
���������
	����� ������������� ����	���������� �����������  ��!#"
�$��� �%���&�'�! ()����*+���&�

,.-0/0132547698;:=<?>
@BADCFEHG9IKJLG9MONQPSRTM;UWVHPXVZYQVZ[]\^C`_bacVZd;[9e
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~3��� ivk�� ~����^� iuk}Y;MulOa^EWN^y����?e
afPhA�a^I;I;EW[jUHU9�`g9UZa^��Pm�.EW[jMON�P�y�d�Y

� -�����-0<��5������/02�6j�
� [9wva^EWVHe'[9MOV�\fC�_bafVHd;[je'afVHPhgjU9iz�t\�AhAX[jl�[7\fC�r�VZafVZ[9M RTUWAma^M;I¡iS��¢}£�¤7i �f¥�¦�¦¨§ PXg9VZ\^EWNKs`AX©�IªyDiSr�V«afVH[jM
RTUHAha^M;Iªi;£}[9¬�¤�\�EH� ~�¦��u~o� iv¢�y|r�y�@py�S�Te'a^PhA¡a^I;I;EW[jUWUj�®CF\�AhIu[jU«�¯e'a^PhA°y±g9UHP°y±g9Y;MON�y�[jI;Y

²¯8v��³¨´Oµ�´Q69¶ 1

RTM;U·VZPXVHYuV¸CF¹;Etr�V«afVHPhU·VZPh�pY;M;I'º#a^d;EWUHg«d;[9PhM;AXPhg«d;�f[jPDVZUWVHd;[j\^EHPh[fiQ»0[jg«duM;PhUWg«d;[.¢}MuPX©�[9EHUWPXV«¼cV�º½PX[jMªi�º½Ph[9I;M;[9E
kBafY;wuVZU·VZEHa^UHUW[ ¥ � ~�¦O¾Q~o¦O� @L� ~�¦^�O¦p§ Ph[9M;Mvauiv@}Y;UWVHEHPmaQy¸���?e
afPhA�a^I;I;EW[jUHU9�`EW[9©^[jUH¿9w�¯EH[9M�N�P°y±d�Y

À.ÁÃÂÃÄ�ÅHÆ�ÇÃÄ�È#º#[Éw;EW\�©�[bU·VZEW\�M;l#PXMO©^afEHPmafM;gj[�w;EWPhM;g9Phw;AX[�Ê�[ÃVT¬t[9[jM½aKVZEHa^M;UHPX[jMOV
st[jUWUH[jALw;EW\Qg9[jUHU'a^M;IËa
gj[9EWVZa^PhM M;[oa^EW[jU·V]M;[jPXl�d�Ê�\^E¨Ì�£B£¯ÍÎEZa^MuI;\�eÏ¬�afAh�KVZdvacVpPXU�g9\�M;UWVHEHY;gÃVZ[9IÐCFEW\�eÑVZdu[
CF\�EHeÒ[jEÎÊON Y;UHPXM;l
UWVH\�w;w;PXM;l�VZPXe'[9Ujy7R?VÓPhUÎafAhUH\�UWd;\�¬�M VHdvafV.VZdu[jPhE.AX\Qgja^AzVHPheÒ[jUÎa^EW[]gjAX\�UH[Ô[jMu\�Y;l�d5VZ\ÉUHd;a^EH[]VZdu[ÒUHa^eÒ[
UWVHEH\�Mul¨AhPXe'PDV�VZd;[9\�EH[9e'U9y}R?VBPhULUHd;\�¬�MqCFY;E·VZd;[9EHeÒ\�EH[fi�VHdvafVBPXC�VHd;[pI;PDÕ¡[9EH[9M;gj[�Ê�[ÃVT¬t[9[jMKVZd;[�I;PhU·VZEWPhÊ;YQ�
VZPX\�M;U}\^C®VT¬t\&£}£ÖEZa^MuI;\�e�¬�afAh��UÎa^EH[�UHe'a^AhA°i�VHd;[jMqVHd;[p¬ta^Ah��UBVHd;[jeÒUH[9AX©^[jU.goafMKÊ�[7g9\�M;U·VZEHYug9VZ[9I UW\
VZd;afV®VZd;[ÃNÒa^EH[�g9Ah\�UW[L[9M;\�Y;l^dªy®×SPXMva^AhADN�ifUH\�eÒ[�gj\�M;UW[jØ�Y;[9M;gj[9U�gj\�Mugj[jEWM;PhMul�U·VZEH\^M;l�AXPheÒPXVzVZd;[9\�EH[9e'U�a^EW[
I;PXUHgjYuUHUH[9Iªy

@._br �^¦^¦�¦ rQY;Ê�ÙW[9g9VB�tAma^UWUHPDÚvgoafVHPh\�M¡�®x®EHPhe'a^E·N ��¦ × ~3�QÛ r�[jgj\^M;Iva^E·N ��¦ × ~3Ü i ��¦OÝu~o¦ i ��¦OÝOÜ^Ü i ��¦OÝ��^¦ y

Þ [9N�¬`\�EHI;U9�'VHEZa^M;UWPh[9M�V7EZa^M;Iu\�e�¬ta^AX��i¸s`[jUHUW[jAnw;EW\Qg9[jUWUji¸UWVHEH\�M;lbPhMO©fa^EHPha^M;gj['w;EHPXM;gjPXw;Ah[fi�Ah\�goafA¸VHPheÒ[^i
UWVHEH\�MulÔVHd;[j\^EH[jeÒUjy
J�Y;M;M;PXM;lÔd;[oa^I¡�`£}£ßEZa^MuI;\�eà¬ta^Ah�
a^M;Iást[jUWUH[9A0wuEH\�gj[jUWUjy

âäã=åWæ°åWçÃè�é?êBæ�ëcì3ìfí9è�î�åWï}ðoñnî°ê3å¸ò0ë3ó3ôjçõè�ö|çÃó}÷0çõî°ö|íÃócçÃø�ù3í9ë3ócï3çõî°ö|íÃó}úûíÃè0ü�é·ö±åWó9î�ö�ú°ö|é®ã=åHæ�åHçõè?é?ê�ý3þSè�çÃójî=÷0ícÿ��������	��

çõófï���	�������9ÿ
�Wã=åWæ°åWçÃè�é?êBæ�ëcì3ìfí9è�î�åWïBðoñLç���ü������0÷��#þSè�çÃójîWý3÷�ífÿ������	
����������� cÿ
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��� 	������
	����������	��
RTMËVHd;PhUÒwva^w�[jEÒ¬t[ágj\�M;UWPhI;[9E¨a M;[oa^EW[jU·V�M;[jPXl�d�Ê�\^EqÌ�£B£¯Í]EZafM;I;\�e ¬ta^Ah�inI;[ÃÚvM;[jI½afUÒCF\�AXAh\�¬�Uj�áAh[ÃV
X0 = 0, X1, X2, . . .

Ê�[Îa'_ba^EW�^\�©�g«dva^PXM&¬�PDVZd

Ei := P(Xn+1 = i+ 1 | Xn = i) = 1 − P(Xn+1 = i− 1 | Xn = i)
Ì ~ y ~ Í

=

{

1 if i = 0
1/2 + pi if i = 1, 2, . . . ,

¬�d;[9EH[ −1/2 ≤ pi ≤ 1/2, i = 1, 2, . . .
y&RTM gja^UH[

0 < pi ≤ 1/2
VZdu[
UH[9Ø�Y;[jM;g9[ {Xi}

I;[jUWgjEWPhÊ�[jU
VZdu[¯e'\fVZPh\^M'\^C0a�wva^EWVHPhg9Ah[�¬�d;Phg«d¨U·V«a^E·VZUnacV�¿j[9EH\;iQe'\�©^[jUn\�©�[9EtVZd;[BM;\�M;M;[9lOafVHPX©�[}PhMOVZ[9l�[jEWUna^M;I
l�\�PhMul
ao¬�aoNKCFEW\�e ¦ ¬�PXVHd#a�AmafEHl�[9E.w;EH\�Ê;a^Ê;PhAXPXVTN&VZdvafM VH\ÉVHd;[ÔI;PhEW[jgÃVZPh\^M \fC ¦ y]º [Ô¬�PXAhA�Ê�[ÔPhMOVZ[9EH[9UWVZ[9I#PXM
VZdu['gja^UH[Ô¬�d;[jM

pi ∼ B/4i
¬�PDVZd

B > 0
afU
i → ∞ y'º [Ò¬ta^MOVpVH\áUWd;\�¬%VZdvafVÓPXM g9[jEWVZa^PhM UH[9M;UH[fi

VZduPhU�_bafEH�^\�©
g«dva^PhMÉPXUna7I;PhUWgjEW[9VZ[ÎafMva^Ah\^l�Y;[B\fCzg9\�MOVZPXM�Yu\�Y;U�st[9UHUH[9A=w;EH\�gj[9UHU�a^MuI&[9UWVZa^Ê;AhPXUHdÉa7U·VZEH\^M;l
PhMO©fa^EWPma^M;g9[¯w;EWPhM;g9Phw;AX[¯Ê�[ÃVT¬t[9[jMbVHd;[jUW[ÓVT¬`\Òw;EH\�gj[9UHUH[9Ujy

»nd;[nw;EW\�w�[9EWVHPh[jUz\^CvVZdu[�I;PhUWgjEW[9VZ[neÒ\�I;[jA°if\^C VH[jM]gja^AhAX[jIpÊuPhEWVHd]a^M;I]Iu[oafVHd]g«dva^PhM¡i�gj\�MuM;[jgÃVZPh\^M;US¬�PXVHd
\�E·VZd;\�l^\�Mva^Aw�\�AXN�M;\�eÒPmafAhU®PhM'wva^E·VZPhg9Y;AmafEji�dva^U�Ê�[j[9M
VZEW[oafVH[jI�[��QVH[jM;UWPX©^[jAXN
PhMÒVZd;[}AhPXVH[jEHafVZY;EW[^y¸r�[j[¯[fy±l;y
VZdu[¯gjAha^UHUWPhgoafA�wvafw�[9E�ÊON Þ a^EHAXPhM'a^M;I&_ág��ÎEW[jl�\^E�� ~���� iQ\�EteÒ\�EW[¯EH[9gj[jMOV�wvafw�[9EHU�ÊONÉ�t\�\�AX[jMQ�ärQg«d;EHP ÙWM;[jE
a^M;I § a^M � \�\�EHM�� ��� a^M;I � [ÃVHVZ[��! � yÒRTM a^M5[oafEHAhPX[jE¯w;a^w�[9E�� ��� ¬t[ÒPhMO©�[9UWVHPhlOafVH[jI5VZd;[ÔAX\Qgja^AzVHPheÒ[7\^C
VZduPhUL_ba^EW�^\�©Ég«dva^PXMÉPhM�VZd;[.VHEZa^M;UWPh[9M�VLgja^UH[fy

»nd;[jEW[
PXU�a�¬`[jAhAû�T��M;\�¬�M EH[jUWY;AXV�PhMKVHd;['AXPXVH[jEZacVZY;EW[&Ì�g9Cäy'[^y�l;yÉ�td�Y;M;l"� Ü#� Í¯g«dva^EHa^g9VH[jEWPh¿jPXM;lÉVZd;\�UW[
UH[9Ø�Y;[jM;g9[jU {pi}

CF\�E�¬�d;PXg«d {Xi}
PhU�VHEZa^MuUHPh[9MOV7ÌFEH[9UHwªy¸EH[9gjY;EWEH[9M�V«ÍÃy

$&% 2('1c2*) �,+ Ì-� Ü.� ivw;a^l�[ �f� Í0/�1ÃÄ
Xn

Á�1�Æ�2KÆ^Å4365�7'Ç98uÆ;:=<,>?: Ä=8&Ä°ÅWÆ;<uÂ�: Ä@:A5�<CB�Å45^Á«ÆOÁD:=EF: ÄG:A1«ÂIH;:=7;1�<,:=<
Ì ~ y ~ Í�>?: Ä=8 −1/2 < pi < 1/2 J i = 1, 2, . . . K 1MLN<O1

Ui :=
1 − Ei
Ei

=
1/2 − pi
1/2 + pi

Ì ~ y � Í

P 8Q1�<
Xn

:hÂÎÄ°ÅWÆ;<uÂ�:A1�<vÄR: SÓÆ;<�T�5�<QEFU�: S
∞
∑

k=1

k
∏

i=1

Ui <∞.

@BU�aÎgj\�M;UW[jØ�Y;[9M;gj[fiQVZdu[B_áa^EH�f\3©Ôg«d;a^PhM
(Xn)

¬�PXVZd
pR ∼ B/4R, R → ∞ PXU�VZEZafM;UHPX[jMOV�PXC

B > 1a^M;IÉEW[jgjYuEHEH[9MOVBPDC
B < 1

y
»nd;[]st[9UHUW[jA�w;EW\Qg9[jUWU.\^C®\�EWI;[jE

ν
i¡I;[9M;\^VH[jIKÊON

Yν(t), t ≥ 0
PXU¯a
I;PDÕ¡YuUHPh\^Mbw;EW\Qg9[jUHUB\�MbVZdu[7AhPXM;[

¬�PXVHdÉl�[jM;[9EZafVH\�E
1

2

d2

dx2
+

2ν + 1

2x

d

dx
.

�



d = 2ν + 2
PhUtVHd;[.I;PheÒ[jMuUHPh\^M¨\^C�VZd;[¯st[jUWUH[jA=wuEH\�gj[jUWUjy�R?C

d
PXUna7w�\�UHPDVZPX©^[BPXM�VH[jl�[9EjiuVHd;[jM

Yν(·)
PhU`VHd;[

a^Ê;UW\�AhYQVZ[¯©fa^AhYu[.\^C�a
d
�TIuPheÒ[jM;UWPh\�MvafA¡stEW\�¬�M;Pma^MÉeÒ\^VZPX\�Mªy�»ndu[�s`[jUHUW[jA0w;EH\�gj[9UHU

Yν(t)
PXU�VZEZafM;UHPX[jMOVLPXC

a^M;IÉ\�MuAXN¨PDC
ν > 0

y
»nd;[ w;EW\�w�[jEWVHPh[9Ub\^C7VHd;[ s`[jUHUW[jA7wuEH\�gj[jUWUb¬`[jEH[#[���VZ[9M;UHPD©�[jADNßU·VZY;I;PX[jIßPXM�VHd;[#AXPXVZ[9EZafVHY;EH[fy$�`Cäy

st\�EW\QIuPhMÉa^M;Ibrua^AXe'PXM;[jM,� ��� iJ�[9©�Y;¿Óa^M;I�¤�\�E � ~  � i Þ MuPhl�dOV � ~o�;� y
� a^e'w�[jE·VZP � ~3Ü�� I;[9VH[jEHeÒPhMu[jI'VHd;[¯AXPheÒPXVZPXM;l¯I;PXUWVHEHPhÊuYuVZPX\�M'\fC

Xn

a^MuI�a^AhUW\pw;EW\�©�[jI&aÎ¬t[ja^�
g9\�MO©�[jEä�
l�[9M;gj[.VZdu[j\�EW[je�PhMÉaÔeÒ\�EH[¯l^[jM;[9EZa^A=UW[9VHVHPhM;luy`kLPhUnEW[jUHYuAXV�PhMÉ\�YuEngoa^UW[�EW[oa^I;ULa^UnCF\�AXAh\�¬�Ujy
$&% 2('1c2*) � + Ì � ~3Ü.� Í�/�1ÃÄ

Xn

Á�1�Æ 25Æ^Å4365�7KÇ98uÆ;:=< >?: ÄM8#Ä°ÅWÆ;<uÂ�: Ä@:A5�< B�Å45^Á«ÆOÁD:=EF: Ä@:A1«Â H;:=7;1�<�:=< Ì ~ y ~ Í
>?: Ä=8 −1/2 < pi < 1/2 J i = 1, 2, . . . � S limR→∞ RpR = B/4 > −1/4 J ÄM8Q1�<KÄ=8Q1RS�5�E=E 5�>?:=<*HC> 1HÆ�3Ç95�<Q7;1ÃÅGH*1�<¡Ç91 8Q5�E TcÂÃ�

X[nt]√
n

=⇒ Y(B−1)/2(t)

:=<KÄM8Q1.Â BuÆ�Ç91 K � ¦ i ~D� y � < BuÆ^ÅõÄ@:�Ç�� EDÆ^Å J

lim
n→∞

P

(

Xn√
n
< x

)

=
1

2B/2−1/2Γ(B/2 + 1/2)

∫ x

0
uBe−u

2/2 du.

RTMK»nd;[j\^EH[jeÒU¯@Öa^M;I5s�©fa^AXY;[jU¯\fC
pi
gja^MKÊ�[�M;[jl�afVZPD©�[^y.RTMáVZd;[7UW[jØ�Y;[9A�d;\�¬t[Ã©�[9EÎ¬`[]I;[ja^Az\^M;AXN

¬�PXVHdKVZd;[]gja^UH[]¬�d;[9M
pi
afEH[ÔM;\�MQ�?M;[jl�afVZPD©�[^i�afM;IKVZd;[]g«dvafPhM5PhU¯VHEZa^M;UWPh[9M�Vjiª¬�d;Phg«d5¬�PhAXASÊ�[Ôa^UHUWY;eÒ[jI

VZduEH\�Y;l^d;\�YuVn¬�PDVZd;\�YQV�e'[9M�VHPh\�MuPhM;l]PDVoy
� [9V

D(R,∞) := 1 +
∞
∑

j=1

j
∏

i=1

UR+i,
Ì ~ y � Í

a^M;IÉI;[ÃÚvM;[

p∗R :=
1
2

+ pR
D(R,∞)

= 1 − q∗R
Ì ~ y � Í

£}\�¬�Ah[ÃV
ξ(R,∞)

i
R = 0, 1, 2, . . .

Ê�[¯VZdu[¯VZ\^VZa^AªAh\�goafA�VHPheÒ[.afV
R
\^C0VZd;[Ó_áa^EH�f\3©¨g«dva^PhM {Xn}

i;P°y±[fy

ξ(R,∞) := #{n ≥ 0 : Xn = R}. Ì ~ y Ü Í

$&% 2('1c2*) 4 + Ì-� ��� Í��
5cÅÓÆÒÄ°ÅWÆ;<uÂ�:A1�<vÄ	���ÖÅWÆ;<�T*5�
 >�Æ;E 3

P(ξ(R,∞) = k) = p∗R(q∗R)k−1, k = 1, 2, . . .
Ì ~ y � Í

_á\�EW[j\�©�[9Eji
η(R, t)

i
R > 0

¬�PhAXA¡I;[9M;\^VZ[.VHd;[ÎAh\�goa^A�VZPheÒ[.\^C0VZd;[Óst[9UHUW[jA�w;EH\�gj[9UHU9i�P°y±[fy

η(R, t) := lim
ε→0

1

2ε

∫ t

0
I{Yν(s) ∈ (R− ε, R+ ε)} ds, η(R,∞) := lim

t→∞
η(R, t).

�



R?V�PhUn¬`[jAXAD�T��M;\�¬�M�VZd;afV
η(R,∞)

d;a^U�[��Qw�\^M;[jMOVZPha^A=I;PXUWVZEWPhÊ;YQVZPh\^M5Ì�UW[j[Ó[^y�l;yI� �#� Íõy

P(η(R,∞) < x) = 1 − exp
(

− ν

R
x
)

.
Ì ~ y � Í

×v\�E
0 < a < b

AX[9V
τ := τ(a, b) = min{t ≥ 0 : Yν(t) /∈ (a, b)}. Ì ~ y ¥ Í

»nd;[9M&¬`[�d;a�©^[¨ÌFg9Cäy¸st\^EH\�I;PhM&a^M;IáruafAheÒPhM;[9M � ��� irQ[9g9VHPh\�M � i � y ¦ y ~ a^M;I � y ¦ y � Íõy
$&% 2('1c2*) � + � 5cÅ

0 < a < x < b
> 1 8uÆ;7;1

Px(Yν(τ) = a) = 1 − Px(Yν(τ) = b) =
x−2ν − b−2ν

a−2ν − b−2ν
,

Ì ~ y  �Í

Exe
−ατ =

Sν(b
√

2α, x
√

2α) + Sν(x
√

2α, a
√

2α)

Sν(b
√

2α, a
√

2α)
,

Ì ~ y ~�¦ Í

> 8Q1ÃÅ41
Sν(u, v) = (uv)−ν(Iν(u)Kν(v) −Kν(u)Iν(v)),

Ì ~ y ~�~ Í

Iν
Æ;<�T

Kν

Á�1�:=<*H'Ä=8Q1 
 5DT;: L 1 T�� 1«Â«Â.1�E;S � <¡ÇÃÄ@:A5�<uÂ 5 SÎÄ=8Q1NL¸ÅZÂÃÄ�Æ;<�TÔÂ.1«Ç95�<�T 3�:=<�T J Å41«Â B��k}[9EH[¨afM;I#PXM ¬�dvacV�CF\�AXAh\�¬�U
Px

a^M;I
Ex

I;[jM;\fVZ[
g9\�M;I;PDVZPX\�Mva^A�wuEH\�ÊvafÊ;PhAXPXVTN�i=EW[jUWwªyÉ[��Qw�[9g9VZafVZPX\�M
Y;M;Iu[jE

Yν(0) = x.
×v\�EnUHPXe'wuAhPhg9PXVTN]¬`[Ó¬�PXAhA�Y;UH[

P0 = P,
a^M;I

E0 = E.£}\�¬�gj\�MuUHPhIu[jE
Yν(t), t ≥ 0

i�a st[jUWUH[9A¯w;EH\�gj[9UHU¨\fCÎ\�EHI;[9E
ν
i
Yν(0) = 0

i�a^M;I AX[9V
Xn, n =

0, 1, 2, . . .
Ê�[Óa^M&£B£�EHa^M;I;\�e�¬�a^AX�'¬�PDVZd

p0 = p1 = 1/2
i

pR =
(R− 1)−2ν −R−2ν

(R − 1)−2ν − (R + 1)−2ν
− 1

2
, R = 2, 3, . . .

Ì ~ y ~�� Í

{¯Y;E�e'a^PhM¨EW[jUWY;AXVHU�a^EH[¯U·VZEW\�M;lÔPhMO©fa^EHPha^M;g9[Bw;EWPhM;g9Phw;AX[jU�g9\�M;gj[9EHM;PXM;lÔst[9UHUH[9A=w;EH\�gj[9UHU9i£B£ßEZafM;I;\�e
¬ta^Ah�
a^M;IÉVZd;[9PhEnAh\�goafA�VZPXe'[9Ujy

$&% 2('1c2*) �����	��
 <&Æ�Â��*: Ä?ÆOÁDE 1NB�Å45^Á«ÆOÁD:=EF: Ä@UÎÂ BuÆ�Ç910> 1ÎÇHÆ;<bÇ95�<uÂÃÄ�Å��vÇÃÄ®Æ�� 1«Â«Â.1�E�B�Å95�Ç91«Â«Â {Yν(t), t ≥
0}, ν > 0

Æ;<�TáÆ;< ����ÅWÆ;<�T*5�
 >�Æ;E 3 {Xn, n = 0, 1, 2, . . .} >?: Ä=8
pR

ÆcÂ :=<#Ì ~ y ~3� ÍÓÂ��vÇ98bÄM8uÆ^Ä S�5cÅ
Æ;<QU

ε > 0 J ÆcÂ n→ ∞ > 1�8uÆ;7;1

Yν(n) −Xn = O(n1/4+ε) a.s.
Ì ~ y ~�� Í

{¯Y;E�UWVZEW\�M;lÔPhMO©fa^EWPma^M;g9[.w;EHPXM;gjPXw;Ah[}CF\�EnAh\�goa^A�VZPXe'[9UnEH[oafI;ULa^U�CF\�AhAX\�¬�Ujy

�



$&% 2('1c2*) ����� � /�1ÃÄ
Yν(t)

Æ;<�T
Xn

ÆcÂ�:=<K»nd;[j\^EH[je ~ y ~ Æ;<�T E 1ÃÄ
η
Æ;<�T

ξ
Ä=8Q1�: ÅÔÅ91«Â BQ1«ÇÃÄ@:=7;1�E 5�ÇHÆ;E

Ä@: 
 1«Â ��À¯Â
R → ∞ J > 1 8uÆ;7;1

ξ(R,∞) − η(R,∞) = O(R1/2 logR) a.s.
Ì ~ y ~o� Í

º#[Îw;EW\�©�[ÎVZd;[.CF\�AXAh\�¬�PhM;lpUWVZEW\�M;lÔPhMO©fa^EWPma^M;g9[.w;EHPXM;gjPXw;Ah[BÊ�[ÃVT¬t[9[jMáVT¬`\'£B£�EZa^MuI;\�eà¬ta^Ah��U9y

$&% 2('1c2*) ����� � /�1ÃÄ {X (1)
n }∞n=0

Æ;<�T {X (2)
n }∞n=0

Á�1bÄ@> 5 � �ÏÅWÆ;<�T*5�
 >�Æ;E 3 >?: ÄM8
p

(1)
j

Æ;<�T
p

(2)
j JÅ41«Â B���ÀBÂ«Â�� 
 1ÓÄ=8uÆ^Ä

∣

∣

∣

∣

∣

p
(1)
j − B

4j

∣

∣

∣

∣

∣

≤ C

jγ
Ì ~ y ~3Ü Í

Æ;<�T
∣

∣

∣

∣

∣

p
(2)
j − B

4j

∣

∣

∣

∣

∣

≤ C

jγ
Ì ~ y ~�� Í

j = 1, 2, . . .
>?: Ä=8

B > 1 J 1 < γ ≤ 2
Æ;<�T
Â.5�
 1�<O5�<�� <O1AHOÆ^ÄG:=7;1]Ç95�<uÂÃÄ�Æ;<vÄ

C
� P 8Q1�< 5�< Æ'Â��*: Ä?ÆOÁDE 1

B�Å45^Á«ÆOÁD:=EF: ÄGU7Â BuÆ�Ç91 5�<O1pÇHÆ;<#Ç95�<uÂÃÄ°Å �vÇÃÄ {X (1)
n } Æ;<�T {X (2)

n } Â��Ç98&Ä=8uÆ^Ä�ÆcÂ n→ ∞

|X(1)
n −X (2)

n | = O((X (1)
n +X(2)

n )2−γ) = O((n log logn)1−γ/2) a.s.

»nd;[L\�EHlOafM;Ph¿jafVZPX\�M]\^C�VZd;[Lwva^w�[jE¸PhU�a^U®CF\�AXAh\�¬�UjyzRTM¨r�[jg9VHPh\�M � ¬t[�¬�PhAXA;w;EH[9UH[9M�VtUH\�eÒ[n¬t[9AhAû�T��M;\�¬�M
C�a^gÃVZU0a^M;IÓw;EH\�©^[tUH\^e'[¸w;EW[jAhPXe'PXMva^E·N}EW[jUWY;AXVHUjy®r�[jg9VHPh\�MuU � � Ü gj\�MOV«afPhM.VZd;[�w;EW\Q\^CFU=\fC;»nd;[9\�EH[9e'U ~ y ~ � ~ y � i
EH[9UHw�[jgÃVZPX©^[jADN�y�RTMqrQ[9g9VHPh\�M � ¬t[Ów;EH\�©^[�U·VZEH\^M;lÒVHd;[j\^EH[jeÒU�Ì�eÒ\�UWV�\fCzVHd;[je a^EW[.PhMOVZ[9l�EZafA¡VZ[9UWVZUZÍn¬�duPhg«d
[oafUHPhADN]CF\�AhAX\�¬ËCFEH\^e%»nd;[j\�EW[jeÒU ~ y ~ a^MuI ~ y � a^M;I'VZd;[}gj\�EWEH[jUWw�\^M;I;PhMul7EH[9UHY;ADVZU`CF\^Etst[9UHUW[jAªw;EW\Qg9[jUWUjy®RTM
rQ[9g9VZPX\�M � i�Y;UWPhM;l
\�Y;EL»nd;[j\�EW[je ~ y � PhMáÊ�\fVZdqI;PXEH[9g9VZPX\�M;U9i¬`[7w;EW\�©�[]a^MáPhMOVZ[9l�EZafA0VH[jUWV}CF\�E�VZd;[�Ah\�goa^A
VZPXe'[B\^CzVHd;[Ó£B£n�?¬ta^Ah�iva^MuIba]UWVHEH\�MulÒVHd;[j\�EW[jeàCF\^E�VZd;[ÎUHw�[j[9Ib\^Cz[jUWgoa^w�[Ó\^CzVHd;[Óst[jUWUH[9A0wuEH\�gj[jUWUjy

��� ( ���	����
 �D���� �����
�¸2 )")#��� ����� /�1ÃÄ

Yν(·)
Á�1�Æ � 1«Â«Â.1�EOB�Å45�Ç91«Â«Â]ÂÃÄ�Æ^ÅõÄG:=<*H&SõÅ45�


x = R
Æ;<�T,E 1ÃÄ

τ
Á�1'Ä=8Q1ÔÂÃÄ 59B6B�:=<*H

Ä@: 
 1�T*1MLN<O1 T&ÁDUÉÌ ~ y ¥ Í&>?: Ä=8
a = R − 1

Æ;<�T
b = R + 1

� /�1ÃÄ
pR

Á�1 T*1MLN<O1 T&ÁDUÉÌ ~ y ~3� Í � P 8Q1�<#ÆcÂ
R → ∞

pR =
2ν + 1

4R
+O

(

1

R2

)

,
Ì � y ~ Í

ER(τ) = 1 +O
(

1

R

)

,
Ì � y � Í

V arR(τ) = O(1).
Ì � y � Í

Ü



²Ó1�'O'�� + ×v\�E
ν = 1/2

iªP°y±[fyÎCF\^E
d = 3

�?I;PheÒ[jM;UWPh\�M;a^A0st[jUWUH[jA®wuEH\�gj[jUWUji�PhMKgja^UH[
x = R

i
a = R − 1

i
b = R + 1

¬t[Ódvao©�[

ER(eλτ ) =
1

cos(
√

2λ)
¬�d;PXg«d I;\�[jUÔM;\fV'Iu[jw�[jM;I \�M

R
yÐº [Éw;EH\�©^[&VHdvafVÔVZd;PXU]d;\�AXI;UÒa^UWN�eÒwuVZ\fVZPhgja^AhADN PhMÐl�[jMu[jEZafA�i¸¬�d;[jM

ν > 0
y

¢}UWPhM;l]VZdu[ÓPXI;[jMOVHPXVTN ÌFg9CäyI� ��� ivw;a^l�[ ���  Ôa^MuI"� �Q~ � ivwva^l^[ �^¥ Í

Kν(x) =



















π

2 sin(νπ)
(I−ν(x) − Iν(x)) if ν is not an integer

limµ→ν Kµ(x) if ν is an integer

a^M;I�VHd;[ÎUH[jEWPh[9U}[��uw;a^M;UHPX\�M
Iν(x) =

∞
∑

k=0

(x/2)ν+2k

k!Γ(ν + k + 1)
,

\�M;[ngja^MÔUH[9[LVHdvafV�VHd;[�gj\�[��ÒgjPX[jMOV¸\^C −α PXM7VZd;[�»zaoNQAX\�E�UW[jEHPX[jU¸[��QwvafM;UHPX\�MÔ\^C�VHd;[ � a^w;Aha^gj[�VHEZa^M;U·CF\�EHeÌ ~ y ~�¦ ÍtPhU

Ex(τ) =
1

2(ν + 1)

(b2 − x2)a−2ν + (x2 − a2)b−2ν − (b2 − a2)x−2ν

a−2ν − b−2ν

CFEH\^e�¬�d;PXg«dáÊONÉw;YuVWVZPXM;l
x = R

i
a = R− 1

i
b = R + 1

i;¬t[Î\�ÊQV«a^PXM

ER(τ) =
1

2(ν + 1)

(2R + 1)(R− 1)−2ν + (2R− 1)(R + 1)−2ν − 4R1−2ν

(R− 1)−2ν − (R + 1)−2ν

l�PD©QPXM;l&Ì � y � Í�acC VZ[jEnUW\�eÒ[.goa^AXgjY;AhafVZPX\�M;Ujy
Ì � y � Í®goa^M¨a^AhUW\pÊ�[}\�ÊQV«a^PXM;[jI'UHPheÒPhAha^EHADN�i�ÊuYuVtPDVtUW[j[9e'U`Ø�YuPXVZ[}gj\�eÒw;AXPhgoacVZ[jI¡yS@UHPheÒw;AX[jE�a^EHl^Y;e'[9MOV

PhU¯VH\áYuUH[Òe'\�eÒ[jMOVÎl�[9M;[jEHafVZPXM;l�CFY;M;gÃVZPh\^M afM;I [��Qwva^M;UWPh\�M \^C`VHd;['st[jUWUH[jA®CFY;Mug9VZPX\�M;U.CF\�E.PXe
a^l^PhMva^E·N
a^EWl�Y;eÒ[jMOVZUnM;[ja^E�PhMuÚ;M;PXVTN^y¸x¸YQV

α = −λ PXMOVZ\&Ì ~ y ~�¦ Í`VZ\Ô\�ÊuVZa^PhM

Ex(e
λτ ) =

Sν(ib
√

2λ, ix
√

2λ) + Sν(ix
√

2λ, ia
√

2λ)

Sν(ib
√

2λ, ia
√

2λ)
,

Ì � y � Í

¬�d;[9EH[
i =

√
−1
y]º [ÔY;UH[ÔVZd;[]CF\�AXAh\�¬�PhMul�a^UWN�eÒwuVZ\fVZPhg][��Qwva^M;UWPh\�M;U
Ì�gÃCäyÒ�¸EWI;GjADN�P�[ÃV�a^A�yD� ~�~�� izwvafl�[

¥�� iu\�E�º acVZUH\^M"� �Q~ � ivwva^l^[jU �^¦O� i �Q~  OÍ

Iν(z) = (2πz)−1/2
(

ez + ie−z+iνπ +O(|z|−1)
)

,

�



Kν(z) =
(

π

2z

)1/2 (

e−z +O(|z|−1)
)

.

k}[9M;gj[Ó\�M;[Î\�ÊuVZa^PhMuU�CF\�E
λ > 0

Ú �Q[9Iªi�a^M;I
x < b,

Sν(ib
√

2λ, ix
√

2λ) = (−2λbx)−ν(Iν(ib
√

2λ)Kν(ix
√

2λ) − Iν(ix
√

2λ)Kν(ib
√

2λ))

=
1

2
(−2λbx)−ν−1/2

(

ei(b−x)
√

2λ − e−i(b−x)
√

2λ +O
(

1

x

))

, x→ ∞.

{¯M;[Ògoa^M \�ÊuV«afPhM a^UWN�eÒwuVZ\^VHPhgÔ[��QwvafM;UHPX\�M;UÓUHPheÒPhAha^EHADNÉCF\�E
Sν(ix

√
2λ, ia

√
2λ)

i
Sν(ib

√
2λ, ia

√
2λ)

y
x®YuVHVHPhM;l]VHd;[jUW[�PXM�VH\&Ì � y � Íõiu¬�PXVHd

x = R
i
a = R− 1

i
b = R + 1

i;¬`[Îl�[9V}a^U
R→ ∞

ER(eλτ ) =
(R2 +R)−ν−1/2 + (R2 − R)−ν−1/2

(R2 − 1)−ν−1/2

ei
√

2λ − e−i
√

2λ +O
(

1
R

)

e2i
√

2λ − e−2i
√

2λ +O
(

1
R

)

=
1

cos(
√

2λ)
+O

(

1

R

)

.

k}[9M;gj[Ôw;YQVHVZPXM;l
λ = 1

iªVZd;[9EH[][��QPXUWVZUÓa�gj\^M;UWVZa^MOV
C
UHY;g«d5VZd;afV

ER(eτ ) ≤ C
CF\�EÎafAhA

R = 1, 2, . . .s`N&_áa^EH�f\3©���U}PXM;[jØ�YvafAhPXVTN'¬t[Îdvao©^[

PR(τ > t) = PR(eτ > et) ≤ Ce−t,

CFEH\^e�¬�d;PXg«d
ER(τ 2) ≤ 2C

i;PheÒw;ADNQPXM;lÉÌ � y � ÍÃy
2k}[9EH[Îa^M;I¨VHd;EH\^Y;l�d;\�YQV

C,C1, C2, . . .
Iu[jM;\^VH[jUnY;MuPheÒw�\�E·V«a^MOV`w�\^UHPXVHPX©^[ÔÌ�w�\�UHUWPhÊ;ADNÒEZa^M;Iu\�e¨Í¸gj\�M��

UWVZa^MOVZUn¬�d;\�UW[Ó©fa^AXY;[jUne'aoN�g«dva^Mul�[.CFEH\�e�AhPhMu[¯VZ\ÔAhPXM;[^y
JL[9goa^AXAzVHd;[]I;[9Ú;M;PXVHPh\�Mq\fC�VHd;[]Y;w;w�[jE¯a^M;I5Ah\�¬`[jE¯g9Ama^UWUH[jU.CF\�EBa�UWVZ\�g«dva^U·VZPXg7w;EH\�gj[9UHU

Z(t), t ≥ 0I;[ÃÚvM;[jIá\�M&a]w;EH\�Ê;a^Ê;PhAXPXVTN'UHwvafgj[
(Ω,F , P )

ÌFg9Cäy¸J�G9©�G9UH¿ � ~�¥#� ivw¡y �^� ÍÃy
»nd;[¨CFY;M;gÃVZPX\�M

a1(t)
Ê�[9Ah\�M;l^U�VZ\áVZd;[ �.B6BQ1ÃÅ � �#B6BQ1ÃÅÉÇ�EDÆcÂ«ÂÓ\^C

Z(t)
Ì
a1(t) ∈ UUC(Z(t)

ÍÓPXC�CF\�E
a^AXe'\�U·V�a^AXA

ω ∈ Ω
VHd;[jEW[Î[��QPhU·VZU}a

t0(ω) > 0
UWY;g«dáVHdvafV

Z(t) < a1(t)
PXC
t > t0(ω).

»nd;[�CFY;M;gÃVZPh\^M
a2(t)

Ê�[jAh\^M;l�U7VZ\KVHd;[ �#B6BQ1ÃÅ � E 5�> 1ÃÅáÇ�EDÆcÂ«Â�\^C
Z(t)

Ì
a1(t) ∈ ULC(Z(t)

ÍpPXC�CF\�E
a^AXe'\�U·V=a^AXA

ω ∈ Ω
VZd;[9EH[¸[��QPXUWVZU�anUW[jØ�Y;[jMugj[�\^Cuw�\�UWPXVZPD©�[�M�Y;epÊ�[9EHU

0 < t1 = t1(ω) < t2 = t2(ω) < . . .¬�PXVHd
limi→∞ ti = ∞ UWY;g«dáVHdvafV

Z(ti) ≥ a2(ti)
i
(i = 1, 2, . . .).

»nd;['CFYuM;g9VHPh\�M
a3(t)

Ê�[9Ah\�M;l^UÓVH\áVZdu[ E 5�> 1ÃÅ � �#B6BQ1ÃÅ¨Ç�EDÆcÂ«Â�\^C
Z(t)

Ì
a3(t) ∈ LUC(Z(t)

ÍÎPDCtCF\�E
a^AXe'\�U·V=a^AXA

ω ∈ Ω
VZd;[9EH[¸[��QPXUWVZU�anUW[jØ�Y;[jMugj[�\^Cuw�\�UWPXVZPD©�[�M�Y;epÊ�[9EHU

0 < t1 = t1(ω) < t2 = t2(ω) < . . .¬�PXVHd
limi→∞ ti = ∞ UWY;g«dáVHdvafV

Z(ti) ≤ a3(ti)
i
(i = 1, 2, . . .).

�



»nd;[ÉCFY;M;g9VHPh\�M
a4(t)

Ê�[jAX\�M;l�U]VZ\5VZdu[ E 5�> 1ÃÅ � E 5�> 1ÃÅáÇ�EDÆcÂ«Â7\^C
Z(t)

Ì
a4(t) ∈ LLC(Z(t)

Í7PXCLCF\�E
a^AXe'\�U·V�a^AXA

ω ∈ Ω
VHd;[jEW[Î[��QPhU·VZU}a

t0(ω) > 0
UWY;g«dáVHdvafV

Z(t) > a4(t)
PXC
t > t0(ω).

»nd;[®CF\�AhAX\�¬�PhM;l`Ah\�¬t[9E=gjAha^UHU=EW[jUHYuAXVZU�afEH[®I;Y;[®VH\ � ©�\�EW[9VH¿j�ON�a^M;IÓ�®EHI���UN� ~�¦�� CF\�EªPhMOVH[jl�[9E
d = 2ν+2

y
RTM
VHd;[¯l�[9M;[jEHa^A�gja^UH[}¬�d;[jM

ν > 0
i�VHd;[¯w;EW\Q\^CªPhUtUWPheÒPhAha^ELÌ�gÃCäy®a^AhUW\ Þ M;PXl�dOV�� ~o��� a^M;I&�tdvafY;e'\^M�V�a^M;I

xSafEHI;\ � ��� PhM�VZdu[Ógja^UH[Î\^Czw�\�UHPDVZPX©^[.UH[9AXCm�TUWPheÒPhAha^E�_áa^EH�f\3©¨w;EH\�gj[9UHUH[9U«Íõy
$&% 2('1c2*) , + / 1ÃÄ

ν > 0
Æ;<�T E 1ÃÄ

b(t)
Á�1pÆC<O5�<�� :=<¡ÇÃÅ41HÆcÂ�:=<*H J <O5�<�� <O1AHOÆ^Ä@:=7;1 S �*<¡ÇÃÄ@:A5�< �

• t1/2b(t) ∈ LLC(Yν(t))
: S�Æ;<�T�5�<QEFU�: S ∫ ∞

1
(b(2t))2ν dt <∞.

R?VnCF\�AXAh\�¬�Un[^y�l;y�VZd;afVLPhM�goafUH[
ν > 0

iuCF\�E�afM�N
ε > 0

¬`[�d;a�©^[

Yν(t) ≥ t1/2−ε
Ì � y Ü Í

a^AXe'\�U·VnUHYuEH[jADN¨CF\�E�a^AXA¡UWY �ÒgjPh[9MOVZAXN¨Ama^EWl�[
t
y

RTMKC�a^g9VjiªCFEH\�e$\�Y;E.PhMO©fa^EWPma^M;g9[7w;EWPhM;g9Phw;AX[pPXVB¬�PhAhA0CF\�AhAX\�¬�VZdvafV.VHd;[]PhMOVH[jl�EHa^AzVH[jUWVÓPXMK»nd;[j\�EW[jeÏ�
d;\�AXI;U`a^AhUW\ÓCF\�E�\�Y;Et_ba^EW�^\�©'g«dva^PhM

(Xn)
y�RTM
VHd;[BwuEH\�\^C=d;\�¬`[9©�[9Et¬`[¯M;[j[9I�a^M
a^Mva^AX\�l�Y;[L\^C¸Ì � y Ü Í®CF\^E

Xn

y
{¯M;[�gja^Mq[ja^UHPXAXN�gja^Ahg9Y;AmafVH[.VZd;[Ó[��ua^gÃV¯I;PXUWVZEWPhÊ;YQVZPh\^M&\fC

ξ(R,∞),
VZd;[ÎVZ\fV«a^A�Ah\�goafA¡VZPXe'[Î\^C

Xn

\^C
»nd;[9\�EH[9e ~ y ~ a^g9gj\�EWI;PhMulÔVH\Ô»nd;[j\�EW[je��By
�¸2 )")#� �,+ � S pR :hÂ H;:=7;1�<KÁDU¨Ì ~ y ~�� Í J Ä=8Q1�< ξ(R,∞)

8uÆcÂ H*195�
 1ÃÄ�Å�:�Ç�T;:hÂÃÄ°Å�:�Á ��ÄG:A5�< Ì ~ y � Í >?: Ä=8

p∗R =
1
2

+ pR
D(R,∞)

=
(1

2
+ pR)((R + 1)2ν − R2ν)

(R + 1)2ν
=
ν

R
+O

(

1

R

)

.
Ì � y � Í

�¸2 )")#��� ��� � � 5cÅÓÆ;<QU
δ > 0

> 1�8uÆ;7;1
Xn ≥ n1/2−δ

Æ;E 
 5�ÂÃÄ�Â��QÅ41�EFUIS�5cÅ�Æ;E=E EDÆ^ÅGH*1 1�<O5�� H�8
n
�

²Ó1�'O'�� + ×vEH\�e � [9e'e'a7@)PXVnPXUn[oa^U·N�VZ\Ôgj\^M;gjAXY;I;[.VZdvacVLa^AheÒ\�UWV�UHY;EW[jAXN
CF\�EnUH\�eÒ[
R0 > 0

ξ(R,∞) ≤ CR logR

PXC
R ≥ R0

i�¬�PDVZd5UH\^e'[]EHa^M;I;\�e�w�\�UWPXVHPX©�[]g9\�M;U·V«a^MOV
C
yÔkL[jM;g9[ÒVHd;[]VZPXe'[ S

∑

R=1

ξ(R,∞)
¬�duPhg«d5VZd;[

wva^E·VZPXgjAh[BUHw�[jMOVBYuwÉVH\ ∞ PhM
[1, S]

PXUnAh[9UHUnVZdvafM

R0−1
∑

R=1

ξ(R,∞) + C
S
∑

R=R0

R logR ≤ C1S
2+δ

¥



¬�PXVHdKUH\�eÒ[&Ì�EHa^M;I;\^e¨Í
C1 > 0

yÔ�t\�M;UW[jØ�Y;[jMOVHAXN�izafC VH[jE
C1S

2+δ
UWVH[jw;U.VZdu[]wva^EWVHPhg9Ah[p¬�PXAhASÊ�[7C�a^E·VZd;[9E

ao¬�aoN�CFEW\�e�VHd;[Î\�EHPXl�PhM
VHdva^M
S
y � [ÃV

n = [C1S
2+δ],

VZdu[jM

S ≥
(

n

C1

)1/(2+δ)

a^M;IÉd;[9M;gj[

Xn ≥
(

n

C1

)1/(2+δ)

≥ n1/2−δ

CF\�E
n
AmafEHl�[¯[9M;\�Y;l^dªy¸»nd;PhUnw;EW\�©�[jULVZd;[ � [jeÒe'auy

2

�C� ( � 	�	�� 	��½��� � 	�� ��
 ��� �
� [ÃCHPXM;[.VZd;[.UW[jØ�Y;[jMugj[jU

(τn)
i
t0 = 0, tn := τ1 + . . .+ τn

a^UnCF\�AXAh\�¬�Uj�

τ1 := min{t : t > 0, Yν(t) = 1},
τ2 := min{t : t > 0, Yν(t+ t1) = 2},
τn := min{t : t > 0, |Yν(t+ tn−1) − Yν(tn−1)| = 1} for n = 3, 4, . . .

� [9V
Xn = Yν(tn)

y®»ndu[jM ÌFg9CäyLÌ ~ y ~�� ÍHÍtPDV�PhU�a^M&£B£�EHa^M;I;\�e�¬�a^AX�'¬�PDVZd
p0 = p1 = 1/2

i

pR =
(R− 1)−2ν −R−2ν

(R − 1)−2ν − (R + 1)−2ν
− 1

2
, R = 2, 3, . . .

� [9V Fn

Ê�[.VZdu[
σ
�äa^AXl�[jÊ;EHa7l�[jMu[jEZacVZ[jI&ÊON

(τk, Yν(τk))
n
k=1

afM;Iág9\�M;UWPhI;[9E

Mn :=
n
∑

i=1

(τi − E(τi | Fi−1)).

»nd;[9MÉVHd;[¯UW[jØ�Y;[jMugj[
(Mn)n≥1

PhUna�e
a^E·VZPXM;lOa^AX[�¬�PDVZd¨EW[jUWw�[9g9VnVZ\
(Fn)n≥1

y®R?V�CF\^AhAh\�¬�U�CFEH\�e$Ì � y � Í¸\^C
� [jeÒe
a � y ~ VZd;afVnCF\�E

i = 2, 3, . . .
¬`[Ód;a�©^[

E(τi | Fi−1) = E(τi | Yν(ti−1)) = 1 +O

(

1

Yν(ti−1)

)

.

k}[9M;gj[

|tn − n| ≤ |Mn| + |τ1 − 1| + C1

n
∑

i=2

1

Yν(ti−1)
= |Mn| + |τ1 − 1| + C1

n
∑

i=2

1

Xi−1

 



¬�PXVHd¨UH\^e'[pÌ�EHa^M;I;\�e
Í�g9\�M;U·V«a^MOV
C1

y�s`NKÌ � y � Í¸\fC � [9e'e'a � y ~ ¬`[¯dvao©^[
EM2

n ≤ Cn
y � [9V

ε > 0
Ê�[

a^EWÊ;PXVHEZa^E·N¨a^MuIáI;[ÃÚvM;[
nk = [k1/ε]

y�×vEH\^e�VZdu[Óe'a^E·VZPhMulOa^Ah[LPhMu[jØ�Yva^AXPXVTN
¬`[Îl�[9V

P

(

max
nk−1≤n≤nk

|Mn| ≥ C1n
1/2+ε
k−1

)

≤ C2

n2ε
k

,

d;[9M;gj[Î¬t[Î\�ÊQV«a^PXM&ÊONÉs`\�EH[9AD�·��afM�VH[jAXAhP¡AX[jeÒe
a

max
nk−1≤n≤nk

|Mn| ≤ C1n
1/2+ε
k−1

a^AXe'\�U·VnUHYuEH[jADN¨CF\�EnAha^EHl�[
k
y�k}[9M;gj[.¬`[pa^AXUH\Ôdvao©�[

|Mn| = O(n1/2+ε) a.s.

s`N � [9e'e'a � y �
n
∑

i=2

1

Xi−1
= O(n1/2+ε) a.s.,

gj\^M;UH[9Ø�Yu[jMOVZADN
|tn − n| = O(n1/2+ε) a.s.

Ì � y ~ Í
R?V�PhUn¬`[jAXAD�T��M;\�¬�M Ì�gÃCäy0� �.� ivwªy �  �Í`VZdvafV

Yν(t)
UZacVZPhU·Úv[jU�VZdu[ÓU·VZ\�g«dva^U·VZPhg.IuPXÕ�[jEH[9MOVZPmafAª[jØ�YvafVHPh\�M

dYν(t) = dW (t) +
2ν + 1

2Yν(t)
dt,

Ì � y � Í

¬�d;[9EH[
W (t)

PhU�a]U·V«a^M;I;a^EHIÉº½Ph[9M;[jE�w;EW\Qg9[jUHU9y�k}[jMugj[

Xn − Yν(n) = Yν(tn) − Yν(n) = W (tn) −W (n) +
∫ n

tn

2ν + 1

2Yν(s)
ds,

gj\^M;UH[9Ø�Yu[jMOVZADN�i

|Xn − Yν(n)| ≤ |W (tn) −W (n)| + (2ν + 1)|tn − n|
2

max
min(n,tn)≤t≤max(n,tn)

1

Yν(t)
.

£}\�¬ ÊONbÌ � y ~ Í®a^M;IqÌ � y Ü ÍSVZdu[}Aha^UWV¸VZ[9EHe%PXU
O(n2ε)

a^AXe'\�U·V¸UHY;EW[jADNÒa^M;IÒUHPhMugj[�CF\�E®VZd;[LPhM;g9EH[9e'[9M�VHU
\^C0VZd;[.º½PX[jM;[9Enw;EH\�gj[9UHUpÌ�g9Cäy0� ¥�� i;wva^l�[ ��¦ Í

|W (tn) −W (n)| = O(n1/4+ε) a.s.

a^U
n→ ∞ iu¬t[Ódvao©�['Ì ~ y ~o� Ít\^Cz»nd;[j\�EW[je ~ y ~ y

2

~�¦



� � ( � 	�	�� 	��½��� � 	�� ��
 ��� �
×v\�E

R > 0
PhMOVZ[9l�[jEnIu[9ÚvM;[

κ1 := min{t ≥ 0 : Yν(t) = R},
δ1 := min{t ≥ κ1 : Yν(t) /∈ (R− 1, R + 1)},
κi := min{t ≥ δi−1 : Yν(t) = R},
δi := min{t ≥ κi : Yν(t) /∈ (R− 1, R + 1)},
κ∗ := max{t ≥ 0 : Yν(t) = R},

i = 2, 3, . . .�t\�M;UWPhI;[9E�VHd;[ÎAh\�goa^A�VZPXe'[9U�afV
R
\^C0VZdu[�s`[jUHUW[jA�w;EW\Qg9[jUWU}I;YuEHPhMulÒ[��QgjY;EWUHPh\^M;ULa^EH\�YuM;I

R
iuP�y�[^y®Ah[ÃV

ζi := η(R, δi) − η(R, κi), i = 1, 2, . . . ,

ζ̃ := η(R,∞) − η(R, κ∗).
º [Ód;a�©^[

η(R,∞) =
ξ(R,∞)−1
∑

i=1

ζi + ζ̃.

�¸2 )")#��� �����
E

(

eλη(R,∞)
)

=
p∗R ϕ(λ)

1 − q∗R ϕ(λ)
,

Ì � y ~ Í

> 8Q1ÃÅ41
p∗R =

AR
AR +BR

(R + 1)2ν − R2ν

(R + 1)2ν
, q∗R = 1 − p∗R,

Ì � y � Í

ϕ(λ) =
ν(AR +BR)

ν(AR +BR) − λR2ν+1ARBR

,
Ì � y � Í

Æ;<�T
AR = (R− 1)−2ν − R−2ν , BR = R−2ν − (R + 1)−2ν .

Ì � y � Í
²Ó1�'O'�� + s`N Ì-� ��� ivwªy �  Ü i � y � y � Í

ζi
a^EW[ÓP°y±P°y±I¡y�EZa^MuI;\�eà©fa^EWPma^Ê;AX[jU�d;a�©�PXM;l'[��Qw�\�Mu[jMOVZPha^A=I;PhU·VZEWPhÊ;YuVHPh\�M

¬�PXVHd eÒ\�e'[9MOV
l�[9M;[jEHafVZPXM;l#CFY;Mug9VZPX\�M
ϕ(λ)

l�PD©�[jM PXM)Ì � y � Íõy)_á\�EW[j\�©�[9EjiLPXV
PhU
\^Ê�©�PX\�Y;U'VHdvafV
ζ̃
PXU

PhMuI;[jw�[jM;Iu[jMOV7CFEH\^e
∑ξ(R,∞)−1
i=1 ζi.

×vY;E·VZd;[9EHeÒ\�EH[fi
ζ̃
PhUÓVZd;[
Ah\�goa^A®VZPXe'[Ò\^C

R
YuM;I;[jE�VZd;[¨g9\�M;I;PDVZPX\�M

VZd;afVÔUWVZa^EWVHPhM;lqCFEW\�e
R, Yν(t)

¬�PhAXAtEH[ja^g«d
R + 1

Ê�[ÃCF\�EH[
R − 1.

k}[9M;gj[&PXVHU]I;PhU·VZEWPhÊ;YuVHPh\�M#goa^M Ê�[
goafAhgjYuAmafVH[jIbCFEW\�e�CF\^EHe7Y;Aha � y � y Ü Ì�ÊÍL\^C � ��� i=a^MuI PDVZU¯eÒ\�eÒ[jMOV¯l^[jM;[9EZafVHPhM;l¨CFY;Mug9VZPX\�MKdva^wuw�[9M;U¯VZ\ÉÊ�[
[jØ�YvafAªVZ\

ϕ(λ)
\^C�Ì � y � Íõy

2
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º#[Îgja^MáUW[j[

θ := E(ζi) = E(ζ̃) =
ν(AR +BR)

R2ν+1ARBR

= 1 +O
(

1

R

)

, R → ∞.

P(|η(R,∞)− ξ(R,∞)| ≥ u) = P





∣

∣

∣

∣

∣

∣

ξ(R,∞)−1
∑

i=1

(ζi − θ) + ζ̃ − θ

∣

∣

∣

∣

∣

∣

≥ u





≤ P(ξ(R.∞) > N) + P

(

max
k≤N

∣

∣

∣

∣

∣

k
∑

i=1

(ζi − θ)

∣

∣

∣

∣

∣

≥ u

)

≤ (q∗R)N + e−λu





(

eλθ

1 + λθ

)N

+

(

e−λθ

1 − λθ

)N


 .

RTM5VZd;['a^Ê�\3©^[Ôgoa^AXgjY;AhafVZPX\�Mq¬t[ÒY;UW[jI VHd;[Ògj\�eÒe'\^MKe'\�eÒ[jMOVÎl�[9M;[jEHafVZPXM;l�CFY;M;gÃVZPh\^M Ì � y � ÍB\^C
ζi
afM;I

ζ̃
ivVZd;[�[��ua^gÃV¯I;PXUWVZEWPhÊ;YQVZPh\^M&\fC

ξ(R,∞)
ÌFUH[j[¨Ì ~ y � ÍWÍ�afM;IáVHd;[p[��uw�\�M;[9MOVZPmafA Þ \�AheÒ\�l�\^EH\�©¨PXM;[jØ�Yva^AXPXVTN^y

�®UWVHPhe'afVZPXM;lpVZdu[�afÊ�\�©�[Î[��uwuEH[jUWUHPX\�Má¬�PDVZdÉUWVZa^M;Iva^EWIáeÒ[9VHd;\�I;ULa^M;IÉUH[9Ah[jgÃVZPXM;l

N = CR logR, u = CR1/2 logR, λ =
u

θ2N
¬`[Óg9\�M;g9AhY;I;[.VHdvafV

P(|η(R,∞)− ξ(R,∞)| ≥ CR1/2 logR) ≤ C1 exp

(

−C logR

2θ

)

.

º½PXVHdKa¨Ê;PXl¨[jM;\^Y;l�d
C
VHd;[]EHPXl�dOV¯dva^MuI UWPhI;[p\^C¸VZd;[]afÊ�\�©�[]PXM;[jØ�YvafAhPXVTN&PXU¯UHY;eÒe'a^Ê;Ah[�PhM

R,
d;[9M;gj[

»nd;[9\�EH[9e ~ y � CF\�AXAh\�¬�U�ÊON¨VHd;[Óst\�EH[9AD�ä��a^MOVZ[jAXAhP�Ah[jeÒe'auy
2

��� ( � 	�	�� 	��½��� � 	�� ��
 ��� �
� [9V

p
(1)
j

afM;I
p

(2)
j

a^U.PXMq»nd;[j\^EH[je ~ y � y � [9ÚvMu[ÔVHd;[7VT¬`\f�TI;PXe'[9M;UHPX\�Mva^AS_ba^EW�^\�©qg«d;a^PhM
(X(1)

n , X(2)
n )a^UnCF\�AXAh\�¬�Ujy�R?C

p
(1)
j ≥ p

(2)
k

iuVHd;[jM&Ah[ÃV

P

(

(X
(1)
n+1, X

(2)
n+1) = (j + 1, k + 1) | (X (1)

n , X(2)
n ) = (j, k)

)

=
1

2
+ p

(2)
k

P

(

(X
(1)
n+1, X

(2)
n+1) = (j + 1, k − 1) | (X (1)

n , X(2)
n ) = (j, k)

)

= p
(1)
j − p

(2)
k

P

(

(X
(1)
n+1, X

(2)
n+1) = (j − 1, k − 1) | (X (1)

n , X(2)
n ) = (j, k)

)

=
1

2
− p

(1)
j .

~3�



R?Cäi;d;\�¬`[9©^[jE
p

(1)
j ≤ p

(2)
k

iQVZd;[9MáAX[9V

P

(

(X
(1)
n+1, X

(2)
n+1) = (j + 1, k + 1) | (X (1)

n , X(2)
n ) = (j, k)

)

=
1

2
+ p

(1)
j

P

(

(X
(1)
n+1, X

(2)
n+1) = (j − 1, k + 1) | (X (1)

n , X(2)
n ) = (j, k)

)

= p
(2)
k − p

(1)
j

P

(

(X
(1)
n+1, X

(2)
n+1) = (j − 1, k − 1) | (X (1)

n , X(2)
n ) = (j, k)

)

=
1

2
− p

(2)
k .

»nd;[jMËPXVÒgoa^M Ê�[á[oa^UWPhADN UH[9[jMËVHdvafV
X(1)
n

a^MuI
X(2)
n

a^EH[ÉVT¬t\#£B£�EZa^M;Iu\�e�¬�afAh��U
afU'I;[9UHPXEH[jI¡y
�t\�M;UWPhI;[9EnVZd;[.CF\�AXAh\�¬�PhM;l � gja^UH[9Ujy

• ÌFP Í
p

(1)
j ≤ p

(2)
k

i
j ≤ k

i

• ÌFPhPmÍ
p

(1)
j ≤ p

(2)
k

i
j ≥ k

i

• ÌFPhPXP Í
p

(1)
j ≥ p

(2)
k

i
j ≤ k

i

• ÌFPX©uÍ
p

(1)
j ≥ p

(2)
k

i
j ≥ k

y
RTMágja^UH['ÌFP Í`CFEH\^eÏÌ ~ y ~3Ü Í�a^M;I#Ì ~ y ~�� Í�¬`[Ó\�ÊuV«afPhM

B

4j
− C

jγ
≤ B

4k
+
C

kγ
≤ B

4k
+

C

kjγ−1
,

PheÒw;ADNQPXM;l

k − j ≤ 2Cj2−γ

B/4 − Cj1−γ = O(j2−γ)

PXC
j → ∞ y�rQ\ÒPhM¨VHd;PhU�gja^UH[ÎPXC

X (1)
n = j

a^M;I
X (2)
n = k

i;VZdu[jMÉ¬t[Ódvao©�[

0 ≤ X (2)
n −X (1)

n = O((X (1)
n )2−γ)

PXC
n→ ∞ y
RTM¨goafUH[ÔÌFPhP Í�[9PXVZdu[jE

X
(1)
n+1 −X

(2)
n+1 = X(1)

n −X (2)
n

i�\�E
X

(1)
n+1 −X

(2)
n+1 = X(1)

n −X (2)
n − 2

iQUW\pVZd;afV
¬`[Ód;a�©^[

−2 ≤ X
(1)
n+1 −X

(2)
n+1 ≤ X (1)

n −X (2)
n .

rQPheÒPhAha^E�w;EH\�gj[9I;Y;EH[ÎUWd;\�¬�U}VZd;afV�PhMÉgoafUH['Ì�PXPhP Í

−2 ≤ X
(2)
n+1 −X

(1)
n+1 ≤ X (2)

n −X (1)
n

a^M;IÉPXM&gja^UH[
Ì�PD©uÍ
0 ≤ X (1)

n −X (2)
n = O((X (2)

n )2−γ).
k}[9M;gj[Ó»nd;[9\�EH[9e ~ y � CF\�AXAh\�¬�UtCFEW\�e�VHd;[ÎAmao¬ \fCzVHd;[ÎPXVZ[9EZafVH[jIÉAh\^lOa^EHPDVZd;e%CF\�E

X(i)
n

ÌFg9CäyI� ��� ÍÃy
2

~��



�C� ����� 	���� � � � 	�� ��
 �

@BULY;UWYva^A�iafw;w;AXN�PXM;lÔ»nd;[j\�EW[je ~ y ~ a^M;Ib»ndu[j\�EW[je ~ y � iv¬t[ÓgoafMbl�PD©�[ÎAhPXe'PDV�EH[9UHY;ADVZUn©fa^AhPXI�CF\�E�\�M;[Î\^C
VZdu[ÓwuEH\�gj[jUWUH[9ULVH\ÒVHd;[.\^VZdu[jE�w;EH\�gj[9UHULPhMO©�\^AX©�[9Iªy

RTM&VHd;PhUnUW[jgÃVZPh\^M&¬`[ÎI;[jM;\fVZ[
Yν(t)

ÊON
Y (t)

a^M;I&I;[9Ú;M;[ÓVHd;[.CF\�AhAX\�¬�PhM;lpEH[jAhafVZ[9IÉw;EH\�gj[9UHUH[9Ujy

M(t) := max
0≤s≤t

Y (s), Qn := max
1≤k≤n

Xk.

»nd;[ÎCFYuVZY;EW[.PhMuÚ;e7Y;eÒU�a^EH[.I;[ÃÚvM;[9Iqa^U

I(t) := inf
s≥t

Y (s), Jn := inf
k≥n

Xk.

�®UHgoafw�[Ów;EH\�gj[9UHUW[jU}a^EH[ÎI;[ÃÚvM;[jIáÊON

A(t) := sup{s : Y (s) ≤ t}, Gn := sup{k : Xk ≤ n}.
� a�¬�UB\^C�VZdu[pPXVH[jEHafVZ[9IqAh\�l�a^EHPDVZd;eàa^EH[���Mu\3¬�MqCF\^EBst[9UHUW[jA�w;EW\Qg9[jUWUH[jUÒÌFg9Cäy�� �#� ÍLa^M;IK£}£+EZafM;I;\�e

¬ta^Ah��UKÌFg9Cäy � ��� ÍÔa^U
¬`[jAhA°y¢}w;w�[jE¨g9Ama^UWU
EW[jUHYuAXVZUÒCF\�E'st[jUWUH[jABw;EH\�gj[9UHU¨EW[oa^I afU'CF\�AXAh\�¬�UqÌFg9Cäy {¯EH[9N
a^M;I x®EHYuPXVHV�� ~���� CF\�E]PhMOVZ[9l�EZafA

d
i`a^M;I xSa^EWI;\ � ~3�#� CF\�E7VZdu[&gja^UH[É\^C}w�\�UHPDVZPX©^[¨UH[9AXCm�?UHPheÒPhAha^E�_ba^EW�^\�©

w;EW\Qg9[jUHUW[jUZÍÃy
$&% 2('1c2*)�� �*/ 1ÃÄ

a(t)
Á�1}Æ�<O5�<��-T*1«ÇÃÅ41HÆcÂ�:=<*H�<O5�<�� <O1AHOÆ^ÄG:=7;1}Ç95�<vÄG:=< �Q5���Â S � <¡ÇÃÄ@:A5�< � P 8Q1�<0S�5cÅ

ν ≥ 0

t1/2a(t) ∈ UUC(Y (t)) if and only if
∫ ∞

1

(a(x))2ν+2

x
e−a

2(x)/2 dx <∞.

£}\�¬ß»ndu[j\�EW[jeÒU ~ y ~ i ~ y � a^M;IÉ»nd;[9\�EH[9e'U}� a^MuIá× VH\�l�[9VHd;[jE�PXe'w;ADN'VHd;[.CF\�AhAX\�¬�PhM;l�EH[jUWY;AXVjy
$&% 2('1c2*) � ���	� /�1ÃÄ {Xn}

Á�1pÆ;< ��� ÅWÆ;<�T*5�
 >�Æ;E 3�>?: Ä=8
pR

ÂjÆ^Ä@:hÂMS�U�:=<*H

pR =
B

4R
+O

(

1

R1+δ

)

, R → ∞
>?: Ä=8

B > 1
Æ;<�T�S�5cÅ
Â.5�
 1

δ > 0
� /�1ÃÄNS ��ÅõÄM8Q1ÃÅ 
 5cÅ41

a(t)
Á�1áÆ <O5�<��-T*1«ÇÃÅ41HÆcÂ�:=<*H,<O5�<�� <O1AHOÆ^Ä@:=7;1

S �*<¡ÇÃÄG:A5�< � P 8Q1�<

n1/2a(n) ∈ UUC(Xn) if and only if
∞
∑

k=1

(a(k))B+1

k
e−a

2(k)/2 <∞.

� S b(t) :hÂ�Æ <O5�<�� :=<¡ÇÃÅ41HÆcÂ�:=<*H�<O5�<�� <O1AHOÆ^Ä@:=7;1 S �*<¡ÇÃÄ@:A5�< J ÄM8Q1�<

n1/2b(n) ∈ LLC(Xn) if and only if
∞
∑

k=1

(b(2k))B−1 <∞.

~o�



£}[��QVL¬`[ÓwuEH\�©�[ÎVZd;[.CF\�AXAh\�¬�PhMul7PhMO©fa^EHPha^M;g9[¯w;EHPXM;gjPXw;Ah[9U�CF\�E�VZdu[ÓwuEH\�gj[jUWUH[9U}I;[ÃÚvM;[9Iqa^Ê�\�©�[^y
$&% 2('1c2*) � ��� � /�1ÃÄ

Y (t)
Æ;<�T

Xn

ÆcÂ�:=<¨»nd;[j\^EH[je ~ y ~ y P 8Q1�<&S�5cÅÓÆ;<QU
ε > 0

> 1�8uÆ;7;1

|M(n) −Qn| = O(n1/4+ε) a.s.
Ì � y ~ Í

Æ;<�T
|I(n) − Jn| = O(n1/4+ε) a.s.

Ì � y � Í
²Ó1�'O'�� + � [9Ú;M;[

s̃, s∗, k̃, k∗
ÊON

Y (s̃) = M(n), Y (s∗) = I(n), Xk̃ = Qn, Xk∗ = Jn.

»nd;[9Mba^U
n→ ∞ i;¬t[Îdvao©^[pa^AXe'\^UWVnUWY;EH[9AXN

Qn −M(n) = Xk̃ − Y (s̃) ≤ Xk̃ − Y (k̃) = O(n1/4+ε)

a^M;I
M(n) −Qn = Y (s̃) −Xk̃ = Y (s̃) − Y ([s̃]) − (X[s̃] − Y ([s̃])) +X[s̃] −Xk̃

≤ Y (s̃) − Y ([s̃]) − (X[s̃] − Y ([s̃]) = Y (s̃) − Y ([s̃]) +O(n1/4+ε)
s`N Ì � y � Í�a^M;I&EH[jgja^AhAXPhM;l7VHd;[ÓEH[jUWY;AXVHU�\�MáVHd;[ÎPhM;g9EH[jeÒ[jMOVHU}\^C0VZdu[Óº½PX[jM;[9ELwuEH\�gj[jUWU]ÌFUH[j[C� ¥�� wva^l�[ ��¦ Í
¬`[Ól^[9V

Y (s̃) − Y ([s̃]) = W (s̃) −W ([s̃]) +
∫ s̃

[s̃]

2ν + 1

2Y (s)
ds

≤ sup
0≤t≤n

sup
0≤s≤1

|W (t+ s) −W (t)| + 2ν + 1

2
max

[s̃]≤t≤s̃

1

Y (t)
= O(logn) a.s.,

UHPXM;gj[
Y (t)

PhM¨VHd;[ÎPhMOVZ[9EW©fa^A
([s̃], s̃)

PhUnÊ�\�Y;MuI;[jIáao¬�aoN�CFEH\^eà¿j[9EH\;y�kL[jM;g9[¨Ì � y ~ Í`CF\�AhAX\3¬�U9y
»z\'UHd;\�¬�Ì � y � ÍÃivM;\fVZ[ÎVZdvafV

n ≤ s∗ ≤ n1+α
a^M;I

n ≤ k∗ ≤ n1+α
CF\�ELa^MON

α > 0
a^AheÒ\�U·VnUHY;EW[jADN

CF\�E�a^AXA¡Aha^EHl�[
n
y®»nd;[jMba^U

n→ ∞

I(n) − Jn ≤ Y (k∗) −Xk∗ = O((k∗)1/4+ε) = O(n(1+α)(1/4+ε)) a.s.

{¯M�VZd;[Î\^VHd;[jE�dva^MuIªi

Jn − I(n) ≤ Xk∗ − Y ([s∗]) + Y ([s∗]) − Y (s∗) = O(n(1+α)(1/4+ε)) + Y ([s∗]) − Y (s∗).

s`N Ì � y � ÍÃi=V«af��PXM;lÉPhMOVZ\áa^g9gj\�Y;MOVÎVZd;afVÎ¬�d;[jM#a^w;w;ADNQPXM;l�VZd;PXU.CF\�EHe7YuAma
VZdu[ÒPXMOVZ[jl^EZa^A�g9\�MOVZEWPhÊ;YuVHPh\�M5PXU
M;[9lOafVZPD©�[fia^M;IÉEH[9goa^AXAhPhMul]a^lOa^PXM¨VZd;[ÎEW[jUHYuAXVZU�\�MÉVZdu[ÓPXM;gjEW[jeÒ[jMOVZU�\^C0VZdu[Îº½PX[jM;[9Enw;EH\�gj[9UHU9i¬`[Ól�[9V

Y ([s∗]) − Y (s∗) ≤ W ([s∗]) −W (s∗) ≤ sup
0≤t≤n1+α

sup
0≤s≤1

|W (t+ s) −W (t)| = O(logn) a.s.

~3Ü



a^U
n→ ∞ y¸k}[jMugj[

|I(n) − Jn| = O(n(1+α)(1/4+ε)) a.s.
rQPXM;gj[

α > 0
afM;I

ε > 0
a^EW[¯a^EWÊ;PXVHEZa^E·N�i�Ì � y � Í�CF\�AXAh\�¬�Ujy�»nduPhUtg9\�eÒw;Ah[ÃVZ[jU¸VZdu[¯w;EH\�\^C=\fC=»nd;[j\^EH[je � y � y

2

$&% 2('1c2*) � ��� � /�1ÃÄ
X(1)
n

Æ;<�T
X(2)
n

ÆcÂ :=< »nd;[9\�EH[9e ~ y � Æ;<�T E 1ÃÄ
Q(1)
n

Æ;<�T
Q(2)
n

Á�1¨ÄM8Q1qÇ95cÅõÅ41��
Â BQ5�<�T;:=<*H 
ÒÆ�� : 
 � 
pÂ J > 8*:=E 1 E 1ÃÄ J (1)

n

Æ;<�T
J (2)
n

Á�17ÄM8Q1'Ç95cÅõÅ91«Â BQ5�<�T;:=<*H S ��Ä ��Å41�:=<�L 
 � 
 B�Å45�Ç91«Â«Â.1«Â �
P 8Q1�<&S�5cÅÓÆ;<QU

ε > 0 J ÆcÂ n→ ∞ > 1 8uÆ;7;1

|Q(1)
n −Q(2)

n | = O(n1−γ/2+ε) a.s.
Ì � y � Í

Æ;<�T
|J (1)
n − J (2)

n | = O(n1−γ/2+ε) a.s.
Ì � y � Í

²Ó1�'O'�� + � [9Ú;M;[
k̃i, k

∗
i , i = 1, 2

ÊON

X
(i)

k̃i

= Q(i)
n , X

(i)
k∗

i

= J (i)
n .

»nd;[9M

|Q(1)
n −Q(2)

n | ≤ max(X
(1)

k̃1
−X

(2)

k̃1
, X

(1)

k̃2
−X

(2)

k̃2
) = O((n log logn)1−γ/2) a.s.,

w;EW\3©�PXM;láÌ � y � ÍÃy
_á\�EW[j\�©�[9EjivCF\�E�a^MON

α > 0
i
n ≤ k∗i ≤ n1+α

a^AXe'\�U·V�UWY;EH[9AXN¨CF\�EnAha^EHl^[
n
ivd;[9M;gj[.¬`[�dvao©^[

|J (1)
n − J (2)

n | ≤ max(X
(1)
k∗
1
−X

(2)
k∗
1
, X

(1)
k∗
2
−X

(2)
k∗
2

) = O((n log logn)(1+α)(1−γ/2)) a.s.

rQPXM;gj[
α
PhU�afEHÊ;PDVZEZafEWN�iªÌ � y � Í`CF\�AXAh\�¬�Ujy

»nd;PhU�g9\�e'wuAh[9VH[jU�VHd;[Îw;EH\�\^Cz\^CS»ndu[j\�EW[je � y � y
2

Þ d;\�UHduM;[9©�PhUHa^M [ÃV�a^A°y � ~��#� Ì CF\�E
I(t)

a^M;I
A(t)

ÍÃin@nI;[9Ahe'a^M a^M;I½rQduP&� ~D� ina^M;I½r�d;P�� �^¦�� Ì CF\�E
Y (t) − I(t)

Ítw;EH\�©^[jIáVHd;[.CF\�AhAX\�¬�PhM;l7Yuw;w�[9ELa^M;I&Ah\�¬t[9EngjAha^UHU�EH[9UHY;ADVZU9y
$&% 2('1c2*) � �0/�1ÃÄ

ϕ(t)
Á�1qÆ <O5�<�� :=<¡ÇÃÅ41HÆcÂ�:=<*H J Æ;<�T ψ(t)

Á�1qÆ <O5�<��-T*1«ÇÃÅ41HÆcÂ�:=<*H�S �*<¡ÇÃÄ@:A5�< J Á�5cÄM8<O5�<�� <O1AHOÆ^Ä@:=7;1 � P 8Q1�<&S�5cÅ
ν > 0

• t1/2ψ(t) ∈ UUC(I(t))
: SÓÆ;<�T�5�<QEFU�: S ∫ ∞

1

(ψ(x))2ν

x
e−ψ

2(x)/2 dx <∞,

• t2ϕ(t) ∈ LLC(A(t))
: S�Æ;<�T�5�<QEFU�: S ∫ ∞

1

1

xϕν(x)
e−1/2ϕ(x) dx <∞.

~��



• t1/2ψ(t) ∈ UUC(Y (t) − I(t))
: S�Æ;<�T�5�<QEFUC: S ∫ ∞

1

1

xψ2ν−2(x)
e−ψ

2(x)/2 dx <∞,

$&% 2('1c2*) � �,/�1ÃÄ
ρ(t) > 0

Á�1¯Â��Ç98&Ä=8uÆ^Ä
(log ρ(t))/ log t

:hÂ�<O5�<��-T*1«ÇÃÅ41HÆcÂ�:=<*H ��»nd;[jM

• 1/ρ(t) ∈ LLC(M(t) − I(t))
: SÎÆ;<�T�5�<QEFU�: S ∫ ∞

1

dx

x log ρ(x)
<∞.

»Saf��PXM;lÒPhMOVZ\'a^gjg9\�Y;MOVLVZdvafV
Jn
afM;I

Gn

a^EH[ÎPXM�©^[jEWUH[jU}\^C�[ja^g«db\fVZd;[9EjiPheÒe'[9I;PmacVZ[Bg9\�M;UW[jØ�Y;[jMugj[jU
\^C=»ndu[j\�EW[jeÒUn×ti �]i�kÓiu»nd;[9\�EH[9e'U � y � a^M;I � y � afEH[}VHd;[BCF\�AXAh\�¬�PhMulÓYuw;w�[9Ena^M;I
Ah\�¬t[9Etg9Ama^UWUtEH[9UHY;ADVZU9y
$&% 2('1c2*) � � � � /�1ÃÄ

Xn

Á�1ÓÆcÂ :=<'»ndu[j\�EW[je � y ~ Æ;<�T�E 1ÃÄ
ϕ(t)

Á�1ÓÆ�<O5�<�� :=<¡ÇÃÅ41HÆcÂ�:=<*HÒÆ;<�T
ψ(t)

Á�1ÓÆ
<O5�<��-T*1«ÇÃÅ41«Â�:=<*HIS �*<¡ÇÃÄG:A5�< J Á�5cÄM8�<O5�<�� <O1AHOÆ^Ä@:=7;1 � P 8Q1�<

• n1/2ψ(n) ∈ UUC(Jn)
: S�Æ;<�T�5�<QEFUC: S ∞

∑

k=1

(ψ(k))B−1

k
e−ψ

2(k)/2 <∞,

• n2ϕ(n) ∈ LLC(Gn)
: S�Æ;<�T�5�<QEFUC: S ∞

∑

k=1

1

kϕ(B−1)/2(k)
e−1/2ϕ(k) <∞.

• n1/2ψ(n) ∈ UUC(Xn − Jn)
: S�Æ;<�T�5�<QEFUC: S ∞

∑

k=1

1

kψB−3(k)
e−ψ

2(k)/2 <∞,

$&% 2('1c2*) � ��� � /�1ÃÄ
ρ(t) > 0

Á�1.Â��vÇ98ÉÄM8uÆ^Ä
(log ρ(t))/ log t

:hÂ <O5�<��-T*1«ÇÃÅ41HÆcÂ�:=<*H �

• 1/ρ(n) ∈ LLC(Qn − Jn)
: SÓÆ;<�T�5�<QEFU�: S ∞

∑

k=2

1

k log ρ(k)
<∞.

� � ! 	�� � � ����
 �

º [Î¬�PXAhA�M;[j[9IáVZdu[¯CF\�AhAX\3¬�PXM;l7EW[jUHYuAXV�CFEH\�e ¤�\�E � ����� i;wva^l�[ Ü�� y
$&% 2('1c2*) � + �
5cÅ.Ä=8Q1�E 5�ÇHÆ;EªÄ@: 
 1 5 SÓÆ � 1«Â«Â.1�E B�Å45�Ç91«Â«Â 5 S�5cÅ T*1ÃÅ

ν
> 1 8uÆ;7;1

η(R,∞)
D
= (2ν)−1R1−2νY 2

0 (R 2ν),

> 8Q1ÃÅ41
Y0

:hÂ�Æ
Ä@> 5 �-T;: 
 1�<uÂ�:A5�<�Æ;E � 1«Â«Â.1�E(B�Å95�Ç91«Â«ÂÓÆ;<�T D
=


 1HÆ;<uÂ 1�� �uÆ;EF: ÄGU�:=< T;:hÂÃÄ°Å�:�Á ��ÄG:A5�< �
k}[9M;gj[�a^w;w;ADN�PhM;l]»nd;[9\�EH[9e × CF\�E

ν = 0
iu¬`[Ól�[9V

$&% 2('1c2*) � � � S f(x)
:hÂ�<O5�<��-T*1«ÇÃÅ41HÆcÂ�:=<*H J <O5�<�� <O1AHOÆ^ÄG:=7;1 S � <¡ÇÃÄ@:A5�< J Ä=8Q1�<

~3�



• Rf(R) ∈ UUC(η(R,∞))
: S�Æ;<�T�5�<QEFU�: S ∫ ∞

1

f(x)

x
e−νf(x) dx <∞.

×vEH\�e�VZd;PXU�a^M;I&»nd;[j\�EW[je ~ y � ¬t[Îl�[ÃV�VZd;[.CF\�AXAh\�¬�PhM;lpEH[jUWY;AXVjy
$&% 2('1c2*) � ���	� � S f(x)

:hÂ�<O5�<��-T*1«ÇÃÅ41HÆcÂ�:=<*H J <O5�<�� <O1AHOÆ^ÄG:=7;1 S � <¡ÇÃÄ@:A5�< J ÄM8Q1�<

• Rf(R) ∈ UUC(ξ(R,∞))
: SÎÆ;<�T�5�<QEFUC: S ∞

∑

k=1

f(k)

k
e−νf(k) <∞.

RTM"� ��� ¬`[Ów;EH\�©�[9IáVHd;[.CF\�AhAX\3¬�PXM;l7EW[jUHYuAXVoy
$&% 2('1c2*) � + /�1ÃÄ

pR =
B

4R
+O

(

1

Rγ

) >?: Ä=8
B > 1 J Æ;<�T γ > 1

� P 8Q1�<�>?: ÄM8�B�Å45^Á«ÆOÁD:=EF: ÄGU
1
Ä=8Q1ÃÅ41

1 � :hÂÃÄN:=<�LN<Q: Ä 1�EFU 
ÒÆ;<QU
R
S�5cÅ > 8*:�Ç98

ξ(R+ j,∞) = 1S�5cÅ 1HÆ�Ç98
j = 0, 1, 2, . . . , [log logR/ log 2]

��2 5cÅ4195�7;1ÃÅ J >?: Ä=8 B�Å45^Á«ÆOÁD:=EF: ÄGU 1
S�5cÅI1HÆ�Ç98

R
EDÆ^ÅGH*1 1�<O5��;H�8

Æ;<�T
ε > 0

Ä=8Q1ÃÅ41 1 � :hÂÃÄFÂpÆ;<
R ≤ S ≤ (1 + ε) log logR

log 2Â��vÇ98ÉÄM8uÆ^Ä
ξ(S,∞) > 1.

³¨2*)#�;13: � + RTMbC�a^gÃVBPXM"� ��� ¬`[7w;EH\�©^[jIbVHd;PhULEH[9UHY;ADVBPXMáVZdu[�gja^UH[Ó¬�d;[jM
pR = B/4R

Ê;YuVLVZd;[�UZa^eÒ[
w;EW\Q\^C�¬`\�EH��U}a^AhUW\ÔPhM�VZd;[Îgja^UH[Î\^Cz»nd;[j\^EH[je � y

»nd;PhU¯VHd;[j\^EH[jeÑa^w;w;AXPh[jUB[^y�l;y�CF\�E}VZd;[ÔgoafUH[7¬�d;[9M
pR

PXU¯l�PD©�[jM5ÊON Ì ~ y ~�� ÍÃi¡¬�duPhg«d5PhMqVHY;EHMªi=l^PX©�[9U
VZdu[ÎCF\^AhAh\�¬�PXM;l7EH[9UHY;ADVnCF\�E�VZdu[�s`[jUHUW[jA�w;EW\Qg9[jUHU9y

� [9V
Ì�P Í

κ(R) := inf{t : Yν(t) = R} i
Ì�PXP Í

κ∗(R) := sup{t : Yν(t) = R} i
ÌFPhPXP Í

Ψ(R)
Ê�[.VZdu[ÓAha^EHl^[jUWV�PXMOVZ[9l�[jE�CF\�E�¬�duPhg«dÉVZd;[Î[9©^[jMOV

A(R) =
Ψ(R)
⋂

j=−1

{κ∗(R + j) < κ(R + j + 1)}

\�gjg9Y;EHU9y

~�¥



A(R)
eÒ[oafM;U`VHdvafV

Yν(t)
eÒ\�©�[jU`CFEH\�e

R
VZ\
R+ 1

Ê�[9CF\�EW[BEH[ÃVZY;EWM;PhMulpVZ\
R− 1

iQPXV`l�\�[jU`CFEW\�e
R+ 1VZ\

R + 2
Ê�[9CF\�EW[pEW[9VZYuEHM;PXM;l'VH\

R
i
. . .

afM;IKa^AXUH\
CFEW\�e
R + Ψ(R)

VZ\
R + Ψ(R) + 1

a^M;IqPDVBM;[Ã©�[9E
EH[ÃVZY;EWM;U`VH\

R+Ψ(R)− 1
ySº [BUHaoN'VHdvafV�VZd;[}w;EH\�gj[9UHU

Yν(t)
[jUHgja^w�[jU�VZduEH\�Y;l^d

(R,R+Ψ(R))
¬�PXVHd

AmafEHl�[B©^[jAX\Qg9PXVTN�y

$&% 2('1c2*) � ��� �

lim sup
R→∞

Ψ(R)

log logR
=

1

log 2
a.s.

³¨2*)#�;13: � + »nd;[.UWVZafVZ[9e'[9M�V�\^C0»nd;[j\�EW[je � y � ÌFCF\�E�PXMOVZ[jl^EZa^A
d = 2ν + 2

Í�¬ta^U�CF\�EWe7Y;AmacVZ[jI'PhM � ~�¥�� i
wªy �  ~ afU}aÒ�t\�M3ÙW[jg9VHY;EH[fy

� � � � ���I��� ���
� ~D� @ � � � _á@B£�i�{]y�afM;I rukLR«i��SyX��»nd;[
eÒ[oa^UWY;EH[Ò\^C`VZd;[Ò\�©�[jEWAma^w \^C�w;a^UWV7a^M;I5CFYuVZY;EW['YuM;I;[jEpa

VZEHa^M;UWPh[jMOV}st[9UHUH[9A�w;EH\�gj[9UHUjy��Ä 5�Ç98uÆcÂÃÄG:�Ç«Â��Ä 5�Ç98uÆcÂÃÄ@:�Ç«Â��I1 B�� � � Ì ~   � ÍÃi ~o�  �� ~�¥^� y
� ��� sn{.Jn{ � Rä£Óin@py±£�y�a^M;I�rQ@ � _áRä£B�¸£�iLx0yX�	�.Æ;<�TOÁ�5.5.3 5 S ��Å45�>?<Q:�Æ;< 2 5cÄG:A5�<�
 �=Æ�ÇÃÄFÂKÆ;<�T

� 5cÅ�
 �*EDÆ*1Ãy;s`PhEH��dv¼fY;UH[9Ejis�a^UW[jA°i0Ì ~   � ÍÃy
� ��� s�J���¡R·r�iukÓyXiQJn{Îru�¸£ Þ J�@¯£L»�Si�º)yQa^M;IÉr�Rä£ �Î��JÎi�sByD��@BM¨[���VZ[jMuUHPh\^M¨\^C Þ d;PhMOVHg«d;PhM;[ �±U�[jUä�

VZPXe
acVZ[¸CF\�E�AmafEHl�[�I;[9©�PhafVZPX\�M;USVH\.a¯gjAha^UHU�\fC�_ba^EH�f\�©7g«dva^PXM;U�g9\�MO©�[jEWl�PhMulÎVH\.a¯UHPXM;l�Y;Aha^E0I;PXÕ�Y;UHPX\�Mªy
� 5�
 
 ��� ��Å91BÀ B6B�E � 2KÆ^ÄM8 � � � Ì ~  �Q~ ÍÃi �^¦OÜ � ���^� y

� �;� ��k}@�¢B_q{.£}».i � yOa^M;IÒx�@¯J � {7i Ý y �ByD�S»ndu[LAX\�¬t[9E®[jMO©�[9Ah\�w�[n\^C�w�\�UWPXVHPX©�[tUH[jADCm�TUWPheÒPhAmafE0_ba^EH�f\�©
x®EH\�gj[9UHUH[9Ujy���E 1«ÇÃÄ°Å ��� ���`Å95^Á«ÆOÁ � �	� Ì �^¦�¦�� Íõi ~��O��~ � ~��^�u~ y

� Ü�� ��kB¢}£ �]i Þ y � yD� 2KÆ^Å4365�7 � 8uÆ;:=<uÂ >?: Ä=8��Ä?Æ^Ä@:A5�<�Æ^Å�U P ÅWÆ;<uÂ�: Ä@:A5�<��`Å45^Á«ÆOÁD:=EF: ÄG:A1«ÂÃy � M;I�[jI¡y
rQw;EWPhM;l^[jE·� § [jEWAma^l;iu£}[Ã¬�¤�\�EW��i ~  �O� y

� ��� �n{Î{ � Rä£n�·r;��k}JLR Ý £}�¸JÓi0xzy�afM;I § @¯£ � {Î{.JL£�i��ny±@�yX�Ó@BM;a^AXN�UHPXUÎ\^CtEHa^M;I;\^e�¬�afAh��UÎY;UHPXM;l
\�E·VZd;\�l^\�Mva^Aªw�\�ADNQMu\�e'Pha^AhU9y�� � � 5�
 B ��Ä �=À B6B�E ��2KÆ^Ä=8 ����� Ì ~   ¥ Íõi ��¥O� � �   uy

� ��� �nr�� Þ R«iz�nyXiz×�� �0� �`r�i0@�y0a^M;I J� § ��r��Si�x0yX��»zEHa^M;UHPX[jMOV�M;[oa^EW[jU·VpM;[9Phl�d�Ê�\�EÎEZa^MuI;\�eÑ¬ta^Ah�
\�MÉVZd;[ÎAXPhM;[fy�� � P 8Q195cÅ ���`Å95^Á«ÆOÁ �hiQVZ\Òa^w;w�[oa^E9y

� ¥�� �nr��.J �! 7i0_ y�a^M;I J"� § �`r#�Si�xzyD�$�Ä�Å45�<*H¨À B6B�Å95 � : 
ÒÆ^Ä@:A5�<uÂ :=<%�tÅ45^Á«ÆOÁD:=EF: Ä@UqÆ;<�T&�Ä?Æ^Ä@:hÂÃÄG:�Ç«ÂÃy
@ngoafI;[jeÒPhgÓx®EH[9UHUji�£L[9¬�¤�\^EH�i ~  ¥u~ y
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