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1. Introduction and main results

Let {W(t), t > 0} be a standard Wiener process (Brownian motion) with local time L(z, t)
and for o < 3/2 define

dz.

Yo(t) = ot chlvs(s) /ooo Lz,t) = L{zz,%)

x()é

Here 2® = |2|®sgn(z) and the first integral is defined as Cauchy principal value for 1 < o <
3/2. In our previous works [CsCsFS, 99a and 99b], we were interested in the almost sure
path properties of Y, (t) and its corresponding counterparts for the case of simple symmetric
random walk. The general case 0 < a < 3/2 was studied in [CsCsFS, 99a], and the case
a = 1 in [CsCsFS, 99b]. Moreover, in [CsCsFS, 99a], for o > 3/2, we investigated the
properties of the modified process

to1
Vo = [ b e ds
a(t):= | Jrags) LowoRy 45

In this note we discuss the corresponding two-dimensional problem.

Let {W(t) := (W1(t), Wa(t)), t > 0} be a two-dimensional Wiener process, where W (t)
and W(t) are two independent one-dimensional Wiener processes, with Wi (0) = W5(0) = 0.
Put

R(t) = [|[W ()| = W2(t) + W2(t).

It is well-known that {R(¢), t > 0} is a two-dimensional Bessel process. We are interested
in the additive functional P g
s

1.1 Zo(t) = | ——,

(11) 0= [ fagy

the critical case being o = 2 (instead of 3/2). It can be seen that the integral in (1.1)
converges for o < 2, but diverges for a > 2 almost surely. In the latter case we define the
modified process

b
1.2 Zi(t) = [ iz ds.
(1.2) all) = || Rage) Hoz1 45

Considering the random walk counterpart, let {S,}5°, be a simple symmetric random
walk on the integer lattice Z?, i.e. S,, = > 7_, Xj, where the random variables X;, i = 1,2, ...
are i.i.d., with

P(X;=(0,1)) = P(Xy = (0,-1)) = P(X, = (1,0)) = P(Xy = (=1,0)) = %



We also propose to study the discrete process

i 1
(1.3) Ua(n) = al{sk?go}.
k=1 ”Sk“

Define
Ex,n):=#{k; 1<k <n, S,=x},

for any lattice point x of Z%. This is the local time process of {S,}°° . Let furthermore
{pn, n > 0} denote the consecutive return times of the walk to zero, that is

po =0, pn = min{k > p,_1, Sp=0}.

Our first result concerns the case 0 < « < 2, for which we show that the processes Z,(+)
and U,(-) are close to each other.

Theorem 1.1. Let 0 < a < 2. Then on a suitable probability space one can define a
two-dimensional Wiener process W (-) with the additive functional Z,(-) as in (1.1) and a
two-dimensional simple symmetric random walk S. with the additive functional U,(-) as in
(1.3) such that, as n — oo, for any e > 0

O(n'~ ‘”E), s, if 0<a<l,
(1.4) 1272720, (n) — Za(n)| = (log ‘n), as., if a=1,
O(log’™*n), as., if l<a<?2.

We note that by self-similarity, Z,(¢) is of order t'=*/2, so the rates in (1.4) are useful.

In the case when a > 2, the corresponding processes, Z: and U, are not close to each
other. Instead, as in the one-dimensional case, we show separately, that both processes,
suitably centered, are close to certain iterated processes.

Theorem 1.2. Let o > 2. There exists a probability space where one can define

(i) a two-dimensional simple symmetric random walk {S,} with its local time process
£(x,n), and with the corresponding additive functional process {Uy(n), n = 1,2...} as
n (1.3);

(i) a process {€W(0,n), n=1,2,..} 2 {£(0,n), n=1,2,..};

(iii) a standard Wiener process {W (t), t > 0}, independent of {£V(0,n), n =1,2,...};



such that, for some e > 0, as n — 00,

Uy(n) — fPe(0,n) = aPW (M (0,n)) + O(log!/?>~= n), a.s.,

= Y ﬁ P = Nar(Ua(pr)).

x€Z2—{0}

where

Moreover, the processes £(0,n) and £1(0,n) can be chosen such that for some § > 0,
£(0,n) = €W(0,n) + O(log' " n),  as.

We would also like to prove a similar result for the corresponding problem of a two-
dimensional Wiener process. Formulating a claim in this case needs some careful consid-
eration as points are polar for the two-dimensional Wiener process, so that it has no local
time. However its norm R(¢) does have a local time which could perfectly fit in our desired
theorem. For technical reasons we introduce a slightly different definition as our modified
local time for R(¢). This idea is not new, similar but more general concepts were already
discussed e.g. in Burdzy et al. [BPY, 90]. Define two increasing sequences of stopping times
{on, n >0} and {6,, n > 1} by

(1.5) oo = inf{t>0; R(t) =1},

(1.6) 0, = inf{t >0, 1; R(t) =2}, n>1,
(1.7) on = inf{t > 6,; R(t) =1}, n>1,
(1.8) T = 0y — 051, i=1,2,..

Let furthermore

(1.9) n(t) = max{n; o, — 0y < t}.

Theorem 1.3. Let a > 2. There exists a probability space where one can define

(i) a two-dimensional Wiener process {W (t), t > 0} with its corresponding additive func-
tional process {Z%(t), t > 0} as in (1.2), and with {n(t), t > 0} as in (1.9);

(i) a process {nO(t), t > 0} £ {n(t), t > 0};

(iii) a standard Wiener process {W(t), t > 0}, independent of {nV(t), t > 0};



such that for some ¢ > 0,
(1.10) Z3() = F¥n(t) = o WO (1) + Olog 1), as.

where ) . )
2 o 2
f;[jv = m, (O'ZV) = E (/1 x—ag(.fC,Tl) d$) — (fy) ;

and £(x,t) is the local time at time t and position x of {R(t), t > 0}. Furthermore, n and
n can be chosen such that for some § > 0,

(1.11) n(t) = n(t) + O(log' 1), a.s.

The rest of the paper is organized as follows. Section 2 is devoted to a collection of known
results which will be used later on. Theorems 1.1-1.3 are proved in Sections 3-5 respectively.
In Section 6 we present some further weak and strong convergence results, as consequences
of our theorems.

2. Preliminary results

In this section we list some results which will be used in the proofs of the theorems.

Let {S,, n > 1} be a simple symmetric random walk on the plane, and let {p,, n > 0}
denote, as before, the consecutive return times to zero.

For any real valued function f(-) on Z? we define the additve functional

n

Alfm) = 3 £

k=1
We assume that for some § > 0,

246
(21) E( )<w.

It is easy to compute the expectation of %', f(Si). Indeed, by Spitzer [S, 64], E({(x, p1)) =
1 for any x € Z?, and hence we have

E(éf(S@) E Y &xp)fx)= Y f(x)

x€Z2 X€Z2

P1

> f(Sk)

k=1

Now we recall a few known results that will be of use later on.



Theorem A (Csdki and Foldes [CsF, 99]). Let (X;,7;)2, be a sequence of i.i.d. wvectors,
such that 7, > 0 and

c 1
2.2 P(X;| > < —, P(r; > < —
(2.2 (Xi>2) <5 Plr>o)< s
for x large enough, where 3 > 2, ¢ > 0 and h(x) is slowly varying at infinity, increasing
with limy_,o h(x) = 400. Then on an appropriate probability space one can construct two
independent copies (Xi(l),r(l))z?’il and (X,-(Q),T@)fil, together with (X;,7;);o, such that

2 2

(Sn’pn);.LOZI 2 (Sr(bj)’p%?))',ozozla .7 == 1,2,

sup|Sk—S,g2)| = On'/*), a.s.,
k<n
swplpx — pi)| = O(W (), as.

as n — 0o, where S,(Cj) = leX-(j), pg) =k 0 Sk = EleXz‘; Pr = Ef:l T, v <1,

% i=1"'7 >

B* > 2, and h*(-) is the inverse of h(-).
The next result is an application of Theorem A for simple symmetric random walk in Z2.

Theorem B (Csaki and Foldes [CsF, 99]). For a simple symmetric random walk {S,}$°
in Z? and any real valued function f(-) for which (2.1) holds, there exists a probability
space where we can redefine {S,}$° together with its local time process £(0,n) and with the
corresponding additive functional A(f,n) in such a way, that on the same probability space
there exist

(i) a standard Wiener process {W(t), t > 0},
(ii) and a process
{€9(0,n), n=0,1,2,..} Z{£(0,n), n=0,1,2,...}

such that {W(t), t > 0} and {€M(0,n), n =0,1,2,...} are independent and, as n — oo, we
have
A(f,n) — fE(0,n) = oW (£D(0,n)) + O(log"n),  as.,

and
€1(0,n) —£(0,n)| = Olog* °n),  as,,

where 0 = \/Var(zglzl (Sk)), k < 1/2, and § > 0.

6



Concerning the moments of the local time of £(x, p;) we quote the following result

Theorem C (Révész [R, 90]). For any integer m > 1,

E (&(x,p1) —1)™ | < g+ mlp'™™q,
where

p:=P(0~ x) =P({S,} hits x before returning to 0),
and g =1—p.

The order of magnitude of p is well-known, namely we have
Theorem D (Spitzer [S, 64|, pp. 117, 124, 125, and Révész, [R, 90] p. 219). As ||x|| goes
to infinity,

_ m+o(1)

P(O = — 7
(0~ )= g Ix]

The next theorem concerns the asymptotics of £(0,n).

Theorem E (Dvoretzky and Erdés [DE, 51|, Erdés and Taylor [ET, 60]).

Jim P(£(0,n) < zlogn) =1—e™".
We also have

. £(0,n) 1
limsup ———— = —, a.s.
n—oo logmnlogsn 7
1
limsup SPx M) L
n—00 (log n)2 ™

Furthermore, as n goes to infinity,

P(p > n) = P(£(0,n) = 0) = logn +O((logn) ™).

Now we collect certain results for the two-dimensional Bessel process { R(t), t > 0} (with
R(0) = 0). Let {o,, n > 0} and {6,, n > 1} be as in (1.5)-(1.7). It is a consequence of
the strong Markov property that {o; — 0;_1}5° is an i.i.d. sequence of random variables, for
which we quote the following result.



Theorem F (Csdki et al. [CsFRS, 98]). We have,
2log?2
log x

P(oy—0g > 1) = + O(log™? z),
as T — 0o.
We also need the following iterated logarithm law.

Theorem G (Csaki et al. [CsFRS, 98]). Let {n(t), t > 0} be as in (1.9). Then

. n(t) 1
2.3 | =
(2:3) e (logt)logst  2log?2’

a.s.

Let us recall now the following theorem concerning the increments of n — £(0, n).

Theorem H (Csiki, Foldes and Révész [CsFR, 98]). Let a, = exp((logn)¥X) and b, =
exp((logn)®) for some constants K > 0 and b > 0. Then for any € > 0,

sup (€(0,a + b,) — £(0,0)) = O(log"**n),  as.

a<anp

The next is a strong approximation theorem for the two-dimensional random walk and
the Wiener process.

Theorem J (Révész [R, 90]). On a rich enough probability space one can define a Wiener
process W () € R? and a simple symmetric random walk S,, € Z* such that

V28, — W(n)|| = O(logn),  aus.

Finally, we will need the following two theorems concerning the two-dimensional Bessel
process { R(t), t > 0}. They are both borrowed from Bertoin and Werner [BW, 94| (see their
Proposition 4 and Theorem 3, respectively).

Theorem K (Bertoin and Werner [BW, 94]). We have

I ! / ‘1 ds = |
imsup ————— s s=—, a.s.
P (logt)logst Jo {R()<1} 2

t—00

Theorem L (Bertoin and Werner [BW, 94]). Let Z3 be as in (1.2). For any € > 0, when
t — o0,

Zi(t)=o ((log t)?(log, t)2+5) : a.s.



3. Proof of Theorem 1.1

We begin this section with a few lemmas and facts which will be needed in the proof.

Fact 1. Forz > 1, y>1

(3.1) 2% =y < alz —yl(z*T 2T if a>1
and
(3.2) |z — y®| < |z — ¥ if 0<a<l.

Fact 1 is a simple consequence of the mean value theorem.

Fact 2. Forx > 1, y> 1, and a > 0 we have

1 1 1 1
(3.3) ze gz S 2 (a,aﬂ + W) -

Fact 2 can be checked by elementary computations.

Recall that {R(t),t > 0} is a two-dimensional Bessel process starting from 0, and
{l(z,t), x > 0,t> 0} is its local time. First we give a rough estimate for Z,(¢) for large t.

Lemma 3.1. For0 < a <2, and anye >0, ast — oo,

t ds
. 1—a/2+e S
Zo(t) == 0 Ro(s) —O(t ), a.s

Proof: By the scaling property, for any fixed ¢t > 0,
{R(ut), u >0} 2 {VtR(u), u > 0},

which implies that

1
(3.4) Zo(t) B 102 / du
0

Re(u)

Observe furthermore that R?(u)/u has the exponential distribution with mean 2, thus we

have Ly g
u u

E prd / _— = s

(0 Ra(u)> Vo werr =

9




where c¢; and ¢, are finite constants. Hence by Markov’s inequality, we get for any A > 0
that

1—a/2 G2
(3.5) P (Za(t) > 77 4) < -
For any given ¢ > 0, let 8 > 1/¢ and t;, = k°. From (3.5) we get that
1—a/24¢ 262
P (Za(tis) > ,7*"7) < 72,

for k large enough, as tx, 1/t — 1. Using the Borel-Cantelli lemma and the monotonicity of
t — Z4(t), we obtain that

Zo(t)= O (t24) | as,
completing the proof of Lemma 3.1. O
Lemma 3.1 implies

Lemma 3.2. For 0 < a <2, and any e >0

ey [PHROG>Y o o (1-a/2ie
Za(t) = o RT(S) ds = O (t ) s a.s.

Lemma 3.3. Forany b > 2, and any 0 < a <2, ast — o0,

P 1 r(s)<1} b
TR ge — O(log” ¢ s.
/0 Ro(s) 4= Olog’®), as

Proof: Using the notation introduced in (1.5)—(1.9) we can decompose the local time ¢(z, t)
of R(t) as follows: for any 6 > 0 and all large ¢,

n(?)

Uz, t) = U(x,00) + ;(f(:r, 0;) = U(x,0,.1)) + Uz, t) — Lz, o1
n(t)+1
< Uz,00) + Z (U(z,04) — l(z,0;_1))
(36) S E(x, O'()) =+ og.Zl (E(.T, Ui) — E(:v, O'Z',l)),

the last inequality following from Theorem G. Since b > 2, we can choose § > 0 such that
24+46<b.

10



By writing f; %()51} ds = [y z(;” ) dz, and in view of (3.6) (noting that [} & 2‘70 dx =

Z*(0p) < 0o almost surely), it only remains to check that

1+6 t

(3.7) Q(t) := Oizl /01 Hz, o) ;f(az, %i-1) dz = O(logt), as.

To this end, we look at the Laplace transforms of ¢(z,0;) — £(x, 0y) and £(x,01) — £(x, 0;)
which can be found in Borodin and Salminen ([BS, 96] p. 297, Formula 2.3.1): for any v > 0,

( 142vz|logz| .
Mgz 0 0<@ s
E (e—’Y(ﬁ(m,h)—E(ac,ao))) = 1+27$|110g($/2)‘ if 1<z<2,
\ if >2
(1 if 0<z<1
E (em(@o-tem)) = ¢ TToaloga] if 1<z<2
14+2yx|log(z/2)| ;
. 1+’y2afyz(\)lgog z| if z>2

Since ¢(z,0,) — ¢(x,00) and £(z,01) — £(z, 0,) are independent, we get the Laplace transform
of U(z,01) — £z, 09):

14-2yz|log z .
, , T2yl 1<‘)g(2gw/£)\ if 0<z<1
(3.8) E (6—7( (z,01)— (z,ao))) — (1+27w\logw|)81+2'yz\log(w/2)|) if 1<z<2 .,
142yz|log(z/2)| if >9
142z log x| = =

Hence for 0 < x <1,
E ({(z,0;) — l(z,0i—1)) = E (l(z,01) — l(z,00)) = 22 10g 2.

As a consequence, when t goes to 0o,

(39) B(Q(1)) < (10g™**1) [

for all 0 < a < 2. Based on (3.9), we can finish the proof in the same way as that of Lemma
3.1, using the monotonicity of ¢t — Q(t), the subsequence t;, = e* and the Borel-Cantelli
lemma. Indeed, by (3.9) and Markov’s inequality,

(logtgy1)'™ (k +1)1+9
(log ty)? S kb

which sums for & (recalling that b > 2 4+ §). This yields (3.7), and completes the proof of
Lemma 3.3. O

L xlog?2

dz = O(log'* t)
ma

P (Q(tk—}-l) > (logtk)b) <c3

11



Lemma 3.4. Let « > 0. Asn — oo, we have almost surely for any € > 0,

n 1 O (n'=ote) if a<l
Usa(n) ==Y {”Sk”?;(’} ={ O(og*™*n) if a=1
= L O(log® n) if a>1.

Proof: Let M, = maxy<y, ||Sk||. Then by the LIL,

(3.10) M,=0 ((n log log n)l/Q) a.s.
By Theorem E,
~ L{isulizo} £(x,n) 2 1
(3.11) —n 2k — = O(log”n) —
P AP S e i, T
Due to the following equiconvergence relation
1 N
(312) Z TR ~ / ,',.1*204 d7‘,
xez?- (o i< Il !

and the fact that

. ON?2)  if a<l
(3.13) / ri 2 dr =< O(log N) if a=1

! 0(1) if a>1.
we have our statement combining (3.10)—(3.13). O

Proof of Theorem 1.1: In view of Lemma 3.3, we only have to check that almost surely,

O(n'=oe)  if 0<a <1,
(3.14) 127°72U,(n) — ZE(n)| = { O(log**®n), if a=1,
O(log*™n), if 1<a<2.

We start with the following decomposition:

n k 1 1
27U, (n) — Z3(n)| = / ( 5:70} _ {R(s)>1}> ds‘
| = X st R

b R(s) — [ISill®
q 1is, 20,R(s)>1} dS
Z/k |S [eRa(s) LSe0RG>1

1
n Z/kl{skgfc >1}d‘

(315) = Il+12+13;

IN

k- 1(s,+0,R(s) <1}d‘
k=1 |[Sille

12



where S} = V28;.
First observe that

(3.16) I <Y 15,20y = £(0,n) = O(log'** n), as.
k=1

for any € > 0, by Theorem E. Similarly, by Theorem K, we have that for any ¢ > 0
(3.17) I; < / 1{r(s)<1} ds = O(log'**n), as.
0

The estimation of I; is more delicate and we have to consider two cases. First we consider
the case 0 < o < 1. According to (3.2) we have

(R (s) — |ISE]
ns e
o Z o ||S*||O‘R"() {Sk£0,R(s)21} 45

ISkl
< —1 ) p
> Z/k 1 |S*||O‘Ra( ) {Sk#0,R(s)>1} @S

1(s,20,r(s)>1}
< oq / {k—d
< Ollogn) Z ISR ()

where in the last line we used Theorem J. Since zy < (2% + 3?)/2, this yields

1 1
-[1 S (’) logn Z/ l{Sk#OR( )>1} (”S*”Qa R2a(8)> ds

{sk;«m} " Lir(s)>13

< ds
= "g"< IStz T TRa(s) )
(3.18) < O(logn) (U2a( )+ Z5,(n)) -

Applying Lemmas 3.2 and 3.4 yields that for 0 < a < 1,
L =0 (nl_‘”s) , a.s.
For o = 1, we can use (3.18), Lemma 3.4 and Theorem L to see that
L=0 (log4+5 ) a.s.

These estimates, together with (3.15)—(3.17), yield (3.14) when 0 < o < 1.

13



Consider now the case 1 < o < 2. We estimate I; differently. By (3.1) and Theorem J,

[B*(s) = [ISElI*]
o= / 1 9>13d
| — Z b1 |S*||°‘R0‘() {Sx#0,R(s)>1} S

Z/: 2|R(s) — [ISEIl | (B*~"(s) + IS&ll*~")

<
- ||S*||“R“(S)

1(s,+0,r(s)>1} ds

1
< O(logn) / ( : )15 Ris)>1} ds.
Z [SieR() T [Si[R(s)) Ss#0R®>1

Using (3.3) gives

n 1 n 1
I < O(logn) ) Wl{swﬂ]} + (’)(logn)/o RTl(s)l{R(S)Zl} ds

k=1

< O(1ogn) (Uas: (0) + Z24a(m))

When o > 1, we have o+ 1 > 2, so that we can use Theorems 1.2 and 1.3 (or rather their
consequences as stated in (6.4) and (6.5) in Section 6) to see that U,y i(n) = O(log' ™ n)
and Z7,,(n) = O(log'** n) almost surely. This yields that for 1 < a < 2,

L =0 (log2+E ) a.s.

Combining this with (3.15)—(3.17) yields (3.14) when 1 < «a < 2. Consequently, Theorem
1.1 is now proved. g

4. Proof of Theorem 1.2

In view of Theorem B in Section 2, to prove Theorem 1.2, it suffices to show that, when
a > 2, the function x — f(x) = 1yxz0y/||x||* satisfies (2.1) with an appropriately chosen
d > 0.

Write ||Y]|, := (E(|Y|P))*? for any random variable Y and p > 1. Fix an integer m > 1.
It follows from Theorems C and D that for any x € Z? — {0},

1€, p1)[m 1+ E(x, p1) = 1Im

1+ Cppp=/m
Com (log [Ix]| + 1)~/
Crm (log [|x[[ + 1),

VANVANRVANRVAN

(4.1)

14



where C,,, denotes a (finite and positive) constant depending only on m, whose value varies
from line to line.
Let f(x) = 1{xz01/||x[|*. To check (2.1), observe that

$ro- y e

k=1 z€Z?—{0} [Ix||*
Hence for any integer m > 1, by the triangle inequality and (4.1),
< 1+1
I Z FSE)Im < Z 1€(x, pla)”m <C, Z + og0!|x||’
Pt cezeooy Xl wezqoy X

which is finite whenever o > 2. Thus any moments of order m > 1 of 341, f(Sk) exist,
proving Theorem 1.2. O

5. Proof of Theorem 1.3

The proof of this theorem is based on Theorem A. Denote by £(z,t) the local time (at time
t and position ) of the Bessel process {R(t), t > 0}. Let {0y, n > 0} and {6,,, n > 1} be as
in (1.5)—(1.7). Both {6; —o; 1}5° and {o; — 0;}5° are i.i.d. sequences. The Laplace transform
of {(z,01) — £(x, 00) is given in (3.8), from which we can obtain: for z > 1,

(5.1) E({(z,01) — £(z,00)) = 2zlogz,
E (({(z,01) — U(z,00))°) < Ca’(logz)?,

where C' > 0 is a constant.
Define, for ¢ > 1,

(5.3) Ti = 03— 01,
g; 1
(54) XZ = - Ra—(s)l{R(s)Zl} ds.

We show that the sequence (X, 7;)3°, of i.i.d. vectors satisfies the conditions of Theorem A.
Indeed, by (5.2),

"o 3\ 1/3
1 Xills = (El (/70 Ra—(s)l{R(s»l}dé‘))
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1/3

- (([ )

< [P,
xa
1/3

3(1
< C’/ ng dz,

which is finite, whenever o > 2. Using Chebyshev s inequality, this leads to

(5.5) P (X[ >z) < s
for some constant ¢ > 0 and all z > 0. Thus, the first condition of (2.2) is satisfied by X;
with 3 = 3. It is clear that the second condition in (2.2) is satisfied by 7; with h(z) = C'logz,
since by Theorem F, P(r; > z) < C/logz.

Consequently, the sequence of vectors (X;, 7;)5°, defined in (5.3)—(5.4) satisfies the con-
ditions of Theorem A. Let

a; 1 )
Si = /0—0 Ra( )l{R s)>1} ds = (O'Z) ] Z ].,

Pn = On—0o,  n2=0.

According to Theorem A, on an appropriate probability space one can construct two inde-
o
pendent copies, say (Xi(l),Ti(l))_ and (X( ) (2))_ o of (Xi,7)$2,, such that
=1 1=

(5.6) (Suspu)ozs = (S 00002, i=12,
sup | Sk — S,(CQ)| = (’)( Uﬂ*), a.s.,
k<n

(53) swplp—pf| = O (), as
k<n

WhereS,(C Z Z,,o,C ZflT ,v<land 2 < f3* <3,

Apply now the Koml6s-Major-Tusnady theorem [KMT, 75] (see also Csorg6 and Révész
[CsR, 81], p. 108, Theorem 2.6.6) to get that, there exists a Wiener process {W (t), t > 0}
such that for any 2 < * < 3, when N goes to infinity,

(5.9) S - NE(X1) — oV W(N)=O(NY%),  as,
where ¢! = {/Var(X;). Since W is constructed from {S{?), n > 1}, it can be chosen to be

independent of (X, 7! ))Z 1-
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By (5.1),

B(X) =B [ BT gy (228, 2w
1 1

o go—1 (. —2)?

It follows from (5.9) and (5.7) that
Sy = NfY —6"W(N)=O(NYF),  as.
Now let n(t) be as in (1.9). We get

Suiy = Faln(t) = o Wn(t)) = © (n()*"),  as,
which, in view of (2.3), yields that, for any small enough & > 0,
(5.10) Snwy = f¥n(t) — o W(n(t)) = O(log'/? < t), a.s.

Now we want to get an almost sure upper bound for | Z}(t) — Sy |. Since n(t) <t < n(t)+1,
we have

| Z3(t) = Syl < Xpgy41-
On the other hand, a routine Borel-Cantelli argument, using (5.5), yields that for a small

enough 6 > 0, X; = O(k'/?>7%) almost surely (when k goes to infinity). Therefore, by (2.3),
Xowy41 = O(log'/?7%" ¢), for any 0 < 6* < 8. Accordingly,

Z3(t) = Sy = O(log'*™" 1), as.
Going back to (5.10), we arrive at
(5.11) Z5(t) = fal n(t) = o W(n(1)) + O(log*" 1), ass,,

with a small enough v* > 0.

What remains to show is that on the right hand side of (5.11) we can replace W (n(t))
by W(nM(t)), at the price of a possible small increase in the order of the error term in the
approximation. For this purpose we need two preliminary estimates. The first one (Lemma
5.1) is analogous to Theorem H. Its proof, which goes along the same lines as that of Theorem
H, is omitted.

Lemma 5.1. Let a; = exp((logt)®) and b; = exp((logt)®), for K > 0 and b > 0. Then for
any € > 0,
sup(n(a +b;) —n(a)) = O(log"**t),  as.

a<at
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Lemma 5.2. There exists v < 1 such that, ast — oo,
D (#) = n(t)| = O(log”t),  as.
: 1
Proof: Since n(t) = 0 (p! (1)) 1D (t) = n(pya ), t = Py and t > pgll(i)(t), we have

1
(5.12) 1 (pawy) — 10 (ol0y) < 1) = 1t) < loyegy) = n(Phih )-

By (2.3), for any € > 0 and all large ¢, n(t) < (logt)'**. It follows from (5.8) that for some
v < 1 and all large t,
_,M My < log¢)(1+e)7
ooty = Py | < sup  [pi — p 7| < exp (c(log?) ,  as.
i<(log t)1+e

Now apply Lemma 5.1 to b; = exp(c (logt)(**+9)7) and a; = ¢ (noting that pél(z)(t) < 't) to see

that
N (poey) — 1P (pl)) = Olog)78),  ass.
A similar argument shows that

(g ) = NP ) = Olog"*71),  as.

In view of (5.12), we have
NV (t) —n(t) = O(log" )7 1),  as.
Choosing € > 0 so small that (1 + 2¢)y < 1, gives the lemma. O

We now go back to the proof of Theorem 1.3. Note that Lemma 5.2 yields (1.11). To
check (1.10), we can control the the increments of W by using Theorem 1.2.1 of Csorgé and
Révész [CsR, 81]: for any € > 0 and any v > 0,

sup W (u) — W ()| = O ((logt)"(loglog#)'/?),  a.s.

0<u,v<(logt)lte, lu—v|<(logt)”

Since 1(t) = O(log*™ t) (cf. Theorem G), it follows from Lemma 5.2 and (5.11) that for any
1>v">v,

Z5(t) — fVn(t) = OZVW(n(l)(t)) + (’)(log"*/2 t) + (’)(logmﬂ* t), a.s.

1 L U 1
/f:zmax<——’y,—> <z

Take

2 2 2
to get
Zo(t) = Fn(t) = o8 W(nD (1)) + O(log" 1), as,

ast — oo. Since W was chosen to be independent of (X . ), 7'2(1))Z 1, it is a fortiori independent

of {nV(¢), t > 0}. This completes the proof of Theorem 1.2. O
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6. Further results

Our theorems can be used to deduce weak and strong laws for the additive functionals studied
in this paper. Considering Z,(t), defined by (1.1), by scaling we have (cf. (3.4)), for any
t>0,

(6.1) Zo(t) B #1702 7, (1).

Hence, Theorem 1.1 implies for 0 < a < 2,
270222710 (n) B Zu(1), n — oo,

where 3 denotes convergence in distribution. It follows also that the LIL for the process
Z(+) is inherited by Uy().

Now we study limsup and liminf properties of Z,. It is obvious from (6.1) that first we
have to study the upper and lower tail behaviour of Z,(1). A direct approach however does
not seem available, instead, we apply Corollary XI.1.12 of Revuz and Yor [RY, 99] telling us
that 1—a/2)

(6.2) Za(1) = 01 Rfffs) 2 (2 E a)a (/01 RA() dt) B ,

where f = 2a/(2 — «). For § > 1, Azencott [A, 80] shows that there exists a finite constant
¢(B) such that

1
logP (/ RP(t) dt > u) ~ —c(B)u*P, U — oo,
0
which combined with (6.2) yields
logP(Zy(1) < z) ~ —ci (@)™, 2 — 0,

where 1¢(6)
ci(a) = 2o

Now the usual argument gives the following liminf result for 2/3 < a < 2:

liminft ~%/2(loglogt)*/? Z,(t) = K (a), a.s.,

t—00

where
K (@) = (e(a)”.

Hence, by Theorem 1.1, we have also for 2/3 < a < 2

li&glfn_(l_“/m (loglogn)*/2272/2U,(n) = K(a), a.s.
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Concerning the limsup results, we can use the following small deviation theorem of
Borovkov and Mogulskii [BM, 91]: for 8 > 1

(6.3) logP (/01 RP(t) dt < u) ~ —EB)uHP, u—0,

where ¢((3) is a finite positive constant. (We note that in [BM, 91] the analogue result is
proved for one-dimensional Wiener process, but as they remark, their result holds also true
for higher dimensional case.)

Based on (6.3) and (6.2), similarly to the liminf case, one can easily obtain

]irtri)igp ay? (IZ(;Ig(i())g EE = K(w), a.s.,
with N
K(0) = GO G
and consequently
lim sup 2 U (n) = K (o), a.s.

n—oo. n'=%2(loglogn)e/?

Turning now to the case a > 2, we first consider some limiting distribution results. Let £
be a random variable with density function e~1*//2, x € R. Then E is a bilateral exponential
random variable and |F| has the exponential distribution of parameter 1, i.e., it has the
density function e™*, z € [0, 00). By Theorem E,

0
m¢(0,n) A |E|, n— oo,
logn

and similarly, from Theorem F one can see that

t — oo.
logt

Moreover, as easily seen,

- FE, n—o

and

—FE, t— o0,
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where W (£1(0,-)) and W (nM)(-)), resp. are the processes in Theorems 1.2 and 1.3, resp.
Now our Theorems 1.2 and 1.3 imply the following weak convergence results:

7_rUa(n) 5 |E|, n— o0,
fDlogn
_FD
Ua(n) faf(oan)\/2_ﬂ_ B B n— oo
oby/logn
2log2)2*
( (_)g ) a(t) 2) |E|, t — o0,
leogt

Z5( D
2,/ = E, t— o0
aW\/log ’ o
Concerning strong limit results, our Theorems 1.2 and 1.3 combined with Theorems E
and G yield

Ua fb
(6.4) lim sup & fﬁ, a.s.,
n—oo logmnlogsn s
and 7 —
*(t
(6.5) lim sup olt) _ _Ja a.s.

tsoo  logtlogst  2log2’
Moreover, the following LIL is true (cf. [MR, 94], [CsFR, 98], [CsF, 99])

wEwon) 1

li = S.
nhse’ lognlogsn  vor
Similarly, one can see that
: W (1)) 1
lim sup = , a.s
tooo  y/logtlogst  24/log?2
Consequently, we have the following LIL’s:
. Ua(n) — f26(0,n) _ of
lim sup = , a.s.
n—00 Vviognlogsn Vor
and Z*(¢ rW w
lim sup alt) = fa'nt) _ 94 a.s

tsoo +/logtlogst  2¢/log?2’

Acknowledgements

Cooperation between the authors was supported by the joint French-Hungarian Inter-
governmental Grant “Balaton” (grant no. F25/97).

21



References

[A, 80] Azencott, R. (1980). Grandes déviations et applications. In: Ecole d’Eté St.-Flour
VIII, Lecture Notes in Mathematics 774, pp. 1-176, Springer, Berlin.

[BW, 94] Bertoin, J. and Werner, W. (1994). Comportement asymptotique du nombre de
tours effectués par la trajectoire brownienne plane. In: Séminaire de Probabilités
XXVIII, Lecture Notes in Mathematics 1583, pp. 164-171, Springer, Berlin.

[BS, 96] Borodin, A.N. and Salminen, P. (1996). Handbook of Brownian motion — Facts and
Formulae, Birkhauser, Basel.

[BM, 91] Borovkov, A.A. and Mogulskii, A.A. (1991). On probabilities of small deviations
for stochastic processes. Siberian Adv. Math. 1, 39-63.

[BPY, 90] Burdzy, K., Pitman, JW. and Yor, M. (1990). Brownian crossings between
spheres. J. Math. Anal. Appl. 148, 101-120.

[CsCsFS, 99a] Csaki, E., Csorgd, M., Foldes, A. and Shi, Z. (1999). Path properties of
Cauchy’s principal values related to local time. (Preprint)

[CsCsFS, 99b] Cséki, E., Csorgé, M., Foldes, A. and Shi, Z. (1999). Increment sizes of the
principal value of Brownian local time. (Preprint)

[CsF, 99] Csdki, E. and Féldes A. (1999). Asymptotic independence and additive functionals.
(Preprint)

[CsFR, 98] Cséki, E., Foldes, A. and Révész, P. (1998). A strong invariance principle for the
local time difference of a simple symmetric planar random walk. Studia Sci. Math.
Hung. 34, 25-39.

[CsFRS, 98] Csiki, E., Foldes, A., Révész, P. and Shi, Z: (1998). On the excursions of two-
dimensional random walk and Wiener process. In: Proceedings of the Paul Erdds
Summer School ’98. (To appear)

[CsR, 81] Csorgs, M. and Révész, P. (1981). Strong Approximations in Probability and
Statistics, Academic Press, New York.

[DE, 51] Dvoretzky, A. and Erd6s, P. (1951). Some problems on random walk in space, Pro-
ceedings of the Second Berkeley Symposium on Mathematical Statistics and Proba-
bility, pp. 353-367, University of California Press, Berkeley.

22



[ET, 60] Erdés, P. and Taylor, S.J. (1960). Some problems concerning the structure of ran-
dom walk paths. Acta Math. Acad. Sci. Hung. 11, 137-162.

[KMT, 75] Komlés, J., Major, P. and Tusnddy, G. (1975). An approximation of partial sums
of independent r.v.’s and the sample df. I. Z. Wahrsch. verw. Gebiete 32, 111-131.

[MR, 94] Marcus, M.B. and Rosen, J. (1994). Laws of the iterated logarithm for the local
times of recurrent random walks on Z? and of Lévy processes and random walks in

the domain of attraction of Cauchy random variables. Ann. Inst. H. Poincaré 30,
467-499.

R, 90] Révész, P. (1990). Random Walk in Random and Non-Random Environments, World
Scientific, Singapore.

[RY, 99] Revuz, D. and Yor, M. (1999). Continuous Martingales and Brownian Motion,
Third Edition, Springer, Berlin.

[S, 64] Spitzer, F. (1964). Principles of Random Walk, Van Nostrand, Princeton.

23



