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POVM

A set of 𝑁 rank-one operators Π𝑘 form a POVM if

1. Π𝑘 is positive semi-definite, 𝑘 = 0,…𝑁 − 1

2.  𝑘=0
𝑁−1Π𝑘 = 𝕝

E.g.: Orthonormal bases  |𝜙𝑘 , Π𝑘 = |  𝜙𝑘  𝜙𝑘|

Positive Operator Valued Measure
Most general measurements in quantum mechanics

(Tight frames in Mathematics)



Equiangular tight frames

𝑁 vectors 𝜙𝑗 in dimension 𝑑 such that

𝜙𝑗 𝜙𝑘
2
=
𝑁 − 𝑑

𝑑(𝑁 − 1)

ETF for 𝑁 = 𝑑2 are known as SIC-POVM
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Covariant SIC-POVM

G. Zauner, Quantendesigns: Grundzüge einer nichtkommutativen Designtheorie, 
Ph.D. Thesis, University of Vienna, 1999



Existence of SIC-POVM

Analytical: 𝑑 = 2 − 21,24,35,48

Numerical: 𝑑 = 2 − 121

Every known SIC-POVM in dimension 𝑑 is covariant under𝑊𝐻(𝑑), except the
so-called Hoggar lines in 𝑑 = 8, which are covariant under𝑊𝐻(2)⨂3.

Open in prime dimensions!



SIC-POVM and complex Hadamard matrices



Let

be the linear decomposition of a set of 𝑑2 rank-one
projectors Π𝑙 on the orthonormal basis {Λ𝑘}. The
set {Π𝑘} forms a SIC-POVM if and only if the matrix
𝑈 having entries 𝑢𝑘𝑙 is unitary.

SIC-POVM and Complex Hadamard matrices (I)

Π𝑙 = 𝜆Λ0 + 𝜈  

𝑘=0

𝑑2−1

𝑢𝑘𝑙Λ𝑘

Λ0 = 𝕀
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Good news

Covariant SIC-POVM in dimension 𝑑
has associated a CHM 𝑈 ∼ 𝐹𝑑 × 𝐹𝑑 .

Λ0 = 𝕀
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be the linear decomposition of a set of 𝑑2 rank-one
projectors Π𝑙 on the orthonormal basis {Λ𝑘}. The
set {Π𝑘} forms a SIC-POVM if and only if the matrix
𝑈 having entries 𝑢𝑘𝑙 is unitary.

SIC-POVM and Complex Hadamard matrices (I)

Π𝑙 = 𝜆Λ0 + 𝜈  

𝑘=0

𝑑2−1

𝑢𝑘𝑙Λ𝑘

Good news

Covariant SIC-POVM in dimension 𝑑
has associated a CHM 𝑈 ∼ 𝐹𝑑 × 𝐹𝑑 .

Bad news

To find 𝑈 from 𝐹𝑑 × 𝐹𝑑 is equivalent 
to find the fiducial state. 

Λ0 = 𝕀



Finding covariant SIC-POVM from CHM (I)

𝐹2 × 𝐹2 →     𝑈1 isolated SIC-POVM in dimension 𝑑 = 2:



Finding covariant SIC-POVM from CHM (I)

𝐹2 × 𝐹2 →     𝑈1 isolated SIC-POVM in dimension 𝑑 = 2:

𝐹3 × 𝐹3 →     𝑈(α)1-parametric SIC-POVM in dimension 𝑑 = 3:



Finding covariant SIC-POVM from CHM (I)

16 isolated SIC-POVM in dimension 𝑑 = 4:

𝐹2 × 𝐹2 →     𝑈1 isolated SIC-POVM in dimension 𝑑 = 2:

𝐹3 × 𝐹3 →     𝑈(α)

𝐹4 × 𝐹4 →     𝑈1, … , 𝑈16

1-parametric SIC-POVM in dimension 𝑑 = 3:



Complex Hadamard matrices and SIC-POVM (II)

𝐺



Complex Hadamard matrices and SIC-POVM (II)

𝐺 ∘ 𝐺



Complex Hadamard matrices and SIC-POVM (II)

𝐺𝑑 + 1 ∘ 𝐺



Complex Hadamard matrices and SIC-POVM (II)

𝐺𝑑 + 1 ∘ 𝐺 − 𝑑𝕀 =



Complex Hadamard matrices and SIC-POVM (II)

𝐺

(Analytic proof in every dimension where a SIC-POVM exists) 

𝑑 + 1 ∘ 𝐺 − 𝑑𝕀 = [𝐶𝐻𝑀]

It comes from the fact that a SIC-POVM is a SIC-POVM, and nothing more than that.



Complex Hadamard matrices and SIC-POVM (II)

𝑆𝐼𝐶 − 𝑃𝑂𝑉𝑀 = [𝐶𝐻𝑀]

𝐺

Roughly speaking 

“CHM are the roots of the SIC-POVM problem”

(Analytic proof in every dimension where a SIC-POVM exists) 

𝑑 + 1 ∘ 𝐺 − 𝑑𝕀 = [𝐶𝐻𝑀]

It comes from the fact that a SIC-POVM is a SIC-POVM, and nothing more than that



SIC-POVM in d=2

1 -1 -1 -1

-1 1 -1 -1

-1 -1 1 -1

-1 -1 -1 1

𝐻 =

1 -𝑖(−1)𝑎1 -𝑖(−1)𝑎2 -𝑖(−1)𝑎3

𝑖(−1)𝑎1 1 -𝑖(−1)𝑎4 -𝑖(−1)𝑎5

𝑖(−1)𝑎2 𝑖(−1)𝑎4 1 -𝑖(−1)𝑎6

𝑖(−1)𝑎3 𝑖(−1)𝑎5 𝑖(−1)𝑎6 1

𝐻 = 𝑎𝑘 = 0,1



SIC-POVM in d=2

1 -1 -1 -1

-1 1 -1 -1

-1 -1 1 -1

-1 -1 -1 1

𝐻 =

1 -𝑖(−1)𝑎1 -𝑖(−1)𝑎2 -𝑖(−1)𝑎3

𝑖(−1)𝑎1 1 -𝑖(−1)𝑎4 -𝑖(−1)𝑎5

𝑖(−1)𝑎2 𝑖(−1)𝑎4 1 -𝑖(−1)𝑎6

𝑖(−1)𝑎3 𝑖(−1)𝑎5 𝑖(−1)𝑎6 1

𝐻 =

𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6

0 0 0 1 0 1

0 1 0 0 0 0

0 0 0 0 1 0

0 1 0 1 1 1

0 0 1 0 0 1

0 1 1 1 0 0

0 0 1 1 1 0

0 1 1 0 1 1

1 0 0 1 0 0

1 1 0 0 0 1

1 0 0 0 1 1

1 1 0 1 1 0

1 0 1 0 0 0

1 1 1 1 0 0

1 0 1 1 1 1

1 1 1 0 1 0

16
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𝑎𝑘 = 0,1



Let 𝐻 be an hermitian complex Hadamard matrix of

size 9 having constant diagonal. Therefore, 𝐻′ = 𝐻 ∘ 𝐻

is a complex Hadamard matrix.

SIC-POVM in d=3

Proposition



Let 𝐻 be an hermitian complex Hadamard matrix of

size 9 having constant diagonal. Therefore, 𝐻′ = 𝐻 ∘ 𝐻

is a complex Hadamard matrix.

SIC-POVM in d=3

Proposition

Corollary Any hermitian complex Hadamard matrix𝐻 of size 9

having constant diagonal produces a SIC-POVM in d=3.



Let 𝐻 be an hermitian complex Hadamard matrix of

size 9 having constant diagonal. Therefore, 𝐻′ = 𝐻 ∘ 𝐻

is a complex Hadamard matrix.

SIC-POVM in d=3

Proposition

Corollary

Result 1

Any hermitian complex Hadamard matrix𝐻 of size 9

having constant diagonal produces a SIC-POVM in d=3.

There is a 1-parametric family of matrices𝐻 of size 9

(subfamily of the Fourier family 𝐹9
(4)

).



Let 𝐻 be an hermitian complex Hadamard matrix of

size 9 having constant diagonal. Therefore, 𝐻′ = 𝐻 ∘ 𝐻

is a complex Hadamard matrix.

SIC-POVM in d=3

Proposition

Corollary

Result 1

Result 2

Any hermitian complex Hadamard matrix𝐻 of size 9

having constant diagonal produces a SIC-POVM in d=3.

There is a 1-parametric family of matrices𝐻 of size 9

(subfamily of the Fourier family 𝐹9
(4)

).

There is no isolated matrix 𝐻.



𝐻 𝛼 =

𝜔 = 𝑒2𝜋𝑖/3

SIC-POVM in d=3



𝐻 𝛼 =

𝜔 = 𝑒2𝜋𝑖/3

SIC-POVM in d=3



1 −𝑎∗ 1 −𝑎 −𝑎∗ −𝑎 −𝑎 −𝑎 1 −𝑎∗ 1 −𝑎 −𝑎 −𝑎∗ −𝑎∗ −𝑎∗

−𝑎 1 −𝑎∗ 1 𝑖𝑎 𝑖𝑎∗ 𝑖𝑎 𝑖𝑎 𝑎 −1 𝑎∗ −1 −𝑖𝑎∗ −𝑖𝑎 −𝑖𝑎∗−𝑖𝑎∗

1 −𝑎 1 −𝑎∗ 𝑎 𝑎 𝑎∗ 𝑎 1 −𝑎 1 −𝑎∗ 𝑎∗ 𝑎∗ 𝑎 𝑎∗

−𝑎∗ 1 −𝑎 1 −𝑖𝑎 −𝑖𝑎 −𝑖𝑎 −𝑖𝑎∗ 𝑎∗ −1 𝑎 −1 𝑖𝑎∗ 𝑖𝑎∗ 𝑖𝑎∗ 𝑖𝑎

−𝑎 −𝑖𝑎∗ 𝑎∗ 𝑖𝑎∗ 1 −𝑖𝑎∗ −1 𝑖𝑎 −𝑎∗ −𝑖𝑎 𝑎 𝑖𝑎 1 −𝑖𝑎∗ −1 𝑖𝑎

−𝑎∗ −𝑖𝑎 𝑎∗ 𝑖𝑎∗ 𝑖𝑎 1 −𝑖𝑎∗ −1 𝑎 𝑖𝑎∗ −𝑎 −𝑖𝑎 −𝑖𝑎 −1 𝑖𝑎∗ 1

−𝑎∗ −𝑖𝑎∗ 𝑎 𝑖𝑎∗ −1 𝑖𝑎 1 −𝑖𝑎∗ −𝑎 −𝑖𝑎 𝑎∗ 𝑖𝑎 −1 𝑖𝑎 1 −𝑖𝑎∗

−𝑎∗ −𝑖𝑎∗ 𝑎∗ 𝑖𝑎 −𝑖𝑎∗ −1 𝑖𝑎 1 𝑎 𝑖𝑎 −𝑎 −𝑖𝑎∗ 𝑖𝑎∗ 1 −𝑖𝑎 −1

1 𝑎∗ 1 𝑎 -a 𝑎∗ −𝑎∗ 𝑎∗ 1 𝑎∗ 1 𝑎 −𝑎∗ 𝑎 −𝑎 𝑎

−𝑎 −1 −𝑎∗ −1 𝑖𝑎∗ −𝑖𝑎 𝑖𝑎∗ −𝑖𝑎∗ 𝑎 1 𝑎∗ 1 −𝑖𝑎 𝑖𝑎∗ −𝑖𝑎 𝑖𝑎

1 𝑎 1 𝑎∗ 𝑎∗ −𝑎∗ 𝑎 −𝑎∗ 1 𝑎 1 𝑎∗ 𝑎 −𝑎 𝑎∗ −𝑎

−𝑎∗ −1 −𝑎 −1 −𝑖𝑎∗ 𝑖𝑎∗ −𝑖𝑎∗ 𝑖𝑎 𝑎∗ 1 𝑎 1 𝑖𝑎 −𝑖𝑎 𝑖𝑎 −𝑖𝑎∗

−𝑎∗ 𝑖𝑎 𝑎 −𝑖𝑎 1 𝑖𝑎∗ −1 −𝑖𝑎 −𝑎 𝑖𝑎∗ 𝑎∗ −𝑖𝑎∗ 1 𝑖𝑎∗ −1 −𝑖𝑎

−𝑎 𝑖𝑎∗ 𝑎 −𝑖𝑎 𝑖𝑎 −1 −𝑖𝑎∗ 1 𝑎∗ −𝑖𝑎 −𝑎∗ 𝑖𝑎∗ −𝑖𝑎 1 𝑖𝑎∗ −1

−𝑎 𝑖𝑎 𝑎∗ −𝑖𝑎 −1 −𝑖𝑎 1 𝑖𝑎∗ −𝑎∗ 𝑖𝑎∗ 𝑎 −𝑖𝑎∗ −1 −𝑖𝑎 1 𝑖𝑎∗

−𝑎 𝑖𝑎 𝑎 −𝑖𝑎∗−𝑖𝑎∗ 1 𝑖𝑎 −1 𝑎∗ −𝑖𝑎∗ −𝑎∗ 𝑖𝑎 𝑖𝑎∗ −1 −𝑖𝑎 1

SIC-POVM {Dpf4a }

Scott and Grassl,
J. Math. Phys. 51, 

042203 (2010)

𝑎 =
3

2
−
5

2
+ −
1

2
+
5

2
𝑖

One parametric family
of CHM for any unimodular

complex number a. 

SIC-POVM in d=4

SIC-POVM only for



SIC-POVM from CHM (II)

To find a SIC-POVM from a given 𝐻 we have to find a suitable
combination out of  2𝑑

2(𝑑2−1)/2 possible ways

Dimension (d)  Combinations

2 26

3 236

4 2120



Conclusion

Complex Hadamard matrices
might be the key to unlock
the SIC-POVM problem



So many padlocks

So many keys



Thank you for your attention




