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motivation1
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adjacency matrices
X = (X, Rj{ }i=0

d
)

commutative
association scheme

Bose-Mesner
algebra

one to one correspondence
A= Ai | i = 0,…,d

|w1 |=!=|wd |= 1.

Problem: 
W = A0 +w1A1 +!+wdAd ∈A,Let

WFind      such that                      .WW
T
= X I

Ai = J ,
i=0

d

∑
AiAj = AjAi ,
Ai
T = Aj ( j∈{0,1,…,d}),

AiAj ∈A.



d = 3

d = 4

Complex Hadamard matrices 
contained in a Bose-Mesner algebra,
Spec.Matrices.,3 (2015), 91-110.

Complex Hadamard matrices 
attached to even orthogonal scheme 
of class 4, (2016), submitted.

Examples (symmetric) Examples (nonsymmetric)
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not Butson-type complex Hadamard matrix

?

W
T
=W

hermitian

nonsymmetric
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6-class	nonsymmetric	association	
scheme	on	the	Galois	ring	
of	characteristic	4
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: an odd positive integer

: a monic polynomial of degree     over       s.t.e Z4
{

radical

6

e ≥ 3

GF(2e ) = GF(2)[x]
(ϕ(x))

, : a primitive polynomial  
  of degree     overe

ϕ(x)
GF(2)

GF(2e )× = ζ

Z4 = Z / 4Z
∃Φ(x)

: Galois ringℜ = Z4[x]
Φ(x)( )
ℜ = 4e ℘ = 2e

Φ(x) ≡ϕ(x) mod 2Z4[x],
Φ(x) | x2

e−1 −1 in Z4[x].

℘= 2ℜ.



℘
radical

℘0 = 2T0 ∪ 0{ }.T0

T = ξ ,

1+℘0

E :1+℘0 = 2 ℘:℘0 =2

E = 1+℘0( )∪ − 1+℘0( )( )ς j ∈GF(2e )

ℜ = Z4[ξ ],
ξ : the image of      in                  .x

T = ξ
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T =2e −1.

ℜ = Z4[x]
Φ(x)( )

(T \ 1{ })(1+℘0 ),
(T \ 1{ })(−(1+℘0 )),

1+℘0

−(1+℘0 )
0{ } ℘0 \ 0{ }

℘ \℘0

ℜ = ℜ*

the unit group

TE
|| the principal unit group

E = 1+℘

T0 = ξ j | 0 ≤ j ≤ 2e − 2, Tr(ζ j ) = 0{ }



ℜ* ℘

χ(α ) = ieS(α ) ℜtrace from     to Z4

         is constant for ∀α ∈Si (i = 0,1,…,6).λα (Sj )

Put                   for                                    Then α ∈Si (i, j = 0,1,…,6).pi, j = λα (Sj )

(pi, j )0≤i, j≤6 =

1 2b(b −1) 2b(b −1) b b b −1 b
1 bi −bi 0 0 −1 0
1 −bi bi 0 0 −1 0
1 0 0 bi −bi b −1 −b
1 0 0 −bi bi b −1 −b
1 −2b −2b b b b −1 b
1 0 0 −b −b b −1 b

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

S0 S1 S2 S3 S4 S5 S6
S0
S1
S2
S3

S4
S5
S6 8

b = 2e−1, i2 = −1.

Theorem1 (Munemasa-I)

S1 = (T \ 1{ })(1+℘0 ),
S2 = (T \ 1{ })(−(1+℘0 )),

S3 = 1+℘0,
S4 = −(1+℘0 ).

S0 = 0{ }, S5 =℘0 \ 0{ },
S6 =℘\℘0.

ℜ = S0 ∪ S1 ∪"∪ S6, Si ∩ Sj =∅.

λα (A) = χ(αβ )
β∈A
∑ (α ∈ℜ, A⊂ℜ)



Schur ring
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ℜ* ℘

j =0,1,…,6( )Rj = α ,β( )∈ℜ×ℜ | α −β ∈S j{ }

adjacency
matrix

Aj ↔ Rj

symmetric

X = (ℜ, Rj{ } j=0
6
) : 6-class nonsymmetric association scheme

S1 = (T \ 1{ })(1+℘0 ),
S2 = (T \ 1{ })(−(1+℘0 )),

S3 = 1+℘0,
S4 = −(1+℘0 ).

S0 = 0{ }, S5 =℘0 \ 0{ },
S6 =℘\℘0.

A1
T = A2, A3

T = A4 , A5, A6
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hermitian	complex	Hadamard		
matrices	attached	to	a	6-class		
nonsymmetric	association	scheme	
on	the	Galois	ring	of	characteristic	4
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: Bose—Mesner algebraA= A0,A1,…,A6

symmetric

Assume that

: hermitian

W = A0 +w1A1 +!+w6A6 ∈A,
|w1 |=!=|wd |= 1.

W

11

A1
T = A2, A3

T = A4 , A5, A6



Theorem2 (Munemasa-Ikuta)
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W: a complex Hadamard matrix
if and only if W = A0 + ε1i(A1 − A2 )+ ε2i(A3 − A4 )+ A5 + A6,

W = A0 + ε1i(A1 − A2 )+ ε2 (A3 + A4 )+ A5 − A6,
or,

for some

|w1 |=!=|wd |= 1.hermitian
Let W = A0 +w1A1 +!+w6A6 ∈A,

ε1, ε2 ∈ ±1{ }.



How to prove?

adjacency
matrices

primitive
idempotents

A= A0,A1,…,Ad = E0,E1,…,Ed

W = wjAj
j=0

d

∑ = wj Pi, jE j
i=0

d

∑⎛⎝⎜
⎞
⎠⎟j=0

d

∑

= wjPi, j
j=0

d

∑
⎛

⎝⎜
⎞

⎠⎟i=0

d

∑ Ei
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: hermitianW

WW
T
=W 2 = wjPi, j

j=0

d

∑
⎛

⎝⎜
⎞

⎠⎟i=0

d

∑
2

Ei

nI = n E0 + E1 +!+ Ed( )
wjPi, j

j=0

d

∑
⎛

⎝⎜
⎞

⎠⎟

2

= n

||



Thank you very much for listening to my talk.
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