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What are MU bases?

quantum particle on a line

> position and momentum eigenstates

pblp) = plp), glg) =qla), p,geR
» ON bases of LH(R): B, = {|p),p € R} and B, = {|q),q € R}

prepare position eigenstate |g) and ...
» measure position § — find g

» measure momentum p — findany pe R

flat transition probability density
» B, and B, are mutually unbiased (MU)

1
BouBgs < ‘<q|P>|2:%= p,q €R



What are MU bases?

quantum spin s = 1/2 - or qubit with state space C2
> eigenstates of spin components 6, and 6
62‘1'2) :jz’jz> ) 6x’jx> :J'XUX> v JzJx =0, 1
» ON bases of C%: B, = {|0,),|1,)} and By = {|04),|1.)}

prepare &, eigenstate |0;) and ...
» measure z-component 6, — find 0

> measure x-component 6, —  find any ji

flat transition probabilities
» B, and By are mutually unbiased (MU)

. 1 ,
BZ/’LBX = |<_/z’_/x>’2:§7 _/:071



What are MU bases?

complete sets of (d + 1) MU bases in C“. ..
» ... consist of (d 4+ 1) ON bases By = {\1/11(b)>,j =1...d}

/ (5"/ ifb:b/
ByuBy r<w}")w}“>‘2:{ 1/d i b#b

example: dimension d = 3, with w = e?™/3 and 1 +w+w? =0

1 00 1 1 1 1
Lh=|0 10 Fa=—| 1 w w?
0 0 1 V3 1 w? w
1 1 1 1 1 1 1 1
H=—] «w? 1 w H = w o w? 1
V3 w2 w1 V3 w w2

F3,H, H are complex Hadamard matrices



Why are MU bases interesting?

conceptually
> concise expression of complementarity
» benchmark states for inequalities

» ubiquitious in quantum information

mathematically
» orthogonal decompositions of Lie algebras s/y(C)

> complete sets of MU bases define 2-designs

physical applications
» quantum cryptography (two MU bases)
» entanglement detection (many MU bases)

» optimal quantum state reconstruction in C¢ (complete sets)
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MU bases for d > 2

general results
» upper limit: there are at most (d + 1) MU bases in C¢
» minimal number: triples of MU bases exist for all d
» one “free” basis: d MU bases in C¢ — (d + 1) MU bases

> entanglement content of a complete set is fixed

complete MU sets are equivalent to ...
» maximal sets of d complex MU Hadamard matrices of order d
» orthogonal decompositions of the Lie algebras s/;(C)

Should we expect complete MU sets in C9?

» No!
d = 7: 1328 constraints > 288 free parameters



MU bases in prime power dimensions d = p”

canonical construction

» Heisenberg-Weyl algebra

ZX = wXZ , wd =1

» phase and shift operators
Zlky =wklk),  Xlk)=|k+1), k=1...d

» (d+ 1) MU bases are given by the eigenstates of the operators
X,Z,ZX,ZX?%,...zx91

many other constructions
» orthogonal Latin squares
» discrete Wigner functions

» methods from finite geometry



MU bases in composite dimensions

non-prime-power dimensions
d=ptpy?...pJK, with pi* < p2 < ...< p/X

positive results
» (py* + 1) MU bases can be constructed

» (pi* +2) MU exist for specific dimensions
» six MU bases exist for d = 22 x 132 (not just five)

» entanglement content for complete MU set in CP @ C9

E=pq(p+q)

negative results

» plausible generalizations of constructions fail



What we don't know about MU bases

ever simpler open problems,. ..

» Do complete sets of (d + 1) MU bases exist for all C9?

» Does a complete set of seven MU bases exist in C°7?

» Do four MU bases exist in C°7?

» Does the MU constellation {63, 1} exist in C®?

» List all pairs of MU bases {/, H}!

(requires a list of all complex Hadamard matrices of order six)

conjecture (Zauner 1999)

» Only three MU bases exist in C°.
(compatible with all known results)
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MU product bases

types of orthogonal product bases
» direct product bases:

» example in C® {|j,, J,)}, Jj,=0,1, J,=0,1,2
» general form: B, ® B3

» indirect product bases:

» example in C®: {|0,,4,), [1,,J)}, J;,J=0,1,2
» general form: B :{|1/Jj1,1/1j2> €Ch% j=1...didp}

Lemma (WPZ)

Two [direct] orthogonal product bases {|u, U)} and {|v, V)}in
dimension d = did> are MU iff the states |u) are MU to all |v) and
the states |U) are MU to all |V).



The limited role of MU product bases for d < 6

Lemma (MW)
The product state |u}, u2) € C9, d = dyd» <6, is MU to the
(direct or indirect) orthogonal product basis
{lvf, ¥?) e C?j=1...d}, iff |u') is MU to [¢p}) € C™ and |p?)
is MU to [¢7) € C%, forallj=1...d.
— classification of all sets of orthogonal MU product bases
ford =6

> all pairs: (complicated, long list)

> all triples:

To = {lzJ2)i Ui I vaJY>}
i = {|jzan>; Lix> Ix); |0yaJy>a |1y7JW>}
— e.g.:

No complete set contains three product bases {63}¢ .
(no state is MU to either 7o or T1)



MU product bases for d = did> ... d,

Lemma (MPW)

The product state |u!, p2,...,u") € C?,d = did> ... d,, is MU to
any orthogonal product basis {]1/1}, f, oYty eCdj=1...d},
iff for each r =1...n, the state [u") is MU to [¢)]) € C, for all
j=1...d.

Theorem (MPW)

Suppose that d = did>...d, and let dy =2 or d; = 3, and

di < d,,r=2...n. Then there exist at most (di + 1) MU product
bases.

Conjecture (MPW)

Suppose that d = did> ... d,. Then there exist at most (dp, + 1)
MU product bases where d,, is the dimension of the subsystem
with the least number of MU bases.



Maximal MU product bases for d = did,...d,

Corollaries
» d = 2K: there is a unique triple of MU product bases
» d = 3K: there is a unique quadruple of MU product bases

» d = 2 x 5: three inequivalent triples of MU product bases exist

» d =2kdy...d,: list of all triples of MU product bases
» d =3Kd,...d,: list of all quadruples of MU product bases
MU vectors

> strong limitations on vectors MU to maximal MU product
bases exist



Summary

MU bases in composite dimensions

v

{63,1}6 has never been observed

v

some MU pairs/triples are unextendible
» a complete MU set contains at most one product basis

» number of MU product bases is strongly limited

any lessons?
> existence of complete MU sets is surprising

> sensitivity of quantum theory to factors of d

What is nature really telling us?
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