Lengths and heights of random walk
excursions

EndreCsakiland Yueyun HU?

1A, Renyilnstituteof MathematicsHungarianAcademyof Sciencesi.0.B. 127, BudapestH-1364Hungary
csaki @enyi . hu

2Laboratoire de Probabilitts, CNRS-UMR7599, Université Paris VI, 4 Place Jussieu,F-75252 Paris Cede 05,
France

hu@ecr.jussieu. fr

Considera simplesymmetricrandomwalk ontheline. The partsof therandomwalk betweerconsecutie returnsto
theorigin arecalledexcursions.The heightsandlengthsof theseexcursionscanbe arrangedn decreasingrder In
this paperwe give the exactandlimiting distributionsof theseranked quantities. Theseresultsareanalogue®f the
correspondingesultsof PitmanandYor [10, 11, 12] for Brownianmotion.
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1 Introduction

Let X1, X2, ... beindependentandomvariableswith distribution
PXi=+1)=PX=-1) ==.

PutS$=0,S =X +...X,i=1,2,.... ThenthesequencgS}{" , is calleda simplesymmetricrandom
walk ontheline. Considerthereturntimesdefinedby pp = 0,

pi=min{k>pi_1: =0}, i=12,...

TResearctsupportedy the HungarianNationalFoundatiorfor ScientificResearchGrantNos. T 037886and T 043037.

1365-805Q0C) Maisondel'Informatique et desMathematiqueDiscretes(MIMD), Paris,France



46 Endre Csaki and YueyunHu

Further let
&(n)=#{k: 0<k<n,§=0}

bethelocal time of therandomwalk atzero,i.e. the numberof returnsto the origin up to time n.
Theparts(S_;,---,Si-1), 1 =1,2,... betweerconsecutie returnsarecalledexcursions.Consider
thelengthst; = p; — pi—1, andheights

+
M= max | T= max
pi_1<k<pi-1' W pPi—1<k<pi—1

of i-th excursion.

Clearly, the randomwalk doesnot changesign within an excursion. We may call the excursionpos-
itive (negative) if the randomwalk assumegositive (negative) valueswithin this excursion. If thei-th
excursionis negative, thenp;™ = 0.

In this papemwe considetherankedlengthsandheightsof excursionsupto time n. In generalhowever
the (fixed) time n neednot be an excursionendpoint,andwe include the lengthand heightof this last,
possiblyincomplete excursionaswell. Considerthe sequences

LOM)>LOn) > ..., MO () >M@(n)> ...

, and MEP M) >MPm)> ...,

whereL ) (n) is the j-th largestin the sequence
(12,72, -+, Tg(n), N— Peny))s
M) (n) is the j-th largestin the sequence

(“17 M2, -, “E(n)7pz(:r)]§a.|z(§n |S(|)7

while Msrj)(n) is the j-th largestin thesequence

+ 7t +
(M 12 oo oy, MEX S

We defineM! (n) = MO (n) = LO)(n) = 0if | > &(n) + 1.

Similar quantitiesfor Brownian motion wereinvestigatedoy Knight [9], PitmanandYor [10, 11, 12],
Wendel[13] andtheir stronglimit propertieswerestudiedin [7, 8], [4, 5]. In [3] the propertiesof L(D)
wereinvestigated.

In this papemwe presenexactandlimiting distribution resultsfor rankedlengthsandheightsof random
walk excursions.

2 Exact distributions

Firstwe give theexactdistributionsfor M... In the sequethe binomialcoeficient () is meantto bezero
if k> n, k< 0orkisnotaninteger.
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Theorem 2.1. For a> 0, £ integers, wehave

i . 1 n
PMP(n)>a S =0) = P(SnZZja—Z):ﬁ(Ja_’_nz) t<a 2.1)

PMY(n) > a, S =)

P(Sh=2(j— D)a+£) = " ) t>a (2.2)

x ((J —Da+
and

PMI(n)>a) = P(S= )+2P(Sn > (2j-1)a)
1 n
2_< ja+ 158 > (212—1)a<n7+é>>' @9

Proof. Theseresultsarewell-known for j = 1, their usualproofsbeingbasedon thereflectionprinciple
of André [1]. Our presentproofsare alsobasedon the reflectionprinciple, appliedsuccessiely. Now
considerthe casej = 2. The event{MSf)(n) > a} meanghatthereareat leasttwo upcrossingsrom 0
to a by therandomwalk up to time n. Let 11 bethefirst hitting time of the level a, 81 bethe first return
time to zeroaftert1 andlet 12 be thefirst hitting time of a after8;. Reflectthe partbetweert; and6;
througha, then®; becomeghefirst hitting time of thelevel 2a for the new path. Putthe partbetweerf;
andn continuouslyto the new path. If £ > a, we aredone,andreversingthis procedurewe canseethat
thereis a bijection betweerthe setof paths{Mf)(n) >a, Sy ={}and{S,=2a+¢}. Thisproves(2.2)
for j = 2. If £ < a, thent, becomeghefirst hitting time of 3a for the new path. Reflectthe partbetween
T2 andn through3a, we geta pathwith S, = 4a— £. By reversingthis procedurewe canseethatthere
is a bijection between{Mf)(n) >a, Sy =/} and{S, = 4a— ¢}, proving (2.1) for j = 2. By repeating
theabove procedurewe get(2.1) and(2.2) for j > 3 aswell. Now (2.3)follows from (2.1) and(2.2) by
summingup for £. O

Concerninghedistributionsof M we present
Theorem 2.2. For a> 0, integer wehave

j — _ j—n - k+j—1 _ )
PMI(n) >a, =0 = 2 k;(_l)k( ) )P(&—Z(k+1)a)
_ oiens _pk(kFi-1 n

2 k;( 1) ( K )((k+j)a+ %) (2.4)

and

_ pi-n i(_l)kC‘* - 1) (P(Sh = (2k+2j — 1)a) +2P(Sh > (2k+2j — 1)a))

= 21—”k§0(_1)k<k+ |j<_ 1) (((J N k)";+ _) +2Z (Zk;j_l)a(n_;» : (2.5)
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Proof. We follow theproofpresentedh PitmanandYor [12] for thecaseof Brownianbridge.In fact,we
shav that Theorem?2.2is a consequencef Theorenm2.1.

Let{s};, beasequencefi.i.d. randomvariableswith P(g; = 0) = P(g; = 1) = 1/2,andlet g; denote
theindex of the j-th 1 in theabove sequencelt is well-known thatg; hasnegative binomialdistribution

1 /(k+j-1
(gj—k+]) 2k+J( K ), k:O,l,...
Sinceheightsandsignsof excursionsareindependentywe have

MPm}" 2 {mEm}”

J:l J:]_,

whereZ denotesequalityin distribution andthe sequencege; }*; and{M{) (n)}% i, areassumedo be
independentHence

Ef(M”( )) Ef(M(gJ ) 22k1+1<k+1 )Ef(M<k+”(n)) (2.6)

andusingLemma9 in PitmanandYor [12] onecaninvert(2.6)as

Ef (M‘”(n)) =2l i(—l)"<k+|j(_ )Ef< M (n ))

k=0

On choosingf (x) = 1{x > a}, wherel denotedndicatorof the eventin the braclets,we get (2.5) from
(2.3). Theproofof (2.4)is similar. O

ConcerninghelengthsL{) (n) no explicit formulais known for their distributions. In [3] arecurrence
formulais givenfor j = 1as

P(L® i (n—k) < 2), 2.7)

1 k—2
b = P(p1 = ):W<k;2>
2

is the probabilitythatthefirst returntime to zerois equalto k. (2.7)is equivalentto

where

=~

00

z
P(L® (n) z (n-K>2+ Y b (2.8)
k=1 k=z+1

forz< nandP(LY(n) > 2) =0if z>n.
Thiscanbe generalizedsfollows.
Theorem 2.3. For j >1,n>2j—1,z> lintegerswehave

PLI(n)>2) = Zka( LO(n—k) >2) + i bP(LI=D(n—k) > 2). (2.9)
k=1 k=z+1
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Proof. Theproofof (2.9)is straightforvardby consideringhatthefirst returnto zerooccursattime k. If
k > z, it meanghatthelengthof thefirst excursionis largerthanz, soin theremainingpartwe needonly
j — 1 excursionswhoselengthsaregreatetthanz. O

Thegeneratingunctionof theabove distributionscanbe givenasfollows. Let 0 < u < 1 anddefine

(o)

01,2 = 3 wPLI(n) > 2).

n=1

By recurrencdormula(2.9), we obtainthatfor j > 1,

zZ 00 . 00 ) .
G2 = Y b P(LD(n—k) >2)+ § by Z u"PLID(n—K) > 2)
k=1n=k+z k=z+1 n=k+z
= uey U )>2)+ 5 b S uPLITN(m) > 2)
m=z k=z+1 m=z

TN~ HMN

bku @j(u,2) + z beukg;-1(u,2),
k=z+1

sinceP(LU=Y(m) > z) = 0whenm < z For j = 1, we getfrom (2.8) that

z K 0 uz+1
o (u,2) = kZlka <p1(u,2)+k§ bk
= =z+1

It followsthat
1l —x
Vs 2k:z+1bk

u,2) = ,
w(u2 (1—u)(1— 3i_; buk)
andfor j > 2,
o - -1 .
S Uk = (Zk=z+1 bkuk) V) Yoy )
¢ (u,2) = 1-52 bk ®(u,2) = . ] . (2.10)
2k=15x (1-u)(1— y7_, beuk)

We notethefollowing interpretatiorof the generatingunction ;. Let N be arandomvariable,inde-
pendenbf our randomwalk, having geometriadistribution with parametef — u, i.e.

PN=n)=(1-uu"?l, n=12... (2.11)

Then

PLON) > 2) = ——0(u2). (2.12)

Somejoint distributionscanalsobe given. Considere.g. thejoint distribution of MY (n) andL(® (n).
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Theorem 2.4.

PMMY(n) <a, LE ickP (n—k) <a, LY (n-k) < 2), (2.13)

e 3 (52 (22)

Proof. Consideragainthatthefirst returntimeto zerois equalto k. The probability of the event

whee

{$=0,0<S|<ai=12,....,k—=1,S =0}

is exactly ¢ (cf., e.g.[6]). For the remainingpathwe needalsothatM® < a, L < z. Hencewe have
(2.13). 0

3 Limiting distributions

Now onecanobtainthelimiting distributionsfor therankedheightsfrom the exactformulaeof Section2
by the usualprocedureStirling formula, etc. basedn the asymptotiaesults

lim P(S, > yv/n) =1-®(y)

and ,
2n 2T oy o
(npvm) ~ v ™ G
where®(-) is the standarchormaldistribution function.
Theorem 3.1.
lim PV (n) > yv/) = 2(1 - &((2] - 1)y)) (32)
and _ S
lim PV (2n) > yv/2n| S0 = 0) = &1 (3:3)
Theorem 3.2.
1 e k(k+j—1 .
fim PMD(0) 2y =27 5 (27T 7T )@ - @@+ 2i - 1) (3.4)
k=
and . .
lim P(MD(2n) > yWan|$n=0) =2/ (_1)'<(k+ lj(_ 1) e 2k, (3.5)
— 00 &

Theselimiting distributions are the sameasthe correspondinglistributionsin the caseof Brownian
motion. For (3.3)and(3.5) seg[12] andfor (3.2) se€g[5].

Thelimiting distribution of L() canbe obtainedn thefollowing form.
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Theorem 3.3. _
lim P(LY (n) < xn) = P(V; < %),

n—oo
whereV; is a randomvariablewith

e (3.6)

(v+ G()\))J

—)\y
-5 / y3/2
Remark: (3.6)is givenin Wendel[13] andPitmanandYor [10], V; beingthe rankedexcursionlengthof
Brownianmotion.

E(exp(=A/Vj)) =

whee

Proof. LetN = N(z) begeometricandomvariableasin (2.11)with u = exp(—A/2z). Firstwe shawv that

) —A j-1
Z||_r)n p(L(J)(N) >2) = L)‘))j_ (3.7)
(Vim+6m)
Usingtheasymptoticrelation(3.1),we cansee
b _1 r— oo and S b 2 Z—
2r 2\/17“_3/27 3 k:;_l k Tz; ’
hence
1 1 1 [ exp(—2\v/2) /2
bxexp(—Ak/z exp(—2Ar/z) ~ dv=14/—=G(}),
k_;l /9~ 2\/1—12r>zz+1r3/2 (=2Ar/2) 2Tz /2 W

asz — . Moreover, usingthewell-known generatingunctionfor by, we get

buk = 1— zbku+ > bruk = /1 — w4ty bkufv,/ ,/
k=1 k=Z+1 k= z+1

Now (3.7) follows by using(2.10),(2.12)andthe above asymptoticrelations.
Now let H() betheinverseof L()), i.e. H)(2) = inf{n: L) (n) > z}. It is theneasyto seethat

E<exp<_&:@>> exp(~A/2PLI(N) > 2),

henceby (3.7) we concludethatthelimiting distribution of H (i) (2) /zis the distribution of 1/Vj, whichin
turnimpliesthatthelimiting distribution of L() (n) /n is the distribution of V;. O

H
HMN
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