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Considera simplesymmetricrandomwalk on theline. Thepartsof therandomwalk betweenconsecutive returnsto
theorigin arecalledexcursions.Theheightsandlengthsof theseexcursionscanbearrangedin decreasingorder. In
this paperwe give theexactandlimiting distributionsof theserankedquantities.Theseresultsareanaloguesof the
correspondingresultsof PitmanandYor [10, 11, 12] for Brownianmotion.
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1 Introduction
Let X1 � X2 ������� beindependentrandomvariableswith distribution

P
�
Xi ��� 1� � P

�
Xi �
	 1� � 1

2
�

PutS0 � 0, Si � X1 � ����� Xi , i � 1 � 2 ������� . Thenthesequence� Si � ∞
i 
 0 is calleda simplesymmetricrandom

walk on theline. Considerthereturntimesdefinedby ρ0 � 0,

ρi � min � k � ρi � 1 : Sk � 0 � � i � 1 � 2 �������
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Further, let
ξ
�
n� � # � k : 0 � k � n � Sk � 0 �

bethelocal timeof therandomwalk atzero,i.e. thenumberof returnsto theorigin up to timen.
Theparts

�
Sρi � 1

��������� Sρi � 1 � � i � 1 � 2 ������� betweenconsecutive returnsarecalledexcursions.Consider
thelengthsτi � ρi 	 ρi � 1 � andheights

µi � max
ρi � 1 � k � ρi � 1

�
Sk
� � µ�i � max

ρi � 1 � k � ρi � 1
Sk

of i-th excursion.
Clearly, the randomwalk doesnot changesign within an excursion. We maycall the excursionpos-

itive (negative) if the randomwalk assumespositive (negative) valueswithin this excursion. If the i-th
excursionis negative,thenµ�i � 0.

In thispaperweconsidertherankedlengthsandheightsof excursionsupto timen. In general,however
the (fixed) time n neednot be an excursionendpoint,andwe includethe lengthandheightof this last,
possiblyincomplete,excursionaswell. Considerthesequences

L � 1� � n��� L � 2� � n��� ������� M � 1� � n��� M � 2� � n��� ������� and M � 1�� �
n��� M � 2�� �

n��� �������
whereL � j � � n� is the j-th largestin thesequence�

τ1 � τ2 ��������� τξ � n� � n 	 ρξ � n� � �
M � j � � n� is the j-th largestin thesequence�

µ1 � µ2 ��������� µξ � n� � max
ρξ � n� � k � n

�
Sk
� � �

while M � j �� �
n� is the j-th largestin thesequence�

µ�1 � µ�2 ��������� µ�ξ � n� � max
ρξ � n� � k � n

Sk � �
We defineM � j �� �

n� � M � j � � n� � L � j � � n� � 0 if j � ξ
�
n� � 1.

Similar quantitiesfor Brownianmotionwereinvestigatedby Knight [9], PitmanandYor [10, 11, 12],
Wendel[13] andtheir stronglimit propertieswerestudiedin [7, 8], [4, 5]. In [3] the propertiesof L � 1�
wereinvestigated.

In thispaperwepresentexactandlimiting distributionresultsfor rankedlengthsandheightsof random
walk excursions.

2 Exact distributions
First wegive theexactdistributionsfor M � . In thesequelthebinomialcoefficient � nk  is meantto bezero
if k � n, k � 0 or k is not aninteger.
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Theorem 2.1. For a � 0, ! integers,wehave

P
�
M � j �� �

n�"� a � Sn � !#� � P
�
Sn � 2 ja 	 !#� � 1

2n

$
n

ja � n �&%
2 ' � !(� a (2.1)

P
�
M � j �� �

n�"� a � Sn � !#� � P
�
Sn � 2

�
j 	 1� a � !#� � 1

2n

$
n�

j 	 1� a � n� %2 ' � !)� a (2.2)

and

P
�
M � j �� �

n�*� a� � P
�
Sn � �

2 j 	 1� a� � 2P
�
Sn � �

2 j 	 1� a�� 1
2n + $ n

ja � n � a
2 ' � 2 ∑%-, � 2 j � 1� a $ n

n� %2 '/. � (2.3)

Proof. Theseresultsarewell-known for j � 1, their usualproofsbeingbasedon thereflectionprinciple
of André [1]. Our presentproofsarealsobasedon the reflectionprinciple, appliedsuccessively. Now

considerthe casej � 2. Theevent � M � 2�� �
n�0� a � meansthat thereareat leasttwo upcrossingsfrom 0

to a by therandomwalk up to time n. Let τ1 bethefirst hitting time of the level a, θ1 bethefirst return
time to zeroafterτ1 andlet τ2 be thefirst hitting time of a afterθ1. Reflectthepartbetweenτ1 andθ1

througha, thenθ1 becomesthefirst hitting time of thelevel 2a for thenew path.Putthepartbetweenθ1

andn continuouslyto thenew path. If !1� a, we aredone,andreversingthis procedure,we canseethat

thereis a bijectionbetweenthesetof paths � M � 2�� �
n�2� a � Sn � ! � and � Sn � 2a � ! � . This proves(2.2)

for j � 2. If !)� a, thenτ2 becomesthefirst hitting time of 3a for thenew path.Reflectthepartbetween
τ2 andn through3a, we geta pathwith Sn � 4a 	 ! . By reversingthis procedure,we canseethat there

is a bijectionbetween� M � 2�� �
n�0� a � Sn � ! � and � Sn � 4a 	 ! � , proving (2.1) for j � 2. By repeating

theabove procedure,we get(2.1)and(2.2) for j � 3 aswell. Now (2.3) follows from (2.1)and(2.2)by
summingup for ! .

Concerningthedistributionsof M wepresent

Theorem 2.2. For a � 0, integer wehave

P
�
M � j � � n�*� a � Sn � 0� � 2 j � n

∞

∑
k
 0

� 	 1� k $ k � j 	 1
k ' P

�
Sn � 2

�
k � j � a�

� 2 j � n
∞

∑
k
 0

� 	 1� k $ k � j 	 1
k ' $ n�

k � j � a � n
2 ' (2.4)

and

P
�
M � j � � n�*� a�� 2 j � n

∞

∑
k 
 0

� 	 1� k $ k � j 	 1
k ' � P � Sn � �

2k � 2 j 	 1� a� � 2P
�
Sn � �

2k � 2 j 	 1� a���
� 2 j � n

∞

∑
k 
 0

� 	 1� k $ k � j 	 1
k ' + $ n�

j � k� a � n � a
2 ' � 2 ∑%-, � 2k� 2 j � 1� a $ n

n� %2 '/. � (2.5)
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Proof. We follow theproofpresentedin PitmanandYor [12] for thecaseof Brownianbridge.In fact,we
show thatTheorem2.2is a consequenceof Theorem2.1.

Let � εi � ∞
i 
 1 beasequenceof i.i.d. randomvariableswith P

�
εi � 0� � P

�
εi � 1� � 13 2,andlet g j denote

theindex of the j-th 1 in theabovesequence.It is well-known thatg j hasnegativebinomialdistribution

P
�
g j � k � j � � 1

2k� j

$
k � j 	 1

k ' � k � 0 � 1 �������
Sinceheightsandsignsof excursionsareindependent,wehave4

M � j �� �
n�65 ∞

j 
 1 7� 4
M � g j � � n�65 ∞

j 
 1
�

where 7� denotesequalityin distribution andthesequences� εi � ∞
i 
 1 and � M � j � � n� � ∞

j 
 1 areassumedto be
independent.Hence

E f 8 M � j �� �
n��9 � E f 8 M � g j � � n��9 � ∞

∑
k 
 0

1
2k� j

$
k � j 	 1

k ' E f 8 M � k � j � � n��9 (2.6)

andusingLemma9 in PitmanandYor [12] onecaninvert (2.6)as

E f 8 M � j � � n� 9 � 2 j
∞

∑
k
 0

� 	 1� k $ k � j 	 1
k ' E f 8 M � k� j �� �

n� 9
On choosingf

�
x� � I � x � a � , whereI denotesindicatorof the event in the brackets,we get (2.5) from

(2.3). Theproof of (2.4) is similar.

ConcerningthelengthsL � j � � n� no explicit formulais known for their distributions.In [3] a recurrence
formulais givenfor j � 1 as

P
�
L � 1� � n�"� z� � z

∑
k
 1

bkP
�
L � 1� � n 	 k�:� z� � (2.7)

where

bk � P
�
ρ1 � k� � 1

k2k � 2

$
k 	 2
k � 2

2 '
is theprobabilitythatthefirst returntime to zerois equalto k. (2.7) is equivalentto

P
�
L � 1� � n�2� z� � z

∑
k 
 1

bkP
�
L � 1� � n 	 k �;� z� � ∞

∑
k
 z� 1

bk (2.8)

for z � n andP
�
L � 1� � n�"� z� � 0 if z � n.

Thiscanbegeneralizedasfollows.

Theorem 2.3. For j � 1, n � 2 j 	 1, z � 1 integerswehave

P
�
L � j � � n�2� z� � z

∑
k
 1

bkP
�
L � j � � n 	 k�:� z� � n

∑
k
 z� 1

bkP
�
L � j � 1� � n 	 k�:� z� � (2.9)
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Proof. Theproofof (2.9) is straightforwardby consideringthatthefirst returnto zerooccursat timek. If
k � z, it meansthatthelengthof thefirst excursionis largerthanz, soin theremainingpartweneedonly
j 	 1 excursionswhoselengthsaregreaterthanz.

Thegeneratingfunctionof theabovedistributionscanbegivenasfollows. Let 0 � u � 1 anddefine

φ j
�
u � z� � ∞

∑
n
 1

unP
�
L � j � � n�2� z� �

By recurrenceformula(2.9),weobtainthatfor j � 1,

φ j
�
u � z� � z

∑
k 
 1

∞

∑
n
 k � z

bku
nP
�
L � j � � n 	 k�"� z� � ∞

∑
k 
 z� 1

bk

∞

∑
n
 k� z

unP
�
L � j � 1� � n 	 k�:� z�

� z

∑
k 
 1

bku
k

∞

∑
m
 z

umP
�
L � j � � m�2� z� � ∞

∑
k
 z� 1

bku
k

∞

∑
m
 z

umP
�
L � j � 1� � m�2� z�

� z

∑
k 
 1

bku
kφ j

�
u � z� � ∞

∑
k
 z� 1

bku
kφ j � 1

�
u � z� �

sinceP
�
L � j � 1� � m�2� z� � 0 whenm � z. For j � 1, we getfrom (2.8) that

φ1
�
u � z� � z

∑
k
 1

bku
kφ1

�
u � z� � ∞

∑
k 
 z� 1

bk
uz� 1

1 	 u
�

It followsthat

φ1
�
u � z� � uz� 1∑∞

k 
 z� 1bk�
1 	 u� � 1 	 ∑z

k
 1bkuk  �
andfor j � 2,

φ j
�
u � z� � + ∑∞

k
 z� 1bkuk

1 	 ∑z
k
 1bkuk . j � 1

φ1
�
u � z� � 8 ∑∞

k 
 z� 1bkuk 9 j � 1
uz� 1∑∞

k
 z� 1bk�
1 	 u�<� 1 	 ∑z

k
 1bkuk  j
� (2.10)

We notethefollowing interpretationof thegeneratingfunctionφ j . Let N bea randomvariable,inde-
pendentof our randomwalk, having geometricdistributionwith parameter1 	 u, i.e.

P
�
N � n� � �

1 	 u� un � 1 � n � 1 � 2 ������� (2.11)

Then

P
�
L � j � � N �0� z� � 1 	 u

u
φ j
�
u � z� � (2.12)

Somejoint distributionscanalsobegiven.Considere.g.thejoint distributionof M � 1� � n� andL � 1� � n� .
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Theorem 2.4.

P
�
M � 1� � n�"� a � L � 1� � n�2� z� � z

∑
k
 1

ckP
�
M � 1� � n 	 k�:� a � L � 1� � n 	 k�:� z� � (2.13)

where

ck � 1
2k � 1

∞

∑
i 
�� ∞

$=$
k 	 2

k � 2
2 � ia' 	 $

k 	 2
k
2 � ia '/' �

Proof. Consideragainthatthefirst returntime to zerois equalto k. Theprobabilityof theevent� S0 � 0 � 0 � �
Si
� � a � i � 1 � 2 ��������� k 	 1 � Sk � 0 �

is exactly ck (cf., e.g. [6]). For theremainingpathwe needalsothatM � 1� � a � L � 1� � z. Hencewe have
(2.13).

3 Limiting distributions
Now onecanobtainthelimiting distributionsfor therankedheightsfrom theexactformulaeof Section2
by theusualprocedure:Stirling formula,etc.basedon theasymptoticresults

lim
n> ∞

P
�
Sn � y? n� � 1 	 Φ

�
y�

and $
2n

n �A@ y? 2nB 'DC 22n? πn
e� 2y2 � n E ∞ � (3.1)

whereΦ
�GF � is thestandardnormaldistribution function.

Theorem 3.1.
lim
n> ∞

P
�
M � j �� �

n�"� y? n� � 2
�
1 	 Φ

���
2 j 	 1� y��� (3.2)

and
lim
n> ∞

P
�
M � j �� �

2n�"� y? 2n
�
S2n � 0� � e� 2 j2y2 � (3.3)

Theorem 3.2.

lim
n> ∞

P
�
M � j � � n�2� y? n� � 2 j � 1

∞

∑
k 
 0

� 	 1� k $ k � j 	 1
k ' � 1 	 Φ

���
2k � 2 j 	 1� y��� (3.4)

and

lim
n> ∞

P
�
M � j � � 2n�"� y? 2n

�
S2n � 0� � 2 j

∞

∑
k
 0

� 	 1� k $ k � j 	 1
k ' e� 2 � k� j � 2y2 � (3.5)

Theselimiting distributionsare the sameasthe correspondingdistributionsin the caseof Brownian
motion.For (3.3)and(3.5)see[12] andfor (3.2)see[5].

Thelimiting distributionof L � j � canbeobtainedin thefollowing form.
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Theorem 3.3.
lim
n> ∞

P
�
L � j � � n�*� xn� � P

�
Vj � x� �

whereVj is a randomvariablewith

E
�
exp

� 	 λ 3 Vj ��� � e� λ � G � λ ��� j � 18 ? πλ � G
�
λ �G9 j

� (3.6)

where

G
�
λ � � 1

2 H ∞

1

e� λy

y3I 2 dy�
Remark: (3.6) is givenin Wendel[13] andPitmanandYor [10], Vj beingtherankedexcursionlengthof
Brownianmotion.

Proof. Let N � N
�
z� begeometricrandomvariableasin (2.11)with u � exp

� 	 λ 3 z� . First we show that

lim
z> ∞

P
�
L � j � � N �2� z� � e� λ � G � λ ��� j � 18 ? πλ � G

�
λ � 9 j

� (3.7)

Usingtheasymptoticrelation(3.1),we cansee

b2r C 1

2 ? πr3I 2 � r E ∞ � and
∞

∑
k
 z� 1

bk CKJ 2
πz
� z E ∞ �

hence

∞

∑
k
 z� 1

bk exp
� 	 λk 3 z� C 1

2? π ∑
2r , z� 1

1

r3I 2 exp
� 	 2λr 3 z� C 1

2? π H ∞

zI 2 exp
� 	 2λv3 z�
v3I 2 dv � J 2

πz
G
�
λ � �

asz E ∞. Moreover, usingthewell-known generatingfunctionfor bk, weget

1 	 z

∑
k
 1

bku
k � 1 	 ∞

∑
k
 1

bku
k � ∞

∑
k
 z� 1

bku
k �KL 1 	 u2 � ∞

∑
k
 z� 1

bku
k C J 2λ

z � J 2
πz

G
�
λ � �

Now (3.7) followsby using(2.10),(2.12)andtheaboveasymptoticrelations.
Now let H � j � betheinverseof L � j � , i.e. H � j � � z� � inf � n : L � j � � n�"� z� � It is theneasyto seethat

E + exp + 	 λH � j � � z�
z .M. � exp

� 	 λ 3 z� P � L � j � � N �2� z� �
henceby (3.7)weconcludethatthelimiting distributionof H � j � � z��3 z is thedistributionof 13 Vj , which in
turn impliesthatthelimiting distributionof L � j � � n��3 n is thedistributionof Vj .
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