk−1

2

]
< nk−1 + nα < n,

\6T'G6_bT
nk +

[
nαk−1

2

]
< n.

´f\�R6N�£�JQOS\ o6@PUzÅnYVÅ6JQ<`J?OMH w >AUz@�<eYV@PdzT
n
OS\6T1OSRmÅ�T1UV>h@SYVD6JQR6N

log n
Y^@CUzR6GmD OC\6T�o6Y^OS\

{Sj, j =
1, 2, . . . , n− [nα]}

JQNfD6J`N ÏPUzJ`GIO�>A@PUz]ÖOC\6T�onY^OC\
{S`, ` = n, . . .}

a6J¨r©T^r �ÛT']%]%Y � r w >AUz<`<QU/£�N'r
´sU=o6@CU} zTl´f\6TbUz@PTb] w r w UzÅ6NPTb@¯ zTlOC\nY^O�J?O�NCR��Á_bT'N�OSUv_bUzG6NPJ`D6T'@�opUzJ`GIOCN� �J`NPJQOCTbDhÅpT'>AUV@CTXOCJ`]ÁT

n−nα
a

Ã
2/(d−2) < α < 1

ÄÀa�NPJ`G6_'TvJQG(OS\6T�OSJQ]%TfJQG�OCTb@¯ VY^<
(n−nα, n)

OC\6T�]�Y[ÇKJQ]�YV<K<`U�_gYV<KOSJ`]ÁTfJ`N°<QTbNCN°OS\6YVG
α(1 + ε)λ logn

a�\mTbG6_'T�OS\mJ`NFo�UzJQGIOv_bYVG6G6U^O=ÅpT�JQG
An

rF�lUVG6NCT ��RmTbGIOS<?Hza�´f\mTbUz@PTb] w r w >AUz<Q<`U}£�Nf>A@CUz]
´f\6T'Uz@CT'] w r x YVGmD �8T']%]%Y � r w r

�ÍØ � ���Í���Ü����� ���f���s��� ×�Ø �

Ó JQ@CNPOl£lT�o6@CU} VT
�°.M� �³���<�
�	���� ¼

Ai, Bi

º 6 5  �n¼ »§»��¥¿��¼��m¾V¼ ∑
i P(Ai) = ∞

"

P(AiAk) ≤ c1P(Ai)P(Ak),

¾����
P(AiBi) ≥ c2P(Ai)

( � ¼���»)��*  ¿����m»�¼�¾��n¼A» c1, c2 > 0 � 4 �  �

P(AiBi i.o.) > 0.

ª�-������ �
∑

i

P(AiBi) ≥ c2
∑

i

P(Ai) = ∞.

t§G�OS\6T�UVOC\6Tb@�\nYVGmD¡a

P(AiBiAkBk) ≤ P(AiAk) ≤
c1
c22

P(AiBi)P(AkBk),

OS\mT �8T']%]%Yh>AUz<`<QU}£�N�ÅIHklUz@CT'<?{à��YVGIOSTb<Q<`Jp<`T']%]%YhJ`GÈjKomJQOS¸'Tb@���� �¨ano6o¡r |mw/y r

wg�



´sUÁo6@PU/ VT�OC\6T"´f\6T'Uz@CT']ÈanD6T�ÎnG6T�OS\6T�N¯OSUzo6omJ`G6d(OSJQ]%T'N
Vj
YVNfJ`GE�B' zB'NC¸ � y �¨r �8T'O

ρ0(t) = t,

ρ1(t) = min{τ : τ > t, S(τ) = S(t)},

ρ2(t) = min{τ : τ > ρ1(t), S(τ) = S(ρ1(t)) = S(t)},

. . . ,

£�\6T'@CT�\6Tb@PT�Y^G6DOC\6T"NCT ��R6Tb<Û£lT�D6T'G6UVOCT
S(k) = Sk

r

U(L, t) =






t+ L if ρ1(t) − t > L,
ρ1(t) + L if ρ1(t) − t ≤ L, ρ2(t) − ρ1(t) > L,
ρ2(t) + L if ρ1(t) − t ≤ L, ρ2(t) − ρ1(t) ≤ L, ρ3(t) − ρ2(t) > L,
. . . ,

Lk = (log(k + 2))α, (α >
2

d− 2
, k = 0, 1, 2, . . .)

V0 = 0, Vj+1 = U(Lj, Vj), (j = 0, 1, 2, . . .)

Vj+1

J`N§OS\mTÁÎn@PNPO�OSJQ]%TÀ{MopUzJ`GIO"Y[> OSTb@
Vj

£�\6TbG OS\6TÁ@SY^G6D6Uz] £lYV<Q�
\nYVN�G6UVO� �J`NPJQOST'D
S(Vj)

D6R6@PJ`G6dÈY
OSJQ]%TÀ{MJQG�OCTb@¯ VY^<�UV>s<`T'G6dVOC\

Lj
r

�8T'O
{xn}

ÅpT�YÍNPT ��R6T'G6_bT3U^>�opUzJ`GIOCNfJ`G
Zd

Y^NFJQG�´f\6TbUz@PTb] w r | YVG6DD6T'Î6G6T"OS\6T�T' VTbGIOSN

Aj = {ξ(S(Vj), Vj+1)−ξ(S(Vj), Vj) = ψj, ξ(S(Vj)+xVj
, Vj+1)−ξ(S(Vj)+xVj

, Vj) = 0},
Ã Ñ r w Ä

Bj = {ξ(S(Vj) + xVj
, Vj) = ξ(S(Vj) + xVj

,∞) − ξ(S(Vj) + xVj
, Vj+1) = 0},

Ã Ñ r x Ä
£�\6T'@CT

ψj = [λ(log j + log log j)]
r

�°.M� �³���<�;: � 4 � - 5  �n¼ »
Aj
"
j = 1, 2, . . . are � ���  2  ���  �n¼�¾����

P(Aj) ≥
C13

j log j

Ã Ñ r | Ä

ª�-������ � jKJQG6_bT
{Vj}

∞
j=1

J`N=Y%NCT ��R6TbG6_'TÍUV>°NPOCUzo6o6JQG6d�OSJQ]%T'N=Y^G6D
Aj

D6T'o�T'G6D6N§UzGm<QHUzGZOC\6T3@SY^G6D6Uz]
£lYV<`��Å�T�OM£lT'TbG

Vj
YVG6D

Vj+1

aVJ`G6D6T'o�T'G6D6T'G6_bTf>AUz<Q<`U}£�Nbr�´sU"NP\6U}£ Ã Ñ r | Ä�az<QT'O
Uj := U(Lj , 0)

r��lUzGmNCJ`DmTb@
OS\mTÁ@CYVG6D6UV] £�YV<Q�iNPOSYV@POCJ`G6d�>A@PUz]

Vj
YVN�YG6T�£ Uz@PJ`dzJQG¡rÍ´f\6TbG OS\6TÁUz@CJQdzJ`G6YV<s@CYVG6D6UV] £�YV<Q�iJ`G
OC\6T

J`GIOCTb@P ^YV<
(Vj, Vj+1)

\nYVNfOS\mT�NCYV]ÁT"D6J`N¯OS@CJQÅ6RmOCJ`UzG�YVNfOC\6T"G6T'£ @SYVG6DmUz]Æ£lYV<`�%J`G
(0, Uj)

r°cvTbGm_bT

P(Aj | Vj = m) = P(ξ(0, Uj) = ψj, ξ(xm, Uj) = 0).

w/Ñ



´f\6TvT' zT'GIO
{ξ(0, Uj) = ψj, ξ(xm, Uj) = 0}

]%TbYVG6N°OS\nY[OlOS\mTb@CT=YV@CTvT�ÇmYV_�OS<QH
ψj
T�ÇK_'R6@CNPJ`UzG6N�YV@CUzRmG6D

0
a�TbYV_¢\�UV>¡£�\mJ`_¢\�\nY^NX<QTbG6dVOC\�<QTbNCN°OS\6YVG

Lj
a�G6UzGmT=UV>�OS\6T']ÖY^@CT� KJQNCJ?OSJ`Gmd

xm
YVGmD�J`GÍOS\6TF<eY^NPOXNCTb_�OSJQUzG

(Uj − Lj, Uj)
OS\mT�@SYVGmD6Uz] £�Y^<`�1NPOSYV@POCJ`G6dZ>A@PUz]

0
a�DmUKT'NhG6UVO� �J`NCJ?O

0
Y^G6D

xm
ricvTbGm_bT�YVomo6<QH�J`Gmd

Ã x r wg� ÄlUV> �8T']%]%Y x r x a
P(ξ(0, U) = ψj, ξ(xm, U) = 0)

=
(
qxm

+O((log j)−α(d/2−1))
)ψj

P(ξ(0, Lj) = 0, ξ(xm, Lj) = 0).
t§ÅI KJQUzR6NP<QH

P(ξ(0, Lj) = 0, ξ(xm, Lj) = 0) ≥ P(ξ(0,∞) = 0, ξ(xm,∞) = 0) = 1 − qxm
− sxm

.

� Ó @PUz]�OC\6TÁJ`G6T ��R6YV<`J?OSJ`T'NÍÃ x r w/x Ä§YVG6D�Ã x r w}| Ä=UV> �8Tb]Á]�Y x r x £lTÁ_gYVG dzT�O�ÅIH1TbYVNPH1_bYV<`_'R6<eY^OCJ`UzG
OS\6Y^O

P(ξ(0, Uj) = ψj, ξ(xm, Uj) = 0) ≥ C14(qxm
)ψj ≥ C15(1 − γ)ψj

(
1 −

(1 − γxm
)2

1 − γ

)ψj

.

jKJQG6_bT
Lj ≥ 1

a6£XT�UzÅI �J`UzR6NP<QH�\nYg zT
Vj ≥ j

a6J¨r©T^r�£lT�_gYVG�OSYV�VT
m ≥ j

r�jKJQG6_bT

(1 − γ)ψj ≥
1

j log j
YVG6D�ÃA_'>àrvÃ w r �IÄPÄ

(1 − γxm
)2 ∼ C16(logm)−1,

£XT�\6Y} VT
P(Aj | Vj = m) = P(ξ(0, Uj) = ψj, ξ(xm, Uj) = 0) ≥

C13

j log j
,

£�JQOC\
C13 > 0

JQG6D6T'o�T'G6D6TbGIOvUV>
m
a6OS\6T�<`T']%]%Y�>AUz<Q<`U}£�Nbr

�°.M� �³���<� � ���� ¼X¼�� 6 5  �n¼ »
Aj
"
Bj

º  � /. �  ��º7'�Ã Ñ r w Ä�¾�����Ã Ñ r x Ä � 4 �  �

P(AjBj) ≥ γ2
P(Aj).

Ã Ñ r � Ä

ª�-������ �
P(AjBj) = EP(AjBj | S(Vj), S(Vj+1))

= E (P(Aj | S(Vj), S(Vj+1))P(Bj | S(Vj), S(Vj+1))) .²�T�NP\6U}£ÂOC\nY^O
P(Bj | S(Vj), S(Vj+1)) ≥ γ2, j = 1, 2, . . .

Ã Ñ r Ñ Ä

w}~



�lUzG6NPJ`D6T'@�OC\6T�@CT� zT'@CNCT'D @SYVG6DmUz] £�YV<Q�1Å�T�>AUz@CT
S(Vj)

a�YVNhJQG�OS\mT�OS\6T%o6@CU�UV>�UV>�´f\6TbUz@PTb] w r x a�J�r�TVr
S ′
i = S(Vj− i)−S(Vj)

aKYVG6D%JQOSN�<`U�_gY^<6OSJ`]ÁT
ξ′(x, n)

YVG6D�YV<QNCU�OS\6T�>AUz@¯£�YV@PD�@CYVG6D6Uz] £lYV<`�(N¯O¢YV@¯OSJQG6d
>A@CUV]

S(Vj+1)
a�J�r�TVr

Si” = S(Vj+1 + i) − S(Vj+1)
a
i = 1, 2, . . .

YVGmD�JQOCNÍ<`U�_gYV<lOCJ`]ÁT
ξ”(x, n)
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Bj

]ÁTgY^G6N3OS\nY[O(OS\6T�În@PNPOÁ@SY^G6D6Uz]
£lYV<`�

S ′
D6UKT'N�GmUVO� KJQNCJ?O

xVj

Ã�Rmo�OSUOSJQ]%T
Vj
Ä"YVGmD�OS\mT�NCT'_bUzGmD @SYVGmD6Uz] £lYV<`�

S”
D6U�TbN�G6UVO� KJQNCJ?O

S(Vj) + xVj
− S(Vj+1)

Ã >AUz@fJ`GKÎnG6JQOCT=OSJQ]%TgÄ�r¦cFTbG6_'T

P(Bj | S(Vj), S(Vj+1))

= P(ξ′(xVj
, Vj) = 0, ξ”(S(Vj) − S(Vj+1) + xVj

,∞) = 0 | S(Vj), S(Vj+1))

≥ P(ξ′(xVj
,∞) = 0)P(ξ”(S(Vj) − S(Vj+1) + xVj

,∞) = 0 | S(Vj), S(Vj+1)).

� Ó @CUz] Ã x r wzw ÄXU^> �8Tb]Á]%Y x r x JQOl>AUz<`<QU/£�NXOS\nY^O

P(ξ′(xVj
,∞) = 0) ≥ γ

YVG6D�NPJ`]ÁJ`<eY^@C<QH

P(ξ”(S(Vj) − S(Vj+1) + xVj
,∞) = 0 | S(Vj), S(Vj+1)) ≥ γ,
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P(AjBj i.o.) > 0.

jKJQG6_bTÁÃA_'>àr�EFB� zB'NC¸ � y �eÄ
Vj = nj ≤ O(1)j(log j)α a.s.,

YVNPNCR6]ÁJ`G6d(OC\nY^O
AjBj

U�_b_'R6@CN'a6£lT�\nYg zT

ξ(Snj
,∞) = ξ(S(Vj+1),∞) ≥ ξ(S(Vj), Vj+1) − ξ(S(Vj), Vj) ≥ ψj ≥

≥ λ lognj − λα log log nj + (1 − ε)λ log lognj ≥

≥ λ lognj + λ

(
d− 4

d− 2
− ε

)
log lognj

YVG6DYV<QNCU
ξ(Snj

+ xnj
,∞) = 0

r°´f\�R6N�£lT�\nYg zT
P(Dn i.o.) > 0

a6£�\6Tb@PT

Dn =

{
ξ(Sn,∞) ≥ λ

(
log n+

(
d− 4

d− 2
− ε

)
log logn

)
, ξ(Sn + xn,∞) = 0

}
.
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D̃n =
{
ξ(Sn,∞) ≥ λ

(
log n+

(
d− 4

d− 2
− ε

)
log logn

)
,

ξ(Sn + xn,∞) − ξ(Sn + xn, log n) = 0
}
.

´f\6T'Gi£lT3\6Y} VT(YV<QNCU
P(D̃n i.o.) > 0

YVG6DiNPJ`G6_'T
D̃n
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<eYg£ £lT�\nYg VT

P(D̃n i.o.) = 1
r
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P(Dn i.o.) = 1
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0 < δ < 1/2 ( � ¼�� 2p½ �Vº¢¾Iº � � � ¼E' �È¼��  ½   K � »�¼ » n0

»��¥¿��
¼/�m¾V¼<$&�[½
n ≥ n0

(  �m¾�5 
ξ(Sn + x, nδ) = 0

>AUz@�YV<Q<
|x| ≤ log n.
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P




⋃

|x|≤logn

⋃

j≤nδ

{Sj = Sn + x}


 ≤

∑

|x|≤logn

∑

j≤nδ

P(Sj = Sn + x)

≤
∑

|x|≤logn

∑

j≤nδ

C8

(n− j)d/2
≤
C17(logn)d

nd/2−δ
,
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P(Dn i.o.) = 1
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