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What are MU bases?
quantum particle on a line

I position and momentum eigenstates

p̂|p〉 = p|p〉 , q̂|q〉 = q|q〉 , p, q ∈ R

I ON bases of L2(R): Bp = {|p〉, p ∈ R} and Bq = {|q〉, q ∈ R}

prepare position eigenstate |q〉 and . . .
I measure position q̂ → find q
I measure momentum p̂ → find any p ∈ R

flat transition probability density
I Bp and Bq are mutually unbiased (MU)

Bp µBq ⇔ |〈q|p〉|2 = 1
2π~ , p, q ∈ R



What are MU bases?
quantum spin s = 1/2 - or qubit with state space C2

I eigenstates of spin components σ̂z and σ̂x

σ̂z |jz〉 = jz |jz〉 , σ̂x |jx 〉 = jx |jx 〉 , jz , jx = 0, 1

I ON bases of C2: Bz = {|0z〉, |1z〉} and Bx = {|0x 〉, |1x 〉}

prepare σ̂z eigenstate |0z〉 and . . .
I measure z-component σ̂z → find 0
I measure x -component σ̂x → find any jx

flat transition probabilities
I Bz and Bx are mutually unbiased (MU)

Bz µBx ⇔ |〈jz |jx 〉|2 = 1
2 , j = 0, 1



What are MU bases?
complete sets of (d + 1) MU bases in Cd . . .

I . . . consist of (d + 1) ON bases Bb = {|ψ(b)
j 〉, j = 1 . . . d}

Bb µBb′ ⇔ |〈ψ(b)
j |ψ

(b′)
j′ 〉|2 =

{
δjj′ if b = b′
1/d if b 6= b′

example: dimension d = 3, with ω ≡ e2πi/3 and 1 + ω + ω2 = 0

I3 =

 1 0 0
0 1 0
0 0 1

 F3 = 1√
3

 1 1 1
1 ω ω2

1 ω2 ω


H = 1√

3

 1 1 1
ω2 1 ω
ω2 ω 1

 H ′ = 1√
3

 1 1 1
ω ω2 1
ω 1 ω2


F3,H,H ′ are complex Hadamard matrices



Why are MU bases interesting?

conceptually
I concise expression of complementarity
I benchmark states for inequalities
I ubiquitious in quantum information

mathematically
I orthogonal decompositions of Lie algebras sld(C)
I complete sets of MU bases define 2-designs

physical applications
I quantum cryptography (two MU bases)
I entanglement detection (many MU bases)
I optimal quantum state reconstruction in Cd (complete sets)
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MU bases for d > 2

general results
I upper limit: there are at most (d + 1) MU bases in Cd

I minimal number: triples of MU bases exist for all d
I one “free” basis: d MU bases in Cd −→ (d + 1) MU bases
I entanglement content of a complete set is fixed

complete MU sets are equivalent to . . .
I maximal sets of d complex MU Hadamard matrices of order d
I orthogonal decompositions of the Lie algebras sld(C)

Should we expect complete MU sets in Cd?
I No!

d = 7: 1328 constraints � 288 free parameters



MU bases in prime power dimensions d = pn

canonical construction
I Heisenberg-Weyl algebra

ZX = ωXZ , ωd = 1
I phase and shift operators

Z |k〉 = ωk |k〉 , X |k〉 = |k + 1〉 , k = 1 . . . d

I (d + 1) MU bases are given by the eigenstates of the operators

X ,Z ,ZX ,ZX 2 , . . .ZXd−1

many other constructions
I orthogonal Latin squares
I discrete Wigner functions
I methods from finite geometry



MU bases in composite dimensions

non-prime-power dimensions

d = pn1
1 pn2

2 . . . pnk
k , with pn1

1 < pn2
2 < . . . < pnk

k

positive results
I (pn1

1 + 1) MU bases can be constructed
I (pn1

1 + 2) MU exist for specific dimensions
I six MU bases exist for d = 22 × 132 (not just five)

I entanglement content for complete MU set in Cp ⊗ Cq

E = pq(p + q)

negative results
I plausible generalizations of constructions fail



What we don’t know about MU bases

ever simpler open problems,. . .
I Do complete sets of (d + 1) MU bases exist for all Cd?
I Does a complete set of seven MU bases exist in C6?
I Do four MU bases exist in C6?
I Does the MU constellation {63, 1}6 exist in C6?
I List all pairs of MU bases {I,H}!

(requires a list of all complex Hadamard matrices of order six)

conjecture (Zauner 1999)
I Only three MU bases exist in C6.

(compatible with all known results)
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MU product bases

types of orthogonal product bases
I direct product bases:

I example in C6: {|jz , Jz〉} , jz = 0, 1, Jz = 0, 1, 2
I general form: B2 ⊗ B3

I indirect product bases:
I example in C6: {|0z , Jz〉, |1z , Jx 〉} , Jz , Jx = 0, 1, 2
I general form: B ={|ψ1

j , ψ
2
j 〉 ∈ Cd1d2 , j = 1 . . . d1d2}

Lemma (WPZ)
Two [direct] orthogonal product bases {|u,U〉} and {|v ,V 〉}in
dimension d = d1d2 are MU iff the states |u〉 are MU to all |v〉 and
the states |U〉 are MU to all |V 〉.



The limited role of MU product bases for d ≤ 6
Lemma (MW)
The product state |µ1, µ2〉 ∈ Cd , d = d1d2 ≤ 6, is MU to the
(direct or indirect) orthogonal product basis
{|ψ1

j , ψ
2
j 〉 ∈ Cd , j = 1 . . . d}, iff |µ1〉 is MU to |ψ1

j 〉 ∈ Cd1 and |µ2〉
is MU to |ψ2

j 〉 ∈ Cd2 , for all j = 1 . . . d .

=⇒ classification of all sets of orthogonal MU product bases
for d = 6

I all pairs: (complicated, long list)
I all triples:

T0 = {|jz , Jz〉; |jx , Jx 〉; |jy , Jy 〉}
T1 = {|jz , Jz〉; |jx , Jx 〉; |0y , Jy 〉, |1y , Jw 〉}

=⇒ e.g.:
No complete set contains three product bases {63}⊗6 .
(no state is MU to either T0 or T1)



MU product bases for d = d1d2 . . . dn

Lemma (MPW)
The product state |µ1, µ2, . . . , µn〉 ∈ Cd , d = d1d2 . . . dn, is MU to
any orthogonal product basis {|ψ1

j , ψ
2
j , . . . , ψ

nj 〉 ∈ Cd , j = 1 . . . d},
iff for each r = 1 . . . n, the state |µr 〉 is MU to |ψr

j 〉 ∈ Cdr , for all
j = 1 . . . d .

Theorem (MPW)
Suppose that d = d1d2 . . . dn and let d1 = 2 or d1 = 3, and
d1 ≤ dr , r = 2 . . . n. Then there exist at most (d1 + 1) MU product
bases.

Conjecture (MPW)
Suppose that d = d1d2 . . . dn. Then there exist at most (dm + 1)
MU product bases where dm is the dimension of the subsystem
with the least number of MU bases.



Maximal MU product bases for d = d1d2 . . . dn

Corollaries
I d = 2k : there is a unique triple of MU product bases
I d = 3k : there is a unique quadruple of MU product bases
I d = 2×5: three inequivalent triples of MU product bases exist

I d = 2kd2 . . . dn: list of all triples of MU product bases
I d = 3kd2 . . . dn: list of all quadruples of MU product bases

MU vectors
I strong limitations on vectors MU to maximal MU product

bases exist



Summary

MU bases in composite dimensions
I {63, 1}6 has never been observed
I some MU pairs/triples are unextendible
I a complete MU set contains at most one product basis
I number of MU product bases is strongly limited

any lessons?
I existence of complete MU sets is surprising
I sensitivity of quantum theory to factors of d

What is nature really telling us?
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