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Motivation

o Complex Hadamard orbits, N=6

» Incomplete characterization
» Complete set of MUBs problem
» Matolcsi et al conjecture

e Background
> Séo) isolated, F6(2), (F6(2))T affine orbits, defect=4
D((jl) X6(2)
Fa Z
> Special ansatz: B (X7 k=4 | 7 1zAz
Mél) Kﬁ(z)
non-affine
o Extra motivation
» Non-affine in Krakow list: KG(3), (Bg(o) —>)Kéz), (Pg) —) Pg) .
no other reported
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N=6, Brute force

@ 36 — 25 matrix elements, |h;| =1/V6.

@ 5+4+3+42=15 non-linear complex orthogonality relations
@ Best reported: Sz6llsi starts with
1 1 1 1 1 1

1 apn a3 x1 x X3
1 a a
> 1 293 N1 Y2 ) , 4 parameters, 6 unknowns
1
1

3 (complex) orthogonality relations, non-linear in x;, y;
Clever trick (Haagerup) => one eqn, two unknowns

B tox®+Bx+y+Br+as+5=0

No general solution € T known on closed form

Go ahead anyway =—half numeric, half analytic orbit G6(4)

v

v

\{

v
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Definitions

o Notation
Hzg[é\ g]; Wi = 3ATA;
e Unitarity
ATA+CTC = 2E
AAT+BBT = 2E
ATB4+CID = 0
e Equivalence

H ~ Py U; HUy Py; Dephased: F3

@ Defect

Up = 3AAT
1 1
1
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V3
1 w?
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Rephasing invariants
e Notation: (G=A, B, C or D)

A B
_ 1
H—ﬁ[c D]
3 wy wp 3 w3 ip
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@ Rephasing example:

[ g1 &2 g3 | —exp(io)| g1 &2 g3 |

3 uzexp(—ig) I
WG — WG; UG — i3 exp(i¢) 3 L exp(i¢)
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@ Rephasing invariants:
Uy, Uplp, uzly, Upupuz, Wiwy, WaWa, W3W3, Wiwaws
@ Intrinsic properties of A, B, C and D for phase-equivalent Hadamard
matrices



Rephasing invariants (cont)

Definition:
pL = w1 W1 + WaWo + waws
P2 = WAWLWoWs + WoWr W3 W3 + W3 W3 Wy Wy
p3 = W1 Wi W Wr W3 W3
ps = w1 Wa w3 + W1 Wo W3
Piw = Piu
Pow — P3w = P2u— P3u
Paw = P4y
Note:

p1, po and p3 even in w;
ps odd in w;
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Unitarity + Rephasing Invariants

Recall unitarity:

ATA+CTC=2E
Wi+ We =6E
wila+wilc =0

For a complex Hadamard matrix H = % [ A B ]

Cc D

p1 and po_3 are the same for A, B, C and D

psla= —palg = —palc = palp

Intrinsic properties for rephasing-equivalent Hadamard matrices.



Construction outline

(BT (BT)=2E—1U, DTD=2E—1Wg
= B —

Ua

T

A

\L 1

W CCEIN

@ Needed: solutions to )
XX = §W

for X =C and W =6E — W, etc

D

}H

S

0>
O ®



Construction overview (cont)

1
X X=-w
3

| Xyl =

Sl



Construction overview (cont)

4 1

@ General solution PUX with

1 1 X1
X=—7|1 x y
V3 1 x3 y3

P permutation, U rephasing matrix

*
V3

xi,yi €T



Basic equation

Basic system:
nor s,
X1 X2 X3
1 1 1
TS = w
yi y2 y3
X1+X+Xx3 = w3
xi,yi €T, w; € C
o Define: n
X+ X, Xj— W
(53 = X1X2X3 :X,'_J _k = X _I _3 eT
Xj + Xk Xj — w3




Basic equation

Basic system:
ﬂ+y2+é = WwW
X1 X2 X3
1 1 1
—t—+— = w
i Y2 ¥
X1+X+Xx3 = w3
x;,y;ET, W,'GC
o Define: n
X;+ X Xj — W
(53 = X1X2X3 :X,'_J _k = X _I _3 eT
Xj + Xk Xj — w3

@ Rephasing invariants:

Xi = xi/& o3 = ws /&




Basic equation (cont)

X+X+X3 =
ffoXs =

x3—63x2+63x—1 =

Roots X1, X2 , X3 in T iff o3 in deltoid

03

>

Remains to find & and y;.

Identity in T :
1 1
Yio yji Xi X i

1 N — _ﬁ‘2

Xij Yi i

+ wa —
Y

Yi Y 2o L 1o i Y
Xitxi)(—+—)(=+=)=|xi+x|"+|—+—|"+|=—+=|"—4
(xi +7)( ) )= it + 1 yjl b le

1
=+ jws — x| —4

]




Basic equation (cont)
Eliminate 1/y;, and then y; using y;yi =1 . Bs, A; and R combinations of w;

1
B3(—2X,'V_V3 +3+wsws — 2W3;)y,'

1

+Bsz(Waws — wy )x; + Bas(wswy — wn)

1
+A2X,'2 — W3A2X,‘ + V_V3A1 — Alf =0
X:

1

1 —_
f 1 - —wWw3
(AQX,(l_Wz)_Al)(Azx(XI_ 3)_A1)—B32R ~— 0
3 Xi— W3
S = XI>_<i_V_V3




Basic equation (cont)

o Second order in &3 (or 63) , two solutions for &3 € T iff discriminant
(w1 — wamn)?Ap <0

Dy = (p2—ps3)* —2(p2—p3)(pi — p1pa—27p1 + 15ps + 162)
+(p1— pa) (P} — pipa + 18p; — 6p1pa — 4p; —81p1 —27pa),
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Basic equation (cont)

o Second order in &3 (or 63) , two solutions for &3 € T iff discriminant
(w1 — wamn)?Ap <0

e Ay(p1,p2 — p3,pa) rephasing invariant

Ay = (p2—ps3)* —2(p2—ps3)(pi — p1pa—27p1 + 15ps + 162)
+(p1— pa) (P} — P pa + 18p; — 6p1pa — 4p; —81p1 —27pa),

1 x1 yn
0é—>G3:W3/§—>)?,'—>X,':§)A<,'—>y,'—>X:% 1 X2 Yo

1 x3 y3
e W gives two closed form solutions P; U X1 and P, U, X if 03 Edeltoid

and A, <0.

@ Go ahead, construct H !



Construction of H

o Applyto H: A— (G,G , A— By, By etc: same Ay condition at
every step.
Recall: pi, po, p3 even, py odd in w;:

A (p1,p2—p3,pa)lc = Do(pr,p2 — p3,—pa)|a
As(p1,p2 — p3,£pa)| <0



Construction of H, cont 1

1
H=—
V2

@ 8 candidate H before last step

<o)

D1

Doy
Dy»

Ct'D+ATB=0

Hy

Ha



Construction of H, cont 1

-5l25)

@ 8 candidate H before last step

» Final unitarity condition selects 2 two complex Hadamards for each A
that satisfies A, <0.

Bl A2_§0 D11
Ar<0 { D1»
UA — D
Nr<0 21
B = Dy» } L { Hi
C'D+ATB=0
0 —
A H>
d

WA A2_§0 { C1



Construction of H, Ay cond

@ A; <0 implicit condition on the parameters



Construction of H, Ay cond

@ A; <0 implicit condition on the parameters
@ For 10° random A, 320526 passed this condition.



Construction of H, Ay cond

@ A; <0 implicit condition on the parameters

@ For 10° random A, 320526 passed this condition.
@ Work in progress, room for improvements.



Construction of H, Ay cond

@ A; <0 implicit condition on the parameters

@ For 10° random A, 320526 passed this condition.
@ Work in progress, room for improvements.
» reconsider choice of parameters =>rephasing invariants?



Construction of H, Ay cond

@ A; <0 implicit condition on the parameters
@ For 10° random A, 320526 passed this condition.

@ Work in progress, room for improvements.

» reconsider choice of parameters =>rephasing invariants?
» detail: Ay, <0 implies o3 in deltoid.



Construction of H, Ay cond

@ A; <0 implicit condition on the parameters

@ For 10° random A, 320526 passed this condition.
@ Work in progress, room for improvements.

» reconsider choice of parameters =>rephasing invariants?
» detail: Ay, <0 implies o3 in deltoid.
» reformulate A, <0



Construction of H, Ay cond

@ A; <0 implicit condition on the parameters
@ For 10° random A, 320526 passed this condition.
@ Work in progress, room for improvements.

» reconsider choice of parameters =>rephasing invariants?
» detail: Ay, <0 implies o3 in deltoid.
» reformulate A, <0

@ Matolcsi et al conjecture - confirmed numerically



Construction of H, Ay cond

A, <0 implicit condition on the parameters

For 10° random A, 320526 passed this condition.
Work in progress, room for improvements.

» reconsider choice of parameters =>rephasing invariants?
» detail: Ay, <0 implies o3 in deltoid.
» reformulate A, <0

Matolcsi et al conjecture - confirmed numerically
Implications for MUBs?



Summary

e Main points:



Summary

e Main points:
» rephasing invariants p1, p» — p3, pa



Summary

e Main points:

» rephasing invariants p1, p» — p3, pa
» Overcome the sextic polynomial roots obstacle



Summary

@ Main points:
» rephasing invariants p1, p» — p3, pa
» Overcome the sextic polynomial roots obstacle
» Closed form expressions in terms of square and cubic roots for any
N =6 complex Hadamard



Summary

@ Main points:
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» Overcome the sextic polynomial roots obstacle
Closed form expressions in terms of square and cubic roots for any
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Summary

@ Main points:
» rephasing invariants p1, p» — p3, pa
» Overcome the sextic polynomial roots obstacle
» Closed form expressions in terms of square and cubic roots for any
N =6 complex Hadamard
» Parameter condition: Ay(p1,p2 — ps,£ps) <0

@ Thank you.
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N ‘ isolated ‘ affine (def) ‘ non-affine ‘ composite
0
Y : - :
F - : -
_ (1) ) F2 AF2
¥ Fa () < F —AF2>
0
5 F9 : i ;
) ) Fo  Hi2 Hisz
6 U F) (a) K™ (4 Ke’ = | Ha Hxn Has
6 6 6™ (4) Hs1 Hsx Hss
G6(4)n0
FO_ .
/ 7C(0) ! P (1)
7A..D =
20 Fg" (5)
) ) ) | 7
4P| Dgle (5)
NV . ) £® es
9 9 9 F( ) 4 K( ) 2 9 y
(Béo)) 9 (4) 9 (2) Kéz) o




Hadamard orbits, Krakow listings

@ Isolated matrices:

Fo Fs, Fs. S, FO, @O 9 a0 O 5O nNO
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Hadamard orbits, Krakow listings

@ Isolated matrices:

Fo Fs, Fs. S, FO, @O 9 a0 O 5O nNO
(many more N >10)
e Affine orbits:

H:Hooexp(i¢1R1+i¢2R2+...)/\/N R; const

. FO, (YT, P, {0, £, 00, B, Y. 6. 0.

Ngg, Fl(g), (Fl(g))T, Dl(&, D{QB, Sl(g), .. (many more N >12)

Composite construct (example):

1 0 0
@_ 1 |FR UR | _
F _ﬁ[% TR | u=]0 a0



Hadamard orbits, Krakow listing (cont)

o Non-affine orbits

Ké3) and suborbits , 66(4), Kg(z), Pl(g) (no other known)

Composite constructs: example, N=12, 11 parameters:

=S
>

3 3
Kﬁ( A) UK é)
6A - UK6 B

U=

OO O OO

0
ai

O O O O

0
0

L
N

o O O

co® oo o

O O O O

SN

OO OO o




Hadamard orbits, Krakow listing (cont)

:[411 Ao }
A —An

N

F2 4 4
o KO =| z %Z3A21 17:BZ, |; A
z, 1z,Bz, 17,4z,

Al = ! + iﬁ(cose +exp(—ig)sin0)

2 2
1
Alp = -5 + i\f(—cose +exp(ig)sin0)
B=—-F—-A

Z=..
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